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PREFACE. 



The present treatise is founded upon Legendre's Traite des 
Fonctions Elliptiques, and upon Jacobi's Fundamenta Nova, and 
Memoirs by him in Crelle's Journal : comparatively very little 
use is made of the investigations of Abel or of those of later 
authors. I show how the transition is made from Legendre's 
Elliptic Integrals of the three kinds to Jacobi's Amplitude, 
which is the argument of the Elliptic Functions (the sine, co- 
sine, and delta of the amplitude, or as with Gudermann I write 
them, sn, en, dn), and also of Jacobis funcoioiis Z, IT, 'Ahich 
replace the integrals of the second and third kinds, and of the 
functions 8, H, which he was thence led tOi It may be re- 
marked as regards the Fundamenta Nova, that in the first part 
Jacobi (so to speak) hurries oi;i to the problem of transformation 
without any sufficient development of the theory of the elliptic 
functions themselves; and that in the concluding part, start- 
ing with the developments furnished by the transformation- 
formulae, he connects with these, introducing them as the 
occasion arises, his new functions Z, 11, 8, H : there are thus 
various points which require to be more fully discussed. Not 
included in the Fundamenta Nova we have the important 
theory of the partial differential equation satisfied by the 
functions 0, H, and, deduced therefrom, the partial diflferential 
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equations satisfied by the numerators and denominator in the 
theories of the multiplication and transformation of the 
elliptic functions : these I regard as essential parts of Jacobi's 
theory, and they are here considered accordingly. For further 
explanation of the range and plan of the present treatise the 
table of contents, and the first chapter entitled "General 
Outline/* may be consulted. I am greatly indebted to 
Mr J. W. L. Glaisher of Trinity College for his kind 
assistance in the revision of the proof-sheets, and for many 
valuable suggestions. 



Cambbidoe, 1876. 
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Legendre's earliest systematic work on Elliptic Integrals is the 
Exerdces de CcUcul IrUegrcU 8ur divers ordres de Transcendantes, et 
sur lea Quadratures^ Paris, t. i., 1811 ; t. iii., 1816, and t. 11., 1817 : . 
the later work is the Traite des Fonctions Elliptiques et dea Integralea 
Evl&rimnea, Paris, t. i., 1825; t. 11., 1826, and t. iii., 1828—32; 
the greater part of Legendre's own results on the theory of Elliptic 
Integrals, contained in the first volume of the Fonctiona Elliptiqvsa, 
had been already given in the first volume of the Exercicea. Jacobi's 
work is the Fundamenta Nova Theories Functionum Ellipticaruniy 
Konigsberg, 1829 : the Memoirs in Crelle^a Journal extend from 
1828 to 1858, some of them, in connexion with the FuTidamenta 
Nova, being published shortly after the date of that work. The 
Memoirs by Abel, published for the most part in the earlier 
volumes of Crelle'a Journal, 1826 to 1829, are collected in the 
(Euvrea CompUtea de N, H, Abel, par B. Holmboe, Christiania, t. i. 
and II., 1839, except the great memoir on Transcendent Functions, 
presented to the French Academy, and published, Mhnoirea dea 
Savana Etrangera, t. vii., 1841. 
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CHAPTER I. 



GENERAL OUTLINE. 



Origin of the Elliptic Integrals, Art. Nos. 1 to 11. 

1. We consider the integration of a differential expression 

Rdx 

71' 

where i? is a rational function ot x; X a, rational and integral 
quartic function of x, with real coeflScients*: the values of the 

variable x are real, and such that X is positive, or VX real. 

2. This can be by a real substitution ^ — ^ in place of x 

(that is a substitution where p and q are peal) reduced to the 

foim 

IR^dx 

V+(l ±moif){^±na?)' 

where jR is a rational function of the new x ; m and n are real 
and positive ; and the signs are such that the function under 
the square root is not — (1 + tfia?) (1 + tw?*). 

* The references here and elsewhere to reality, and any references to sign 
or numerical limits, are regarded as in general holding good : it will be under- 
stood, however, that imaginary values might be admitted throughout, and the 
various/theorems presented in a more general but less definite form : and there 
wiU be occasion to refer to and employ such extensions of the original real 
theory. 

c. 1 
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3. The mtional function R is the sum of an even function 
and an odd function of x: the differential expression is thus 
sepiratod into two parts ; that depending on the odd function 
may bo integrated by circular and logarithmic functions (as 

appears by making therein the substitution Va? in place of x); 
and there remains for consideration only the part depending 
on the oven function of x : or, what is the same thing, we may 
talrn R to be an even function of x (that is a rational function 
of or). 

4. This being so, we can by a real transformation j— in 

c + dor 

place of af^ tnuisform the differential expression into the form 

Rd,v 
Vl - £1- . 1 - k^j- ' 

wheix^ if is a rational function of the new a;* ; k* is real, positive 
and los8 thtui 1 (and thei'efore also k, assumed to be the positive 
iHXit of A'*, is real, positive and less than 1). 

5. In the last-mentioned expression or may be include<} 
between the limit^s 0, 1, or it may be >1;X'=^; but in thff latter 
oast\ we ean by the substitution l,kx in place of a; transform the 
expivssion into one of the like form in which the new a» lies 
between the limits and 1 : we therefore assume that a^ lies 
within these limits. 

6. By decomposing R into an integral and fractional part, 
and the fmotional pai-t into simple fractions^ and by integiatiiig 
by parts, the integration is made to depend upon that of the 

three terms 

rfj" Jt^ dx dx 



\/l - a-M - k'j^ M-x'.l^k'x' (1 + nx') \ 1 - ar^. 1 -iv' 
where /* is real or imaginary. 

Or. what is the same thing, the three terms may be taken, 
to be 
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dx {\'-l(^a^)dx dx 

Vl-.ic«.l-A=a;a' Vl-a^.l-A;*^' (1 + naP) Vl - ?T--1^ ' 

that is 

(fa? VI - h^a^dx dx 

Vl-ic^.l-i^ar^' Vi-ar* ' (f-h 7ia^) Vl - i^A -'^ ' 

Y. Writing herein x = sin ^, and putting for shortneas 

Vl - A:^ sin« <^ = A (ifc, <^), 

these are -r-n jX > ^ (*. 4>) d6, and r:; .,;',„ — ^ , 

and we have thus the three kinds of Elliptic Integrals: viz. 
these are 

dil> 



second kind E(k,<f>) = lA (A:, ^) d</>, 
third kind H (n, k, 6) = [- ^^"^ 

j(l + 71811 



(1 + 71 sin* </)) A (A, <^) ' 

the integral being in each case taken from ^ = up to the 
arbitrary value <f>. It would of course be allowable under the 
integral sign to write for (f) any other letter 0, taking the 
integral from = to 0=<f>, 

8. ^ is the amplitude, k the modulus, n the parameter. 
The amplitude is a real angle ; as already mentioned, the 

modulus k is positive and less than 1 ; whence also k\ = Vl — &*, 
called the complementary modulus, is real, positive and less 

than 1. ^Moreover A {k, <f>) = Vl —A;* sin' <f>, does not become = 0, 
nor consequently change its sign, and it is taken to be always 
positive. The parameter n, as already mentioned, may be real 
or imaginary : it is in the first instance taken to be real ; and 
it will appear that the case where it is imaginary can be made 
to depend upon that in which it is real. Supposing it to be 
i real, there is a distinction according as it is negative and greater 

f 
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than 1 (viz. in this case the denominator 1+n sin^ ^ becomes 
= for a real value of (f)) ; or else as it is negative and less than 
1, or positive. 

9. Instead of the complete notation A (k, <f>\ we frequently 
express only the amplitude, and write simply A<f>\ and simi- 
larly F(l>, E<l), Tl<l> for F(k, <f)), &c. respectively: viz. in these 
cases it is assumed to be understood what the unexpressed letters 
k, or k and n, are. We may in like manner express only the i 
modulus, or the parameter, and write Ai, 11 (ri, k\ Hn, or Ilife 
&c., but there is less frequent occasion for this, and the nota- 
tions when used will be explained. 

10. The integrals, taken up to the value ^ of the amplitude, 
are said to have their complete values, and these are frequently 
denoted by means of a subscript unity ; thus F (k, ^ir) = FJc, 
or simply Fj ; and so EJc, E^, &c. 

11. The three elliptic integrals are not on a par with each 
other ; but they depend, the second and third kinds upon the 
first kind; or we may say* that they all three depend on the 

differential expression /?; « \ • ^^^^ there is for each of them 

an addition-theory depending on the integration of the differ- 
ential equation 

# , ^^ -0 
A (A, <^) "^ A (A:, ./r) - "' 

not for the first kind a theory depending on this equation and 
for the other two kinds like theories depending on the equations 

A (k <l>)d<f>+A (ki ylr) dir = 0, 

# . ^ _n 

(1 +risin2 </)) A(A?, ^) "^ (1 + n sin^i^) A (Ar, ^) ' 

respectively : these last are equations not admitting of algebraic 
integration, and which do not present themselves in the theory. 
And the like as regards multiplication and transformation. 

* The statement is made provisionally: the three kinds, as will appear, 
depend each of them on the functions sn ti, en u, dn u. * 

i 
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The AddiUon-Theory, Art. Nos. 12 to 14. 
12. The differential equation 

where Y is the same quartie function of y that X is of Xy admits 
of algebraic integration : and in particular this is the case with 
the equation 

^ I . ^y -f>. 



I 



and in this last equation we may take the constant of integra- 
tion, say m, to be the value of either of the variables a?, y, when 
the other of them is put = 0. 

Writing a? = sin <^, y = sin '^j m = sin fi, we obtain for the 
differential equation 

#.4.^ = 

an algebraic integral such that the constant of integration fi 
is the value of either of the variables ^, -^ when the other of 
them is = ; viz. this is an integral involving the sines and 
cosines of ^, '^ (and /Lt), but which (as being algebraic in regard 
to these sines and cosines) is spoken of as an algebraic integral. 

13. The integral in question, say the addition-equation, 
may be expressed in (among others) the various forms 

cos fi = cos <f> COS -^ — sin <f> sin '^ A/li, 

cos </> = cos y^ cos /A -f- sin -^ sin /iA^, 

cos '^ = cos (f) cos /Lt -h sin ^ sin /xA*^, 

1 — cos' <f> — cos' '^ — cos' /Lt + 2 cos <f> cos -^ cos fl 

- i' sin' ff> sin' ^ sin' /it = 0, 
sin /A = sin ^ cos -^A-^ -h sin -^ cos ^ A^ (■^)** 

cos /x = cos cos '^ — sin <t sin -^A^A*^ (-;-), 

A/Lt = ^<f>^yjr — A:' sin ^ sin -^ cos (f) cos -^ (-r-), 



* The notation hardly requires explanation; (-—) shows that the function 
A is a Craotion the numerator of which is written down, and the denominator of 
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where in each case there is a denominator 

= 1 — A;* sin" ^ sin* yfr, 

and sin ^ = sin /A cos "^A*^ — sin -^ cos /it A/a (-r), 

cos ^ = cos /Lt cos '^ + sin /Lt sin -^ A/aA-^ (-5-), 

where there is a denominator 

= 1 - A* sinV sin" "^j 
and in these last formulae we may interchange ^, '^. 

14. It is to be remarked that, considering fi as variable, we 
have 

Aj"*"A^"'Aii' 
viz. the addition-equation is (not the general, but) a particular 
integral of this differential equation. Writing this equation 
under the forms 

d<f> dfjb dyfr d^fr _ dfM d<f> 
A^""A/x A-^' A^^A/A A^' 

we naturally regard the integral equation, any form of it which 
gives fi in terms of ^, -^ as an addition-equation : and any form 
of it which gives ^ or '^ in terms of fjb, and yfr or ^, as a sub- 
traction-equation. The resulting notion of subtraction may be 
regarded as included in that of addition, and it will hardly be 
necessary again to refer to it. 

The Addition of the three kinds of Elliptic Integrcds, 

Art. Nos. 15 to 17. 

15. We assume throughout ^, yjr, fi to be connected by the 
foregoing addition-equation: recollecting that this is an integral 
(taken with the constant determined as above) of the differ- 
ential equation -^ 4- -^ = 0, and reverting to the definition of 

which is afterwards stated: it is, I think, a very aseful one generally, but there 
is in Elliptic Functions an especial need of it, from the frequent occurrence 
therein of groups of complicated algebraical fractions having the same de- 
nominator. 
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the function Fif), it at once appears that for the first kind of 
elliptic function we have 

F<f> + Fylr-FfM = 0, 

(viz. <f>, yfr, fi being connected as above, the integrals -F</>, Fyjr, Ffi 
satisfy this relation) : this is the addition-theorem for the first 
kind of elliptic integrals. 

16. It can be shown that for the second kind 

E<l) + Eylr — EfM = i" sin ^ sin -^ sin /a ; 

and that for the third kind 

TT^ . TT I TT 1^-1 nVasin/xsin<^sin^ 

U<b + II'^ - II/A = -7= tan-i rz ^ ^ 

^ , ^ '^ Va l-fw — /icos/Lt cos <f> cos Y* 

__ 1 . 1 +71 — 7icos/Ltcos<()COS'i^4-r»V— asin/Ltsin<^8in>/r 
2 V— a 1 + n — 71 COS fx cos <f> cos yfr—n V— a sin fi sin ^ sin '^ ' 

1 4- — ] , and n being real, the first or second 
form is real according as a is positive or negative. 

17. The mode of verification is obvious; in fact, repre- 
senting either of the last-mentioned equations by U=0, and 
considering IT as a function of the variables ^, yjr, we have 

(dU .^ dU . ,\d<f> 

so that to sustain the assumed equation U=0, we must in 
virtue of the addition-equation have identically 

dU ,. dU., _ 
-#^*-#^^ = ^' 

viz. this equation, if true at all, can be nothing else than a form 
of the addition-equation: or, what is the same thing, the 
addition-equation will be reducible into the last-mentioned 
form : which being so, it gives dU^O, and thence by integra- 
tion ?7= const., and then determining the constant by the con- 
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dition that for '^ = the value of <^ is = fi, the value of the 
constant must come =0; and in this manner we must from the 
addition-equation arrive at the required equation Z7 = 0. 

The Elliptic Functions am ; sinam, cosam, A am ; or sn, en, dn. 

Art. Nos. 18 to 27. 

18. We have spoken of ^ as the amplitude oi F<f>] or writ- 
ing F<^ = w, then if> is the amplitude of u ; say ^ = am u, and 
then sin <f>, cos <f>, A^ are the sine, cosine, and delta of am u, say 

these are 

sin . am Uy cos . am u, A . am u, 

which may also be written 

sinam u^ cosam u, A am % 

or, as an abbreviation, 

sn Uy en Uy dn u, 

19. But in adopting the last-mentioned forms we introduce 
a new mode of looking at the functions ; viz. sn t^ is a sort of 
sine-function, and en u^ dn u are sorts of cosine-functions of u ; 
these are called Elliptic Functions ; and we may develops the 
theory from this point of view. Observe that the fundamental 
equation is w = F<^ or d<^ = A</> du : this may be written 

(2 sin ^ = cos <f)A(f>dUy or since sin <f)=SD.% this is 
dsn.u = cuudnudu: say sn' u = ciiudnUy 
moreover cn^ w = 1 — sn^ w, 

dn^u^l-k^ sn^ Uy 

and diflferentiating and substituting for sn' u its value, we find 

en' u = — snu dn u, 

dn' u^ ^ k^snucnuy 
and as above 

sn' u= en w dn w, 

which five equations constitute a foundation of the theory. 
Observe also that sn = 0, en = 1, dn = 1, sn (— i^) = — sn w, 
en (— u) =s en u, dn (— w) = dn u. 
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20. But this theory is already furnished by the addition- 
equation; viz. starting from the equation F<f> + Fy^ = FfjL, then- 
writing F<l> = u, Fy^ = v (and therefore ^ = am u, yfr^ am v) we 
have jP/Lt = w + v or /a = am (u + v): the equations which deter- 
inine sin fi, cos fi, Afju in terms of the sin, cos, and A of ^ and yjr 
give the sn, en and dn o{ u + v iu terms of those of u and v : 
viz. these equations are 

sn (t* -f- v) = sn w en v dn v + sn v en w dn 1/ (-7-), 

cn(i* + t;) = cn wen v — snudjiusnvdiiv (-r), 

dn (u -{■ v) = dmidnv — A:^ sn w en w sn v en t; (-=-), 

where the denominator is 

= 1 — A;* sn* w sn* v, 

and we may on the left-hand sides write u — v instead of u-\-v, 
changing in each of the three numerators the sign of the 
second term. 

21. These equations may be obtained independently : viz. 
in any one of them diflferentiating the right-hand side in regard 
to u and substituting for sn' u, en' u, dn' u, their values, we obtain 
a symmetrical function of u,v; hence the same result as would 
have been obtained by differentiating in regard to v : the ex- 
pression in question is thus a function of u-^v; and writing 
therein v = 0, we find it to be the sn, en or dn (as the case may 
be) of w 4- 1; ; which proves the equations. 

22. We thus see that F is an inverse function, the direct 
function being sn ; and that en, dn are connected therewith as 
the cosine with the sine. It may be remarked that there are 
six quotients, sn h- en, sn -s- dn; en -r sn, dn -r sn; dn -i-cn, cn-r-dn, 
which are in some sort analogous to the functions tan, cot: if 
all these functions had to be considered, appropriate notations 

would be — , &c. (viz. = — w, &c. ) . These are not required: 

en V cn-i^ CD / 

it is however in some of the formulae convenient to have a 

symbol for the single quotient sn-r-cn: and considering this 
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as standing for sin . am — cos . am, it is=tan . am, and we accord- 

sn u 
ingly write it as tn : viz. we have , = tan . am w, = tn u. 

CTLU 

A more complete notation employed by Dr Glaisher consists 
in writing sc, sd, cs, cd, ds, dc for the six quotients sn -5- dn &c. 
and he further writes ns, nc, nd, for the reciprocal functions 
1 -r sn, etc. 

23. In further illustration suppose that the theory of the 
circular functions sine, cosine, was unknown, and that we had 
defined Fx to be the function 

dx 



I. 



Then taking the variables x, y to be connected by the diflfer- 
ential equation 

and supposing that z is the value of y answering to a? = 0, we 
have 

Fx -f- Fy = Fz, 

But the diflferential equation admits of algebraic integration : 
and determining in each case the constant by the condition 
that for x = Oy y shall be =z, the algebraic integral may be 
expressed in the two forms 



X 



Vl-y2+ yVl-^ =2r. 



so that either of these equations represents the above-mentioned 

transcendental integral ; and we have thus a circular theory 

precisely analogous to the elliptic theory in its original form. 

But here the function Fx is the inverse function sin~^a?, and 

the last-mentioned two equations are the equivalents of the 

equation 

sin~^ X + sin~^ y = sin~^ z, 

whence writing sin~^ x=^u, sin""^ y = v, and therefore x = sin u, 
y =s sin V, z== sin (u + v): also assuming Vl — sin* u = cos u, and 
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therefore Vl — sin' v = cos v, and Vl — sin' (u-hv)^ cos (u + v), 
the equations in question become 

sin (w + v) = sin u cos v + sin v cos u, 
cos (w + v) = cos u cos V — sin u sin t;, 

and it is clearly convenient to use these functions sin, cos in 
place of F, denoting as above sin~\ 

24. In the theory of the circular functions we have an 
addition-theory, which gives rise to and may be considered as in- 
cluding a subtraction-theory: and this leads to a multiplication- 
and division-theory : viz. we find from sin u, cos u, the functions 

sin or cos nu, sin or cos — w, we have similarly for the elliptic 

functions sn, en, dn a multiplication- and division-theory. These 
will be considered in detail ; they are referred to here only for 
the sake of the remark that there is for the elliptic functions 
a "transformation-theory" which has no analogue in the circular 
functions, viz. we determine in terms of the functions of u the 
like functions with an argument u/M, and a new modulus \ in 
place of the original k : the transformation is of any integer 
order n, and there is, for each value of n, a relation called the 
modular equation between k and the new modulus X. And it 
is convenient to notice that in the multiplication-theory the 
sn, en and dn of nu, and in the transformation-theory the same 
functions of (u/M, X), are fractions having a common denom- 
inator, so that in each case there are three numerators and a 
denominator which come into consideration. 

25. The circular theory gives rise to a numerical transcend- 
ant TT, viz. ^ = J3'14159... is a quantity such that sini7r=l, 
cos Jw = 0, ^ being the smallest positive value of the argument 
for which the two functions have these values : and in develop- 

ing the theory from the integral I . -, ^ir would be the 

J vl — ar* 

complete function defined from the equation 

rdx 



x^ 
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Moreover the circular functions are periodic, having for their 
common period four times this quantity, = 27r : viz. we have 

sin . , o \ sin 
cos ^ ^ cos 

26. Corresponding to Jtt we have in elliptic functions in 
the first instance the complete function Fik, also denoted by K, 
viz. £* is a real positive quantity defined by the equation 



K 



-I. 



4» d(f) 



Vi - Jfc2 sin^ <^ ' 
or, what is the same thing, 



Jo Vl-ar^.l- 



where K is of course not a mere numerical transcendant, but 
a function of A;: ii is such that we have sn^=l, cn-K'=0, 
dn ^ = k\ Writing t; = ^, we obtain simple expressions for the 
sn, en, dn of u + K, and thence for those of u + 2K and u + 4iK; 
viz. it ultimately appears that the sn, en and dn of m + ^K are 
the same as the sn, en and dn of w respectively: or the-liinctions 
have a real period 4iK, 

27. But the form of the integral suggests the consideration 
of another quantity 

'* dx 



J 



\/l-aj2^i_^^' 
this is a complex quantity transformable into the form 

viz. K' being the same function of the complementary modulus 
H that ^ is of fc> the value is ^K-hiK^ 

We have 

and then forming the sn, en and dn of w + -K^ + iK\ &c. it ulti- 
mately appears that the functions of u + 4i(K + iK') are equal 
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to those ofu respectively: viz. there is a second period 4i(K+iK'). 
But as above seen 4eK was a period, and thus the periods may 
be taken to be 4j8^, 4tX' respectively — only it must be borne 
in mind that K, K + iK' have, K, iK' have noty analogous 
relations to the elliptic functions. This is the theorem of the 
double periodicity of the elliptic functions. 

Further theory in regard to the third kind of Elliptic Integrals : 
Addition of Parameters, and Interchange of Amplitude 
and Parameter, Art. Nos. 28 to 31. 

28. We may differentiate an algebraic function 

sin cos 0-K (sin^ <f>) A (k, 0), 

where -K (sin^ 0) denotes a rational function of sin^ <f> ; and 
thereby obtain an expression involving two or more terms 

of the form -nr— . ^^. . ., — y\ with different values of n. 

(1 +wsm2 0) A(A, 0^ 

Conversely, integrating such expression we obtain an equation 

containing two or more terms of the form IT (n, k, (f)), that is 

elliptic integrals of the third kind with different parameters. 

In pstrticular there may be two parameters only; viz. these 

being n,n', then we have either nn' = Ar^ or (1 + w) (1 + n) = k'^ : 

the resulting formulae are useful for the reduction of an integral 

of the third kind to a like integral where the parameter is of 

one of the standard forms cot^ ^, - 1 + k'^ sin^ 0, - k^ sin* 0. 

29. There may be three parameters ; the theorem is in this 
case a theorem for the "addition of the parameters." To explain 
this, suppose that two of the parameters are —k^sin^py —k^sia^q 
(this if p, q are taken to be real, is a particular assumption, 
limiting the generality of the result ; but allowing them to be 
imaginary, it is no restriction): then the third parameter is 
•- k^ sin* r, where the angles p, q, r are connected together by 
that very relation which is the addition-equation for the integrals 
of the first kind, Fp+Fq — Fr^O (rather it is, in the first in- 
stance, Fp + Fq — Fr = const., reducible to the last-mentioned 
particular form) : the theorem then gives IT (— A^^sin^r, k, ^) in 
terms of IT (— A* sin* p, k, <f>) and II (— fc* sin* g, k, 0) ; and it 
is in this sense a theorem for the addition of parameters. 



/. 
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30. The theorem leads to an expression for an integral of 
given imaginary parameter in terms of two integrals of real 
parameter, one of them of the form - h^ sin^ 0, the other of the 
form cot^ X or - 1 + A;'* sin^ \. 

31. There is a further theory of the "interchange of 
amplitude and parameter"; diflferentiating the two sides of the 
equation 

" (''' ^' •''> =/(l+»sm^J)A(A7^) ' 

in regard to w, and, after multiplication by a factor, conversely 
integrating in regard to this variable, we obtain 



y^(i + „) (i + ^) n (n. k, <!>) 



expressed as a sum of certain integrals in respect to n. Express- 
ing this parameter in one of the standard forms, for instance 
n^ — h? sin^ 0, the integrals in regard to n become integrals in 
regard to 0, viz. these are the elliptic integrals F{k, 0), E(k, 6) 
and an integral of the third kind IT (n', k, 0), where the para- 
meter n! is = — Ar' sin^ ^ : that is w = — Ar* sin^ 0, n =--]^ sin^ 0. 
We have a relation between the integrals IT (n, h, <f>), 11 (n\ k, 0) ; 
this relation [involving also F(k, <f>\ E{k, <^), F{k, 0\ E(k, 0)] 
is a form of the so-called theorem for the interchange of ampli- 
tude and parameter: those belonging to the other two forms 
of parameter n = cot^ and n = — 1 + A;'^ sin^ are less elegant, 
inasmuch as in the functions the modulus is k^ instead of k. 

The second and third kinds of Elliptic Integrals expressed in 
terms of the argument u ; new Notations. Art. Nos. 32 to 34. 

32. The introduction of u, = F<f>, as the argument in place 
of u, in fact supersedes the consideration of the elliptic integral 
of the first kind: by introducing u as the argument in the 
integrals of the second and third kinds, we obtain 
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which functions changing the notaticm might be called E(k, u) 
and n (w, k, u) respectively. But it is found convenient to con- 
sider somewhat diflFerent functions ; viz. in place of the integral 
of the second kind Jacobi considers 



Zu^uil" -rJ\ — h^ I sn^w du, 



where Ey K denote the complete fiinctions E^k^ F^k respec- 
tively : Zu is of course a function of k, so that this complete 

E 

expression is Z(ky u): it is = — -r^u-\- E(k, u\ differing from 

E{k, u) by a multiple of u. We have it is clear Z{K) = 0, and 
it was in fact in order to the existence of this relation that the 
change was made from Eu to Zu. 

33. As regards the third kind, the parameter is taken to 
be = — A" sn' a (to meet every case a must not be restricted to 
real values) and the function considered is 

TJ / K_rAr*snacnadna sn*t* du 

[being of course a function also of k, so that its complete ex- 
pression would be n (u, a, k)] : viz. writing n = — A;^sn^a, this is 
in iact a multiple of 

'/I ^^^yJtn ^^ > =- {^(*> <A) - n (n, ky 0)}. 



/< 



34. The advantage of the new forms is very great : thus 
the addition-theorem for the second kind of integral is 

Zu -^ Zv — Z (u'\-v) = I(f^8nu8nvsii{u-\-v) 

and that for the third kind gives in like manner the value of 

n (u, a) + n (v, a) — Il(u-i-v, a) 

in terms of the functions o{ u, v, u + v: the theorem for the 
addition of the parameters gives a very similar expression for 

n (u, a) + n (u, ft) - n (i*, a + 6), 

and the theorem for the interchange of amplitude and para- 
meter is in fact a relation between n (u, a) and 11 (a, u). 
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The Functions 0u, Hu. The q-formvlce. Art. Noa. 35 to 42. 

35. From the function sn u we derive a new function ©u 
by the equation 



e^u = J^ ei»'(i-f )-*'/.*./. 



^ 

(K, E denoting as before the complete functions F^k, E^k): this 
may be regarded as one of a system of four functions, &u, 
e(u + K), e (u-h iK'\ e (w + iT + iKy, or writing 

the functions may be taken to be 0w, ®{u-\- K), Hu, H^u-h K). 

36. The function Zu is at once expressed in terms of 0w 

&u 
and its derived function &u\ viz. we have Zu =-Fr- . 

The function 11 (u, a) has a simple expression in terms of 0> 
viz. we have . 

^ ^ 0a ^ ^ (u 4- a) 

37. Writing herein w + a for u, we have 

n (w + a, a) = (u + a)^^ - l^log -^^^ — - ; 

and for the values a = J^K, \iK\ \K + \iK' the function 
n (m + a, a) is expressible in finite terms by means of the func- 
tions log sn u, log en u, log dn u respectively: the resulting equa- 
tions give, after all reductions, the formulae next referred to*. 

38. The functions sn u. en u, dn u are found to be fractional 
functions, the three numerators and the denominator being the 
four functions above spoken of ; viz. we have 

snu = -ij.Hu -i- , cnu^A/ -j-H(U'\'K)-7-, dni^ = VAj'0('w+iQ-7-, 

* This is not Jacobi's biethod nor perhaps the most direct or mCl^al way of 
obtaining the formula in question ; but the connexion of the for^dulss with the 
expression for n (u, a) is very noticeable : Note to Ed. 1. The method is at 
any rate a very natural way of obtaining the formulsB. 
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where denom. = @u. It may be remarked here that the functions 
Hf are not doubly periodic, the change u into u-h^mK+4imHK' 
affects them with certain constant and exponential factors : but 
these divide out from the quotients giving the values of sn, en, 
dn, and we thus have these last functions doubly periodic as 
already mentioned. 

39. These functions H, are in fact doubly infinite pro- 
ducts ; viz. writing for shortness . \ 

(m, m') = (2m + l)K+ 2miK\ 

(m,^0= 2mK'\-(2m:-\'l)iK\ ^ 

(m, m') = (2m + 1) ir + (2m' 4- 1) iK'; 

then, disregarding certain constant factors, we have 



I {my m )j 



f- u 



I (^, in )) 

e(u+z)= nil + 7=^1, =®A 

where (except that in the first product the simultaneous values 
m^O, m' = are to be omitted) m, m' have all positive or 
negative integer values, including zero, but under the following 
condition, viz. taking fi, fjf to denote each of them an in- 
definitely large positive integer, fi being also indefinitely large 
in comparison with fi', so that fi -i- fi = Oy then 

for m the limits are m =~-fjb to + /A, 

„ rii „ „ m =-/A-l „ +/a, 

„ m „ „ m'= -/- 1 „ +fjb\ 
C. ^ 
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40. GiviDg to m all its values, and reducing by means of 
the factorial expressions of sin x, cos x, the expressions become 
singly infinite products of circular functions such as 

sin ^rj^ (u + 2mfiK') ; 

or writing ^^ = x, these are expressible as products or series 
involving cos 2x, or the multiple sines or cosines of x, with co- 

efficients which are functions of the quantity g, = e ^ ; viz. we 
have thus the g^-formulaB which Jacobi obtains in quite a dif- 
ferent manner (from a transformation formula, by writing therein 
u/n for u, and taking n infinite), and which in fact led him to 
the functions H and 0. The formulae are very remarkable 
as well in themselves as from their origin, and the connexion 
which they establish between Elliptic Functions and the Theory 
of Numbers : as a specimen take here the identity 

which not only shows that every number is the sum of four 
squares, but aflfords the means of finding the number of decom- 
positions. 

41. The four functions Su, @(u+ K), Hu, H{u + K) con- 
sidered as functions of ©, = irK'/K, and v = wu/2K, each of 
them satisfy the partial differential equation 

d\^ da) 

This equation, not given in the Fundamenta Nova, but 
obtained by Jacobi (Crelle, t. IIL (1828), p. 306), is, in fact, an 
immediate consequence from the expressions of the functions 
as series in terms of q (= e*"") and u ; but it is also obtainable 
from the finite expressions of these functions. It may be right 
to remark that in some places in the present work, q> is used in 
a different sense, viz. it is such that q = 6**". 



42. There is no proper addition-equation for the functions 
jBT, © : the nearest analogue is the system of equations 
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© (t^ + v) © (u - -y) = 



H(u + v)H(u-v) = 






@^0 ' 

involving, it will be observed, the jEf , as well of t^ — v as of 
u 4- V. But these formulae show, what follows also from the 
double-product expressions, that these functions have a multi- 
plication-theory ; and the double-product expressions also show 
that they have a transformation theory. 

The functions @u, Hu, Hiii, ©iW diflfer only by constant 
and exponential factors from the Weierstrassian functions 
Ali^, AliU, AI2U, Al^u. 

The Numerators and Denominator in the multiplication and 
transforrrvation of the Elliptic Functions. Art. No. 43. 

43. We are thus, in the multiplication and in the trans- 
formation of the elliptic functions, led to expressions for the 
three numerators and the denominator of the functions of nu, 
or of (ujMy X) {ante, No. 24), in terms of the functions H, © ; and 
by the aid of the above-mentioned partial differential equation 
we obtain partial differential equations satisfied by the nume- 
rator- and denominator-functions in question : thus, considering 

the denominator only, and writing for convenience x = Jk sn u, 

a = A; + T, v^n in the case of the transformation of the n^ 

order sn {ujM, X), but = r? in the case of multiplication sn nu ; 
then the denominator, considered as a function of x and a, 
satisfies the partial differential equation 

-hi/(i/~l)^V-2i/(a'-4)^. 

(Jacobi, Crelle, t. iv. (1829), p. 185.) As regards the transforma- 
tion formula, it is to be observed that \, qui function of k, must 
consequently be considered as a function of a, and the expression 
of ^ as a function of x, and of a directly and through X, is so 
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complex, that not only the equation is practically useless, but 
it is difficult to verify it even in the simple case of a cubic 
transformation : but as regards the multiplication formula, the 
equation is very convenient for the determination of the actual 
expression of ^r as a function of x and a, or, what is the same 
thing, of sn u and k. The equation requires some change of 
form to adapt it to the three numerators respectively : and the 
resulting equations are in like manner practically useless for 
transformation, but very convenient for multiplication. 



Concluding Remarks. Art. No. 44. 

44. The foregoing outline is purposely very brief as to the 
theory of transformation, and as to the ulterior theory of the 
third kind of Elliptic Integrals ; as to these it is completed by 
the outlines prefixed to the chapters on these subjects respec- 
tively, and generally the outlines or introductory paragraphs to 
the several chapters may be consulted : as thus extended, the 
outline is intended to cover the whole of the present treatise up 
to the end of chapter xi., and also chapter xii., which contains 

the reduction of the differential expression Rdx -i- JX to the like 

expression with the radical in the standard form Jl—a?,l—1fa?, 
The subsequent chapters maybe regarded as supplementary; 
the outlines, or introductory paragraphs will explain what the 
contents of these are; I only remark here that chapter xm., 
relating in fact to Landen's transformation, belongs to the 
elementary part of the subject, and might have been brought 
in at an earlier stage ; the only reason for deferring it was the 
convenience of using the form of radical Ja^ cos* <f>-^V sin* ^ 

instead of the standard form J\ — k^ sin^ <f> ; generally whatever 
relates to the non-standard form of radical is given in these 
supplementary chapters. 

But the foregoing outline does not extend to the now 
chapter xviii. and following chapters which form the conclusion 
of the present treatise. 
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CHAPTER 11. 

THE ADDITION-EQUATION: LANDEN'S THEOREM. 

45. As already mentioned the addition-equation is the 
integral of the differential equation 



(A^ = ^l — A^sin*^, &c.) the constant of integration fi being 
the value of either variable when the other is put = 0. Of the 
proofe which are here given several are only verifications of the 
theorem assumed to be known: but the first one is a direct 
investigation. The fifth proof (Jacobi's by means of two fixed 
circles) leads so naturally to Landen's theorem, that, although 
belonging to a- different part of the subject, I have given it in 
the present chapter. 

It may be remarked that taking <f>, ^ each of them small 
we have A^ = A-^ = 1, and the differential equation thus be- 
comes d(l> -I- dy^ = 0, or integrating we have ^ + '^ = /a, viz. fi is 
here the value of either variable when the other variable = 0. 
In the proofe which follow /a has throughout this signification; 
there are it will be seen cases in which the sign of a radical has 
to be determined and this must be done consistently with the 
foregoing relation, ^ + '^ = /^ 



22 THE ADDITION-EQUATION. [ll. 

First Proof (Walton, Quarterly Math. Joum, t. xi. (1870), pp. 

177—178). Art. No. 46. 

46. Rationalising the differential equation, we have 
d<^2 ^d'>^^ = - k^ (sin^ <f> d^2 _ sin2 ^ d<\>% 

or, as this may be written, 
(d<^2 _ ^^2) (cos^ _ cos^ ^) 

= - A;2 (sin^ <\> dyjr^ - sin^ i/r d</)0 (cos^ </> - cos^ yjr). 

The left-hand side is 

= — sin {<!> 4- yfr) {d<f> + d^) sin {<f> — -^/r) (d<^ — d'^), 
= — d cos (0 4- '^) . d cos ((p — -^X 

or putting x = cos cos yjr, y = sin <^ sin '^, and therefore 

cos (<f>'i-ylr) = iV''y, cos (^ — '^) = a? -f- y, 
this is = dy^ — dx\ 

The right-hand side, omitting the factor — i*, is 
(cos (f) -h cos '^) (sin (p d^^ + sin -^ d(f>) 
X (cos — cos '^) (sin ^ d'»|r — sin -^ d<^), 

where the first factor is 

= cos^ sin '\lrd(l> + cosyjr sin ^dyjt -f- sin<^ cos^d'^ + sia'sjr cos'^d^; 
viz. writing this under the form 

cos <!> sin '\frd<l)'\' cos -^ sin d-^ -t- sin ^ cos ^ (cos^-^ + sin^-^) d^^ 

+ sin "^ cos -^ (cos^if> + sin*^) d^, 
it is = dy-^xdy — ydx'^ 

and similarly the second factor is 

^--dy -\- xdy — ydx. 
Hence, restoring the factor — k^, the right-hand side is 

= k^[dy^-{xdy^ydxyi 
or the differential equation is 

dy"" - dx^ = k^ \dy^ - {xdy - ydxY\ ; 

viz. writing herein -i^ =p, this is 

jp2 _ 1 =^2 [p2 - (y - pa?)2] ; 
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or we have 

{y -pxf =p- + i (1 -f), = j^ {(^ - 1)P' + 1}, 

which is an equation of Clairaut's form; hence, taking 7 as the 
arbitrary constant, the integral is 

that is 

sin <^ sin -^ = 7 cos <^ cos -^ + T JQc^- 1)7^ — 1. 

Let fi be the value of yjr corresponding to the value = 0, 
then writing <f) = 0, yfr^ fi,we have 

7 cos /A -h ^ s/ik" - 1) 7^ + 1 = 0, 

giving rfk^ (1 - sin» = y^k^ -7^ + 1, that is 7* (1 - A;^ sin» = 1, 

1 1 

or 7 = -r— , whence j- J{lc^ — 1) y 4- 1 = — , ; and substituting 

we obtain 

cos fi = cos <\> cos '^ — sin sin -^ A/a, 

the required addition-equation. 

Secmd Proof (Jacobi, Grelle, t. viii. (1832), p. 332). Art. No. 47. 

47. Assume a + & cos cos -^ 4- c sin sin -^ = 0, 
then differentiating we have 

(— & sin cos '1^ + c cos sin '>^) d(f) 

+ (— & cos <f> sin -^ -h c sin cos yjr) d^^ = ; 

say this is Md4> + Nd'y^ = 0. 

But we have 

if 2 + (ft cos <^ cos '1^ + c sin </> sin 'y^Y = 6^ cos^"^ + c^ sin^-^, 
JV* -f- (ft cos <^ cos '^^ + c sin sin '^y = h^ cos^ -h c^ sin^ <^, 

that is 

Jf 2 = - a* + 62 cos^-^ -h c* sin2i|r = 6^ _ ^^ _ (j2 _ ^2) gins^, 
JV^ = - a^ + fta cos^ <^ + c^ sin^ <^ = J^ _ ^^2 _ ( j2 _ ^2) sin^ <^, 
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and the differential equation thus is 



J}^-a?- (¥ - c^) am^<l> j¥ - a* - (ft^ - c*) sin^i/r 

viz. an integral of this equation is 

a + 6 cos <^ cos -^ 4- c sin ^ sin -^ = 0. 

But observe that the differential equation contains the single 

^2 q2 ^ ^ he 

constant r;, r , the intecral equation the two constants - , - , 

Ja _ (j2 

which of course cannot be expressed in terms of tt 1 , but 

only in terms of this and an arbitrary constant, say 11, Hence 

the assumed equation is the general integral of the differential 

equation. 

52 _ ^ 
To complete the investigation write t^ ^ = A;*, and assume 

a 6^ — c* 

- =s — cos /i, then the equation j^ ^ = Ar^, or c^ = ft^ — (&' — a*) A;* 

becomes c^ = 6^(l — A;^sin2/A), or say c^ — bAfi: substituting 
these values of a and c, the equation becomes 

— cos /A + cos (f) COS 'sjr — sin (f) sin -^A/a = 0; 

viz. we have 

cos fjb = cos (f) cos -^ — sin ^ sin -^Afi, 

as the integral of the differential equation ^ + ^y = 0. 

It is clear that fi is the value of either variable correspond- 
ing to the value of the other variable. 



Forms of the Addition-Equation, Art. Nos. 48 and 49. 

48. We have 

(cos /A — cos <^ cos 'y^y — sin^ ^ sin^ -^i^^fi = ; 

or, expanding and reducing, 

1 — cos''^ — cos^^^ — cos^/L6 + 2 cos ^ cos -^ cos fl 

— A;^ sin^ ^ sin* -^ sin^ /A = 0, 
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which is symmetrical in regard to the three quantities : hence 

we have also 

(cos — cos /* cos 'y^y = sin^/i sin'* -^ A*(^, 
(cos '^ — cos /* cos (f)y = sin^ /* sin^ (f)A'^yjr, 

and extracting the square roots, it appears that the signs on 
the right-hand side must be + : we thus have 

cos <f> - cos fjk cos -^ = sin /i sin '^ A^, 
cos y^ — cos fi cos = sin/* sin <^ A-^, 

to which join the original equation 

cos fi — cos <\> cos -^ = — sin <^ sin ^ A/a. 

49. From the rationalised equation, writing sin2/A=l— cos^/a, 
we obtain 

(1 — i^ sin^ sin^ '^) cos^ /a — 2 cos <^ cos '^ cos /l( 

= 1 — cos^ ^ — cos^ -^ — i^ sin* <^ sin**^, 
that is 

[(1 — 1(^ sin* <^ sin* '^) cos /a — cos <^ cos '»|r]2 

= (1 - A;* sin* </> sin* i^)(l - cos* <f> - cos*'^^ -A?* sin* <\> sin* i|r) 

+ cos* <f> cos* '^j 
which is easily seen to be 

= sin* <^ sin* 'y^ A*<^ A*^ ; 

and then extracting the square roots, the sign on the right- 
hand side is — , and we have 

(1 — 1(F sin* <^ sin* ^) cos fi = cos <f> cos yjr — sin ^ sin y^ A<^ A^, 

which gives the value of /* in terms of ^ and yjr. 

Combining with this the equation 

cos fi — cos <l> cos '»|r = — sin sin y^ Afi, 

we have the value of A/i : and if from cos fi we proceed to find 
the value of sin* /a, we have 

(1 - fc* sin* <f) sin* ^)* sin* /a = (1 - ^'* sin* <f> sin* 'i^)* 

— (cos <^ cos '^ — sin0 siu'*^ A<^ A'*^)*, 

which is readily found to be 

= (sin <f> cos ylr A*^ + sin yjr cos (f) A^)* ; 
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and extracting the square roots, the sign on the right-hand 
side is -h : we have thus the formulae 

sm fi = sin <f> cos '^ A*^ + sin ^ cos ^ A^, (-7-) 

cos fi = cos <f> cos yfr — sin ^ sin -^ A^ A-^, (-=-) 

Afi = A^ A-^ — k^ sin ^ sin -^ cos ^ cos yfr, (-=-) 

where the denominator is 

= 1 - i* sin^ <^ sin^ >^. 

We have in like manner 

sin ^ = sin /I cos -^ A-^ — sin -^ cos fi A/i, (-=-) 

cos <f> = cos fi cos -^ -h sin /I sin -^ A/n A-^, (-7-) 

A^ = A/i A-^ -h i* sin /I sin -^ cos fi cos -^j (-^) 

where the denominator is 

= 1 — A:* sin* fi sin* -^ ; 
and we may in these formulae interchange ^, yjr. 

Third Proof of the Addition-Eqvxition (a verification). 

Art. No. 50. 

50. Writing the equation in the form 

cos fi cosec ^ cosec -^ — cot <^ cot -^ = — A/a, 

then, diflferentiating the left-hand side, the coeflScient pf d<f> is 

— cos fi cosec <^ cot <^ cosec ^ -h cosec* <^ cot 'y^, 

= . ^ , . , (cos -Jr — COS /LI cos 6), 

sm* ^ sm i|r ^ ^ '^ ^^' 

which in virtue of the form 

cos yft — cos fi cos ^ = sin /a sin <^ A-^, 

sm 9 sm y 
and similarly the coeflScient of dyfr is 

= ~= — jT"^ — r ^9» 
sm sm Y 
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SO that, omitting the common factor, the differential equation 

becomes 

d(l)Aylr + d>^A<^ = 0, 

which is right. 



Fourth Proof (Legendre, TraiU des Fonctions EllipUques, 
t. I. (1825), p. 20, by a spherical triangle). Art. No. 51. 

51. Consider a spherical triangle ABGy obtuse-angled at 
Gy such that the sides GB, GA are =<^, -^ respectively, and 



that the cosine of the angle (7 is = — A/a. This being so, the 
equation dos fi — cos ^ cos -^ = — sin <^ sin i|r A/i shows that the 
side AB is =/i (so that by sliding the constant arc AB, =fi, 
along the two fixed sides GA, GB, we obtain the different 
values of ^, y^ which satisfy the relation in question). And 
the other two equations cos <^ — cos fi cos -^ = sin /^ sin -^ A<^, 
and cos -^ — cos /A cos ^ = sin /A sin ^ A<^, show that cosil = A0, 
and cos B = A-^ : so that the sides a, 6, c of the spherical tri- 
angle are <f>, '^, fi respectively, and the cosines of the opposite 
angles A, B, G are A<^, A^, — A/t respectively. 

Now considering the consecutive position A'R of the 
side AB, aijid letting fall on AB the perpendiculars A^p 
and Rq, the equation A'B' = AB gives Ap=Bq, that is 
^-4'cos-4.=J55'cosJ5, or d6cos-4 -hdacos J5 = 0; viz. this is 
the differential equation dtfyA'^ + dyjrAif> = 0. 
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THE ADDITION-EQUATION. 



[II. 



Fifth Proof (Jacobi, Crelle, t. ill. (1828), p. 376, by two fixed 

circles). Art. No. 52. 

52. Consider two fixed circles as shown in the figure, and 
suppose that we have 




8 



Kadius of larger circle = J2, 
„ smaller „ =r, 

Distance OQ of centres = D, 



Write moreover 



A/Lt = 



R-B 



it-^D' """"^^'R + D' 



whence easily 



k'^ 



4iDR 

{R + Df-r^ 
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viz. k and fi are given functions of R, r, D: and it may be 
noticed that 

<^ + ^^^ - ^ = (rTA;#- 

Imagine now a variable tangent AB^ and assume 

/. AOL = 2<^, A BOL = 2i|r, 

then letting fall on AB the perpendicular 0(?, we have 

^il0(? = 7r-(i^ + >^), ZQ0Q = 4>-yfr', 

and thence, projecting -40, OQ on QJf, we have 

R cos (^ + •^) + Z) cos (<^ — '^) = r ; 

that is, (JB + i)) cos cos ^ - (J2 — D) sin <^ sin ^ = r, 

or what is the same thing 

cos (f) cos -^ — sin ^ sin y^Afi = cos fi, 

which is the integral equation. 

Also AM^ ^ AQ^ - MQ^, 

= J2« + i)« + 2DR cos 2<^ - r2, 

= ( J2 + D)2 - r^ - 4i) JB sin^ <^, 

= {(JB + Dy - r^} A^c^ ; 

and similarly 

BM' = {(iZ + Dy - r^} A^. 

Now, varying the tangent, let the new position be A'B' \ 
then clearly A A' : BE = ^1 Jf : £if ; that is 

d^ :-dyfr=^AM:BM, 
or i*+_#=0. 

viz. substituting for AM, BM their values, we have the required 
differential equation 

Ai^'^A^^ ' 
corresponding to the above integral equation. 
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Landen's Theorem, from the foregoing geometrical figure. 

Art. Nos. 53 to 56. 

53. Suppose that the large circle and also k remaining 
constant, the small circle is varied; that is, let r, D vary subject 
to the foregoing condition 

it is readily shown that the radical axis of the two circles re- 
mains unaltered. In fact, taking the centre of the larger circle 
as origin and the axis of x vertically downwards, the equations 
of the two circles are 

(a; - i))2 4- 1/2 - r^ = 0, 
and thence for the radical axis 



2i)a;-iJ2- 1)2 + ^ = 0, or x = 



2D ' " k" ' 



which is constant. In particular the smaller circle may reduce 
itself to the point F (one of the limit-circles of the original 
two circles, or what is the same thing an antipoint of their 
points of intersection, viz. that antipoint which lies within the 
smaller circle) : and then, taking the distance 0F= 8, we have 

4^SR 4iDR 



(R + sy {R + ny-r^' 

or, what is the same thing, 

S(R^ + D^-r^) = D(R' + S^). 

54. Reverting now to the original two circles, if in the 
figure Z^O(T = G)(=7r-0-'«/r)and z QOff = ;\; (= ^ - -i/r), then 
obviously AA^ cos MA = AMdxj that is R . 2d^ sin co = AMdx', 
or what is the same thing 2AQd<l) = AMdx\ hence the equa- 
tion -T%i-= ""75^ ^^y ^® completed into 

d<f> __ dyfr __ d% 
AM'^BM^MG' 
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and observing that A&'^AO- OG^ = ^ - (2) cos ^ - rf, the 
equation is 

A(k, <^) " A(A;, ^)""2ViJ2-(i)cosx-r)«' 

V T 

We have OF = — , and thence OF = Z> , whence from 

cos;^ cos;^ 

the triangle OAF^ in which the angles A, F are = <^ + -^ — ^tt 

(that is 2^ — ;^ — ^tt) and \tt-\'X respectively, we have 

V 

D : — cos (2<f> — y) = J2 : cos Y ; 

COSX ^ ^ A/ A^ 

that is Z> cos X — ^ = — -B cos (2<^ — ;j^), 

which is an integral equation corresponding to the above differ- 
ential equation 



d^ ^ dx V(i? -f- Dy - r^ 
A(A?, (I>) 2 VjR2 - (D cos X - ry ' 

Writing now Z AFO=0, then ;j^=^-i7r, 2<^-x=2<^-^-f-i'7r, 
and the integral and differential equations become respectively 

2) sin ^ - r = J2 sin (2<^ - 0), 

, d^ ^ dO V(.Z) ^Ry-r^ 

^ A (A?, 4^) 2 ViJ2~(Z> sin ^-r)«' 

55. Suppose now that the smaller circle reduces itself 
to the point F, then retaining 6 to denote the angle in this 
state of the figure, we must in place of D, r write S, 0; and 
the equations become 

S sin ^ = i? sin (2<^ - ^), 

dit> ^ d0(R + S) 
A(A?, <^)""2\/jR2-S«sin«^' 
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or writing herein X = a/J2, these are 

X sin d = sin (2<^ - ^), 

where in virtue of the relations ^ = 7^ — ^>^ and X = -^ , we 

have k^ = jz — rrr^ , and therefore also kf = ,— -r- and X = ^ — , , . 
(1 + X)'^ 1 + X 1 + A; 

56. The result would have come out more simply by con- 
sidering ab initio the smaller circle as replaced by the point F: 
viz. the chord AB would then pass through the point F, and 
the points M, Q each coincide with F: but it was interesting to 
consider the theory in connexion with the original figure of 
the two circles. 

The theorem gives, it will be observed, a transformation of 
the differential expression . J; ,. into an expression ^ ^ , 

involving a new modulus X: viz. considering X as derived from 

1 — ifc' 
k by the equation ]^ = ,^ , then we have between the two 

variable angles ^, an integral equation Xsin^ = sin(2^ — d) 

answering to the differential relation . ,, .. = ^^. ., j,^ — : or 
^ A {k, ^) A (A;, 0) 

since <^, vanish together this last is equivalent to 

F{hi^) = \{\+X)F{\0). 

The integral equation gives X tan ^ = sin 20 — cos 2^ tan d, 

that is 

^ sin 2<^ 

tan^=;— \-:\ 

X + cos 29 

, . ^ sin 2<^ sin 2<6, 

whence sm a = , , = , or 

Vl + 2X cos 2<^ + X^ \/(l + X)2 - 4\ sin^ <^ 

4X 2 

observing that ., , ^ xg = ^ and 1 + X = , ,, , this is 

vl + Xj 1 + A? 

8in^ = Hl + A;')— ^^* 



Vl - *» sin« «/) ■ 
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Siosih Proof of the Addition-Eqiiation. Art. No. 57. 

57. The rationalised equation in ^, y^, fi may be written 

sin^/A — cos' ff> - cos'-^ + 2 cos cos yjr cos fju 

- A:^ giu2^ (1 _ cos* ^) (1 - cos' >^) = ; 
viz. this is 

k'^ sin' fjL — A V (cos' <^ + cos' ^) 4- 2 cos ft cos <^ cos ^ 

— A' sin' /A cos' ^ cos' ^ = 0, 
or as it may also be written 

fc'' sin' /A • - A'/A cos' (j) 

+ 2 { • cos /A cos (j) • } cos -^ 

+ {-A'/i • -A;'sin'/Acos'<^}cos'>^ = 0; 

viz. the left-hand side is a quadriquadric function of cos <f>, 
cos-^: say this is u, and represent it successively under the 
forms -4' + 2jB' cos <^ + (7 cos' <^, and -4 + 2J5cos>^-|-(7cos''«/r, 
where of course A\ jB', (7 are given functions of cos-^, and 
A, B, C are the like given functions of cos <^: we have 

;5-^=2(G'cos<^ + J50, 
a cos <^ ^ ^ 

but the equation w = gives ((7 cos <f> + Ry = (B'' - A'C), 

whence -^ r = 2 VJS'' — J.'0', or what is the same thing 

a cos ^ 

du ^ . . i-:Fjz — TTT^ 1 . .1 1 du 



^ = -2sin<^V£''-.4'(7,andsimilarly^ = -2sin^V5'-il(7: 

wherefore the differential equation is 

VJ?' - A'C sin <^ d<^ + V5'-u4Csin i/r d^ = 0; 

we have 

£'--4(7=cos'/A cos' 4> + (A?'' sin'^- A'/Acos'^) (A'^+A^sin'^cos' ^) 
= fc'' sin' /A A'/A 
+ (cos' /A + W^ sin* /I - A V) cos' ^ 

— &' sin' /I A'/i cos* ^, 
c. ^ 
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and the coefficient of cos* <^ is 

1 - sin» fi + Id^k'^ sin* fi 
- 1 + 2i* sin^ /I - A;* sinV, 
= (A;» - A?'*) sin* /^ A V ; 
hence the value of 5* — -4(7 is 

sin* fjL A^fjL {A;'* + (i* - &'*) cos* <^ - ifc* cos* <^}, 
= sin* /A A*/A . (1 - cos* ^) (A;'* + A:* cos* <<>), 
= sin* fi A^fi sin* <^ A*<^; 

that is we have 

S/& — AG = sin fi sin ^ A/aA<^; 
and similarly 

VjB'* — J-'C = sin /I sin -^ A/a A-^; 

hence the foregoing result is 

d^ A>^ + d^ A<^ = 0, 

the required differential equation. 

It may be remarked that this, like the third prpof, ante, 
No. 50, is a verification, the difference being that we use the 
rationalised integral equation instead of the original irrational 
equation : and that they are each of them closely connected 
with the second proof, ante, No. 47, although this is less in the 
form of a verification. 
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CHAPTER III. 

MISCELLANEOUS INVESTIGATIONS. 

58. The present chapter contains, in relation to the first 
and second kinds of elliptic integrals, various matters not very 
closely connected which it was convenient to give here before 
going on in the following Chapter IV. with the main theory : 
the contents will be seen from the headings of the several 
articles. 

Arcs of curves representing or represented by the elliptic 
integrals E(Jc, <^), F{ky ^). Art. Nos. 59 to 64. 

59. The elliptic integral of the second kind occurs 
naturally as representing the arc of an ellipse: viz. taking the 

equation of the ellipse to be — + t-j = 1, this is satisfied on 

writing therein a? = asin^, y = 6cos^ (observe that ^ is the 

complement of the eccentric anomaly, or say of the parametric 

angle): we then have da? = a cos <^ d<^, dy = — 6 sin d<^: and 

thence 

(fo2 = (^fj2 cos2 <^ + &* sin^ <^) d<f>^ 

= [a^ - (a^ - h^) sin^ <^] d<l>\ 

so that taking h = (= eccentricity) we have 

ds = aA (A, <^) d<^, 

and thence s = aE (A?, <^), 

the arc being measured from the extremity of the major axis : 
the length of the quadrant is = aE^, In the case of the circle 
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the length is a-^iO, = a . Jtt ; and, as the minor axis diminishes, 
k increases and EJc diminishes, until ultimately for the indefi- 
nitely thin ellipse k becomes = 1, and 8 = aE{l, = a. 

60. We may also represent the arc of the hjrperbola: taking 

the equation to be -^ — ^-^ = 1, and expressing a?, y in terms of 

the parametric angle w, that is writing a? = asectfc, y=6tanw, 
we have da? = a sec i^ tan u du, dy=^b sec^ u du, and thence 

ds = — ^ \/F+ a^ sin» u, 
cos^ u 

which does not immediately express the arc s by means of an 
elliptic integral : to obtain an expression of the required form 
assume 

k = , and therefore k' = 



(A; = reciprocal of the eccentricity); and consider an angle <f> 
connected with u by the equation tan u = k' tan (f) : the expres- 
sions of X, y in terms of ^ are 

a . . . . , ak'^ sin 6 rfA 

X = 7 Ad), giving oa? = — . T ,^ , 

cos<^ ^'^ ^ cos^^A^ ' 

-yrsfcfc'tani^, „ dv= — ^ 

{A<^ is written for shortness to denote A (A, ^) and so presently 
F^, E<f> to denote F(k, ff>), E(ky ^) respectively} : and thence 

bl(fd<l> 
cos^ ^ A^ ' 

a value which of course may also be obtained from the fiae- 
going expression of ds in terms of dv. 

We obtain by differentiation 

and conversely, integrating from zero, we have 

A^tan^ = ft'«/33^-ft'«i'^ + ^<^. -. 
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wheDce, substituting for the integral and observing that hjk' = 
ajk, we have 

« = I {tan <^ A<^ + *'2jFV> - J?<^}, 

where (see figure) s denotes the axe AM measured from the 
vertex A of the hyperbola. 

61. As regards the geometric signification, observe that for 
the point M on the hyperbola, the construction of the angles 
w, ^ is as follows, viz. drawing the lines NQ, NR, = b and bk' 




respectively, and joining these with the point M, then zQ = u, 
/.R = <l>, To obtain a different construction for the angle <f>, 
with centre C and radius CA (= a) describe a circle, and 
drawing fix)m M the tangent MT, and the radius CT, we have 

MT^ = ^ + y" - a' = (l + ^) yS that is MT = |, ; hence 

measuring off* from T the distance TO = b, and joining GM, 
the angle MQT is =^. Moreover the perpendicxxW GZ orsi 
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the tangent at Jf is given by ^r^^ = - + ^ , and substitutmg 

for X, y their values in terms of ^ we find CZ^ a coB ^ ; hence 
if Y be the intersection of this tangent with the circle, we 
. have also Z YGZ = <^. Further MZ^ = a?^ + y* - a'' cos» ^ ; or 
since a^ + y* = a' + 6^ tan' if>, this is 

Jlf J?2 ^ a' sin' <^ + 6' tan'<^, 

= a? tan'<^ (cos' <^ + -5) , = a^ tan'<^ ^^^ - sin'^j , 
a' tan' <6 . „ , 

or finally jJfZ= ^ tan ^ A<^. 
Hence the formula is 

or, what is the same thing, 

MZ ^MA = j^{E<f>- W^F^\ 



the quantity on the right-hand side being it is clear positive, 
viz. it is in fact 

cos' 



= ak\ 



^4> ' 



As ^ approaches 90° the point M goes off towards infinity, 
and the point Z tends to coincide with G: hence writing 
^ = 90°, we obtain 

(where I represents the point at infinity on the curve or the 
asymptote) as the expression for the excess of the length of 
the asymptote over the arc of the curve. 

62. It is less obvious how to find a curve the .arc of which 
shall express the elliptic function of the first kind. Legeadre 
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remarked that in the particular case k =» 1/V2, the solution was 
afforded by the lemniscate (ix^ -h y^Y = a^ (a^ -- y^). Observe 
that the curve is a horizontal figure-of-eight, the extremities 
being given by 3/ = 0, a? = ± a, and the branches at the origin 
being inclined to the axis of a? at angles =±45°. The equation 
is satisfied on writing therein 



a) = a cos (f) Vl — i sin* <^, 
y — -j=&inq>cosq> 

(in fact these values give ic* + 3/* = a- cos* ^, a^^ — y*=a*cos*^): 

.and hence determining the element of arc ds, ='^da)^ + dy\ we 
have 

vl — ism*<^ v2 

whence attending to the identity 

sin» <^ (- f + sin* <^)* + i (1 - i sin* <^) (1 - 2 sin* <^)* = i, 

J JO 

we have '^ = i«'l3|^^' 

or finally ds = -j=. 



V2 Vl - i sin* 4> ' 



whence ^^^^^(tI' *) ' 

8 denoting the arc measured from the extremity x = a,y=^0 
(^ = 0) to the point belonging to the value (f> of the parametric 
angle. The same result may be obtained by means of the 
polar equation t^^a^ cos 26, introducing instead of 6 the 
variable ^ connected with it by the equation sin <^ = v 2 sin 0, 
At the origin we have (f> = 90°, and the length of the quadrant 

of the curve is thus = -= jFi ( -7^] . 

V2 VV2/ 

It thus appears that the lemniscate serves to express the 
function F of modulus I/V2. 
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63. For the general representation of the function F{k, ^) 
Legendre used the sextic curve 

aj= A8in^(l+ Jmsin^^), 

y = 6A cos ^ (1 + m — Jm cos* ^), 

where, k being the modulus, the values of A, m, h are 

and it is then easily found that 

A;" 
5 =F{k, <^) — TJi sin <f)Cos<f> A(&, <^), 

where observe it is not the arc s, but the difference of this arc 
and an algebraic function, which is equal to the function 
F{k, <^) : and the solution is not an elegant one. 

64. A very beautiful solution was obtained by Serret 
(improved upon by Liouville), Liouv. t. x. (1846), pp. 257 and 
351 : and I have found that the theoiy admits of further 
development: I reserve the whole investigation for a sub- 
sequent chapter, remarking here that Serret*s solution was 
suggested to him by a dififereut treatment of the lemniscate ; 
viz. the equation of the curve is satisfied by 

1 + z*' ^ l-hz*' 
values which lead to 

JO 7 o JO 2a2 , , , a '^2dz 

^ 1+^ \/l+^ 

so that the arc is expressed as a multiple of 



/ 



dz 



\/\ + 2^' 



which is an expression in the nature of an elliptic integral. 
To compare with the former solution observe that we have 
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cos = , , 

sin9=s 



VTT^' 



Vl-isin«<^=-^4i^» 



and thence 



^ 1 + ^ a/1 - i flins ik 



2dz 



As remarked by Dr Fiedler, if in connexion with the lem- 
niscate we consider the circle ay^ -^ y^ = az{x + y) (z a variable 
parameter) this touches one of the branches at the origin, so 
that the origin counts for three intersections and there is 
besides a single intersection the coordinates of which are the 
foregoing values of x and y in terms of the parameter z. 



March of the Functions F(k, <j>\ E(k, (f>). Art. Nos. 65 to 71. 

65. To gain some idea of the march of the functions F^^ 
E(f>, we may, taking (f) as abscissa, trace the curves y=l/A^, 
y = A^: the areas of these curves included between the axis of 
y and the ordinate corresponding to the abscissa (f> will of course 
represent the values of the integrals Fif), E^. 

' 66. If A: = 0, then A<^ = 1, and the curves y^iafy, y = 1/A^, 
each reduce themselves to the line y = l. Here of course 

F(f> = E^ = ^. 

If A: > 0, < 1, which is the standard case, then the curve 
y — ^<f> is an undulating curve lying wholly below the line 
y = 1, and the curve y=l/A^ an undulating curve Ijdng wholly 
above this line. As ^ increases from zero the functions F<f>^ E^ 
each continually increase from zero, the function F(f> being 
always the larger; and it is moreover clear that for a given 
yalue of ^, as A; increases the function jP<^ increases and 
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E<f> diminishes, and conversely as k decreases then F(f> din 
nishes and E^ increases. In particular k=^0, Fi,=K, =^ 





.y/l... 


^ <ci 




=*. 






% 

A 




A 


• 


\ 




i 


• 


H 


\ 







and also Ei = ^7r, so that as k increases from zero, F^ or 
increases from ^tt, and Ei diminishes from ^tt. 
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67. We see moreover that for each of the functions F^,E<f> 
(Jc having a given value) it is suflBcient to know the values of 
the functions for values of ^ from to ^tt : in fact we have 
J»(_. a) = - Fa, Fir = 2F^, and then 

Fa^Fir-Fiir-oi), =: 2Fi - F {tt - a), 

giving the values from a = tt to ^tt, and 

Fa^^Fir + Fia-TrX =2i?\ + /'(a-7r), 

giving the values from a = 7r to 27r.; and so on. Or what is 
the same thing we have in general 

F{m7r ± a) = 2mFi ± Fa, 

and similarly E(mir ± a) = 2mE^ ± Ea. 

68. If A? = 1 there is an entire change in the form of the 
curves, viz. the curve y = A^ becomes y = cos ^, which is a 
curve lying as before wholly below the line y = 1, but which, 
instead of being included between this and the line y = 0, 
passes below the last-mentioned line, and is in fact included 
between the lines y = + l, y = — 1. And the curve y=l/A<l> 
becomes y = l/co8<^, where the ordinate becomes infinite for 
<^ = ^TT : we have then between the values ^tt, f tt a branch 
lying wholly below the line y = — 1, the ordinates at the limits 
being = — x , then from f tt to f tt a like branch lying wholly 
above the line y = + 1, the ordinates at the limits being each 
= 4- 00 ; and so on. 

Observe that in this case E(f> = I cos <^ d<^ = sin <^, so that 

El = 1, and, completing a former statement, we may say that as 
k increases from to 1, -&i decreases from ^tt to 1. 

We have also F<l) = / — ^-r, which admits of finite integration, 

viz. we have F<l> = log tan (^tt + |<^), 

(observe that log tan is here the hyperbolic logarithm of the 
tangent,) and in particular ^^ = oo (a value agreeing with the 
form of the curve), so that, completing a former statement, 
we may say that as k increases from to 1, -Fi increases from 
^ to oc. 
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69. This case (corresponding to the extreme value ^ = 1 
of the moduloB) is one of great iDterest: writing 

« = J'^.logtan(iir + J0), 
we have if> = amplitude u (for this particular value ^ = 1 ), or a« 
it is convenient to write it ^ =gud w (read Qudermannian of «, 
after Gudermann, by whom the form was specially considered), 
and then sin <j> = sin gud u, 

COB ^ = A^ = cos gud u, 
or as we may for shortness write them 

sin ^ = sg M, cos <l> = A^ = eg « ; 
viz. we have here the two new functions sg, eg, replacing the 
en, en, dn of the general case. 

70. We have in a subsequent part of the subject to con- 
sider the expressions K'jK, and q = e'"'^'^; and it is convenient 
to notice here that 
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fc = 0; &' = !, K=^Tr, K'^co, W^^' ^^^' 



viz. as k increases from to 1, K'/K diminishes from x to 
and q increases from to 1. The annexed figure shows the 
curve x=kyy=^ KjK. It shows also a construction which will 
present itself in the sequel : viz. considering an abscissa a? = A?, 
and the abscissae a? = X, a? = 7, which belong to the double 
ordinate and the half-ordinate respectively ; then if F, F' be the 
complete functions to the modulus 7, and A, A' the complete 
functions to the modulus X, we have it is clear 

VK' K A* 



71. Conversely if X be such that A'IA=^2K'/K, then X is 
less than k ; and similarly if 7 be such that ^K'lK^YjV, then 
7 is greater than k : and not only so, but if, starting from k, we 
repeat this process of the double ordinate so as to obtain a 
series of moduli X, Xj, Xa... then we approximate very rapidly to 
a modulus = : and similarly if, starting from k, we repeat the 
process of the half-ordinate so as to obtain a series of moduli 
% 7i> 7j'-- then we approximate very rapidly to the modulus = 1. 
And the like conclusions follow if n denoting any number 
greater than 1 (say n a positive integer = or > 2), we have 

A'_ K' K'_ r 



( 
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Properties of the Functions F(ky ^), E(k, ^), but chiefly the 
complete fimctions FJc, EJc. Art. Nos. 72 to 79. 

72. Starting from the expressions 

when k is small we may under the integral sign expand in 
ascending powers of k, and then, integrating from to ^tt by 
the formula 

(^ ' ^ A ji 1 .3...2n— 1 TT 

obtain the formulae 

or what is the same thing, introducing the notation of hyper- 
geometric series 

F{(^y /3, 7, a?) = 1 + :p- a? + — r— 5 — ^T a^ + &c., 

1.7 1. 2.7.7+1 

these are ^li = ^tt . ^ ( i, i, 1, A;^), 

73. Suppose k is very nearly 1, A:' is small and we have 
A: = 1 — \k'^ ; to find the value of F^ k we may write 



^.A;=r ^^ I l^" 

J iir-e Vcos^ <f) + k'^ sin* 6 i 



d<l> 



iir-e Vcos* <^ + k'^ sin* <^ Jo Vcos* <^ H- A:'* sin* ^ ' 

where e may be taken an indefinitely small quantity which is 

nevertheless indefinitely large as regards k\ This being ao^ 

writing in the first integral Jtt — i^ in place of ^, since through- 

/** du 
out the integral u is small, the integral becomes / - 
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^0 



which IS =Tlog p , or neglecting Jc in regard to 

1 2A;€ 2€ 

ke, this is = t log -rr , or say = log -77 . In the second integral 

A;' sin is throughout Bmall as regards cos <^, and the integral is 

cos <f> ' 

2 
which is = log tan (^ — \e), or what is the same thing = log - . 

c 

Hence we have 

2€ 2 4 

^iA; = logjp + log-, =log-^o 

as an approximate value of Fi k, k being nearly equal to unity. 

74. The functions F{kj <f>\ E{k, ^), considered as functions 
of k, satisfy certain diflferential equations. 

Write for shortness JF, F to denote the functions E(ky <^), 
F{k, 4>), and A to denote A (A:, j>). Then 

dE _ C ksvD?if>d<f> dF_tkm^d4 
dk" J A ' dk"] A^ ' 

1 "^ 

and writing herein sin* <^ = ^^ (1 — A), the two expressions de- 
pend on the integrals I -^ , I Ad<^, / -^ : the first two of these 
are F, E respectively: as regards the third of them, we have 

d sin <^ cos ^ _ 1 — 2 sin* ^ + A* sin* (f> 
34 A """■' A^^ ' 

or what is the same thing 

,^ d sin <^ cos ^ A* - fc^* -A-^ 
^d^ A ~ A» ' ""^ A»' 

and thence by integration 

Cd<t>_l p k^ sin <l> COS ^ 
J A"»~F« F^A • 
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The foregoing expressions of --rr , ^v , thus become 






whence also 



^- ^-'f ■ 



and in particular if ^ = ^tt, and E, F now denote the complete 
functions Ei k, F^ k, then 

f- J <^-n 

Let ^', ^ denote the complementary complete functions 
El k'y Fi k' ; then observing that 3?: = "" p jt/ » ^® hdi,ve 

75. If we now consider the expression EF' ->tE'F — FF, 
and form its differential coefficient in regard to A, this (sub- 

stituting therein for-T^r, &c. their values) is found to be =0: 

the expression in question is therefore = a constant ; and if to 
find its value we take k to be indefinitely small, then writing it 
under the form (E - ^) ^' + EF, and observing that F' is equal 

4 
to the indefinitely large quantity log r , but that this is multi- 
plied by the indefinitely small quantity E — F, = — ^irk^^ and 
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consequently that the product is = 0, there remains only the 
second term E'F, which is = ^tt (viz. for A; = 0, we have E* = 1, 
F = \7r) ; we have therefore 

Er-¥E'F''FF = lir] 

or writing this at full length, 

EJc . FJc' + EJc' . FJc - FJc . FJc* = ^tt, 

a relation between the original and complementary complete 
functions EJc, FJc, EJc\ FJc', {Later on, instead of these quan- 
tities we write K, K\ E, E\ and the equation is 

EK' + EK'-KK'^^ir.} 

76. The equation in question has been proved in a veiy 
elegant manner by Dr Glaisher, Messenger of MatkematicSy t. iv. 
(1874), p. 95. Writing for convenience k^ = c, k'^ = c, and 

u^^EF' + ET'-FF^ 

then from the definitions of the functions, 



u 



^ff (i-c^)-Ki-cy)-i 

J J Vl-^.l-c^.l-yM-cy 



where, and in what follows, the integrals in regard to x, y re- 
spectively are taken from to 1. Differentiating with regard 
to c, observing that dc' = — dc, and reducing, we have 

where the numerator is 

= (l-a;»)(l-.cV)-(l-y^)(l-ca,'*); 

c^du C'Jl^'aFdx [ (l-cy*)dy 
hence 2 ;p = r- -^^ /^ ^ « 

_ f 'Jl-y^dy r (1 - ca;*) due 

J (1-cy)* J (l-ar^)*(l-c^)* 
= pq'^p'q suppose, 

"^l-af^dx [ (1 - can^) dx 



where 






and p', q' are the like functions with c' in place of c. 



C. 
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We have 

_ M(l - ar^) + (a?" - ca^)} dx 
^"J (1 - a;3)* (1 - (^)* 



_ r x'dx 



- a? Vl - a;2\ r Vl - a^dx 



_ / - a? V 1 - ar^ \ rvl-a?«da 



- > 



where the second term, taken between the limits, vanishes; 
and we have therefore q=p+p,=2p. And similarly q = 2p'; 
hence 

2^"=i>.2/-y.2p, =0; 

hence m is independent of c, and putting c = 0, we find that its 
value is = Jw, and the theorem is thus proved. 

77. Reverting to the equations 

dE 



F=E-k 



, E = l<f^{F + k^^) + '^^^^^, 



dk 
and from these eliminating successively E and F, we find 

and in particular if ^ = ^tt, and E, F now again denote the 
complete functions Eik, FJc, then 
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We hdve consequently a particular solution of each of the 
differential equations 

^^ '^Uk'^ k dk y~^' 

and we can in terms of the foregoing expressions obtain the 
complete integrals of these equations ; for this purpose, trans- 
forming to a new variable k\ connected with k by the equation 
A^ + A;'* = 1, it is easily found that the transformed equations are 

where the new equation in y is as regards k' of the same form 
as the original equation in regard to A:: hence, FJc being a 
particular solution, another particular solution is FJc' ; and we 
have the general solution y = oFJc -\- a! FJ(f . And moreover, 
observing that the equation in E is satisfied by the value 

-P+ A^r ) , it appears that the equation in z must be 
satisfied by the value ^^^'^[V'^^-^i viz. this is 

^k'^{aFJc-¥aFJc')^'k'^kU ^FJc-oi^, ^'^'^) * 
reducing by the formulae 

i^ = ^^(E.k - k-'F,k). ^^^ = ^j^iE.k' - mk'), 

this is z^^aEJc-^a' {FJc' -- EJc): where, instead of a, a, we 
may of course write ^, ^'; we have thus 

y = clFJc + a FJc', 

z = $EM y3' {FJc - EJc'), 
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as the complete integrals of the diflferential eqiiati6ns in y, z. 
And more generally the equations being 

^^ '^^dk^^ k dk y^ A3 ""^' 
/^ lox^'*^ 1— A:* d2r sinAcosA ^ 

then, to obtain the complete solutions, we must to the expres- 
sion for y add the term ^(A:, ^), and to that for z the term 

78. To obtain developments for FJe, EJc when k is nearly 
= 1, or A:' is small, observe that FJc is a solution of 

4 

having, when U is small, the value logp: and conversely, 

that a solution of the differential equation satisfjdng the fore- 
going condition will be the required value of FJc, Such a 

solution is y = P log FT H- Q, where P — 1 and Q are each a func- 
tion of the form Bk'^ -f Gk'* + . . . . Substituting in the diflferen- 
tial equation, we have first 

^^ ^ Uk'^^ k' dk' ^^^' 
and then 

^^ '^'dk'^^ k' dk' ^' ^^dF + 2^=^' 

and the first equation then gives 

Represent this for a moment by 

1 + mjc'^ -f mje''' -f &c.. 
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and assume for convenience 

Q r= — THiAJe'^ — m^Jc^ — m^Jc'^ — . . . 
Substituting these values, the equation to be satisfied is found 
to be 

^'O i^'2 hU 1,^6 i/% 

n/ IXf Iv rv IV 

= — 4imi — 8^2 " 12m3 — 16m^ — 20m5 

+ 4mi + Smg + 12ws + 16m4 
+ 2 + 2mi + 2m2 + 2^8 + 2m^ 

— 277iiili — 12m2ii2 — ^Orri^As — 06^4^14 — dOm^A^ 

+ 2mi-4i + llrn^Az + SOmj-^j + 56m4il4 

— 27niAi — 4m242 — Bmgilj — 8^4-44 — lOmg^s 

H- 6miAi + 12^2-42 + ISmjil, + 24m^Ai 

+ miili+ m2-42+ m^As+ m^A^ 

viz. this gives 

2 — 4mi — 4mi J.1 = 0, 

6i?ii — 8^2 — 16m2-42 + druiAi = 0, 

lOnhi — 127/18 — 36ms J.J -1- 25^2^^ = 0, 

14m8 — 16^4 — 64^4-^4 + iidrn^A^ = 0, 
&c., &c. ; 

or, observing that 4mi = l, 16m2 = 9mi, 36m3 = 25m2, &c., we 

have 

2— 4wii= 4/ni.-4i, 

6mi — 8m2 = 9mi (^2 — ^i\ 
lOrrii — 12m, = 25m2 (A^ — J.2), 
147W8 — 16m4 = 49ms (A^ — A^), 
&c., &c. ; 



that is 



J = 1^1 



1 
1' 



6-^ = 9(42-^0, =|, 



25 



5 



49 7 

14-^ = 49(^.-^).=^, 



&c., 



&c.; 
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or finally Ai = ^--^, 

2 2 



1.2 ■ 3.4' 



2 2 2 



1.2 ' 3.4 ' 5.6' 



2 2 2 2 



1.2^3.4 5.6 7.8* 
&c„ &c., 



and thence 



F^k = logj-, . 



, 1».3» ,,/, 4 2 2 \ 

P . 3°. 5^ .,, A 4 _ 2 _ 2^ 2_\ 

'^2».4».6» l,^ifc' 1.2 3.4 5.6>/ 

+ &C., 

where the limit of the subtracted series is = log 4, or 1*38629. 
From this we obtain E^k by the formula 

E^k = k'^F,k -k'(l- A/') ^, i^^A; : 



leading to 

E,k = l 



^P.3,,,A 42 1 \ 

1'.3'.5 ,./ 4_J 2 1_\ 

■^2».4».6 V^^ife' 1.2 3.4 5.6/ 

+ &c., 
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where in the several subtracted series, the numerator of the last 

fraction is 1, but the other numerators are each 2 : the limit 

of the subtracted series is as in the former case =log4, or 

1*38629... : hence in the two cases respectively the successive 

4 
partial series converge to log y, — log 4, = — log k'. We have 

thus the values of FJc, EJc for k nearly = 1, corresponding in 
a remarkable manner to those previously given foil the case of 
k small. 

79. Kummer has given, Crelle, t. xv. (1836) p. 83, the 
following general formulae in relation to hjrpergeometric series, 

= ^{a,/3,i(a + /3 + l), Hl + 3)}--^{a,/3,4(a+/3+lX4(l-?)}; 

where c, d are constants to be determined: as regards c, writing 
5 = 0, we have at once c = F[a, yS, ^ (a + yS + 1), i} : as regards d, 
imagining the series on the right-hand side expanded, taking 
their difference and dividing by q, and then writing g^ = 0, we 
find 2cit = J* {a, yS, i (a + yS + 1), \], where in general F{ol, /3, 7, m) 

denotes -j- F (a, /3, 7, x), writing therein x = m. 

Taking now a = yS = ^ ; and q^l — 2k^, whence 

i^(l + q) = k\ i(l-3) = A;^, 

we find 
^cF(l i, I q')=F{ii, i, 1, P)+^(i h 1, n =(F,k'+F,k)^iir, 

^dqFil i, i q')^Fii, i, 1, l^')-F(l i, 1, k'), =(F,k'-F,k)^^,r, 

in virtue of the expression for Fik, FJe' obtained ante, No. 72. 

Hence, conversely 

FJe = ^ [cF{h i, i, 90 - dqF{i, f , f, q% 
F,¥ = iff [cF (i', i, i q') + dqFil, f , f , 9»)} ; 
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viz. the complete functions FJc, FJc are here expressed by 
means of ^wo series, each proceeding in powers of g^, = 1 — 2i*. 

Writing k = l(f = l/^^2, whence g = 0, we find 

and with a little more difficulty i7rd = j7r-r-J\ (-pj , and we 

have thus the expressions for Fik, FJ<f given by Jacobi, Fund. 
Nova, pp. 67 and 68. 

Expansions of sn u, en u, dn u, in powers of u. Art. Nos. 80, 81. 

80. Writing ^ = sn i* we have 

r dx 
u = I -== =, 

= |da;|l + (l + A;«)| + (3 + 2A^ + 3A^)^ + &c.l 

^ + (H-A^)~ + (3 + 2A^ + 3^)^ + &c. 

And hence reverting the series we obtain the expression for 
sn u in terms of u ; the first three terms may be calculated in 
this way without difficulty, but a larger number of terms has 
been found by other means, and I give the final result as 
follows*: 



sn It = u 



u^ 



-(1 + ^)3"! 



U^ 



+ (l+14Ar^+Ar*)-^, 



01 



u' 



- (1 + Ubhf' + 135A;* + ^^) ^, 



* These expressions for &dlu, cnu, dnt« are taken from Hermite's **Note Bar 
le calcul diff^rentiel et le calool integral/' Bvo. Paris, 1B62 ; published also in the 
6th Edition of the Differential and Integral Calculus of Laoroix. 
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U^ 



+ (1 + 1228A:* + 5478)b* + 1228A;« + ^) q , 



9! 



w" 



- (1 + 11069ifc» + 165826)fc* + 165826A;« + 11069^^ + ^'»^)^ 

+ &C., 

where as usual n\ is written to denote the fectorial 1.2.3...n. 
In the particular case A; = 1, the last term is 

= 353792.,?; =691.512. ^ 



11! — —-'iir 
81. The corresponding expressions for en ?/, and dni/ are 



CliU — U 

"2! 



1/2 



u* 



+ (1+4^)41 



M* 



+ (1 + mm + 912it* + 64yfc«) -"-, , 

O: 
+ &C. 

dnM = w 

"^2"! 

-A^»(16 + 44^^ + Ar*)|^ 



u^ 



4- Jfc^ (64 + 912Ar^ + 408^^ + i«) ^, , 

O : 
+ &C. 

where observe that as far as the fifth order we have 

sin t^ Vl 4- A;^ J , 

snw= , — , cnw = cosw, ant^=co8A:?w. 

\/l + ifc» 
It is to be remarked that the series are not (as are the 
series for sine u and cosine u) convergent for all values of the 
variable. 
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The Gudenriannian. Art. Nos. 82 to 90. 

82. It has been already remarked that, for A; = 1, the 
function F(k, <^) becomes = log tan ( Jtt + i<^), and that instead 
of the general function am u, we have the gudermannian gd u, 
giving rise to the two functions singdtt and cosgdt^, or say 
sg u and eg u. We have in regard to these a theory correspond- 
ing to that of the functions of am u (sn tc, en w, dn u), discussed 
in the following Chapter : and it is convenient to consider in 
the first instance the special case in question, A; = 1. 

83. Starting from 

F<l> = log tan ( Jtt + i<^) = u, 
where as a definition ^ = gd m, or what is the same thing, 

u = log tan (iir + i gd m) ; 

we have 

1 , V l + tanigdw cosiffdtt + sinicfd?^ 

6^ = tan(i7r + igdi^) = .i--4 — rS- = ia ■ 7^^ 

^* -so / 1 — tan^gdw cos Jgdii — sin Jgdw 

_l + singdi*_ cosgdw 
cos gd M ~ 1 — sin gd te ' 

and thence 

, gtt_g-tt — isinia sinht^ ^ , 

sin cfd u or sg it — — ~- , = -. — , = — r-- , «= tann u, 

o o ^4.g-«» coszu coshw' 

and 

cos ffd u or cs u = -— - — -:, , = — -. , = c~ > =sech u, 
o o gw^g-tt cosiw cosht^ 

(where sinh u, = K^**""^"")* ^^^ coshte, =i(e'* + e~"), denote the 
hyperbolic sine and cosine of u ; and similarly tanh u and 
sech u denote the hjrperbolic tangent and secant of u). 

It may be added that 

cg^u + sg-u=^ 1, 

and further gd' u = eg u, sg u = c^ u, eg' i* = - sg t^ eg w, 

also sg iu = i tan u, eg iu = sec i*. 
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84. The equations may also be written 

sg tt = — i tan iu, 
1 

° COS tu 

tg w = — i sin iuy 

(tg 14 denoting tan gd ti) which may also be arrived at as follows, 
viz. considering the angles 0, ^ connected by the equation 
cos cos (^ = 1, or as it may in various forms be written, 



sinm 


= itgu, 


cos iu 


1 

""cgM* 


tamiu 


= i8gu; 



sin = 1 tan ^, 

cos «= r , 

cos 9 

tan = 1 sin ^, 



sin ^ = — i tan 0y 

cos = ^ , 

^ COST 

tan if> = '-i sin ^, 



then COS 0d0 = i sec^ 6d<&, that is d^ = — ^ , or 

^ cos 9 

^ = i log tan (iir + J^) ; 

whence assuming ^ = gd w we have = iu, and thence the fore- 
going relations. 

85. We easily obtain the addition-equations 

sg (u + v) = sg w -h sg V, (-7-) 

cg(i^ + i;) = cgiACgi;, (h-) 

where denom. = 1 -H sg t« sg t; ; 

viz. if for a moment 6** = a, 6® = ^, then 

a^-1 2a /3^-l 2/3 

and substituting these values, the expressions for sg(w + i;), 

respectively: which 



eg (u H- v) come out = J^^ and 



proves the formulae. 



a^^^ +1 a^/S^ -h 1 



86. To deduce the equations from the general formulae for 
sn (u + v\ en (u + v), dn (u + v\ (see next Chapter,) observe that 
putting A; = 1, and consequently sn = sg, en = dn = eg, these be- 
come 



r 
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8g (w + f ) = 8g M eg" K + 8g « eg* W {■:-), 

Cg(M + ») = Cg«CgU-CgMSg«Cgtl8gV (-^), 

where denom. = 1 - sg" m 8g' u. 

Here in 8g(M + v) the numerator is Bgu(l — 8g'u)+8gv(l— sg*w), 
which is =(3gM + 8g«)(l — Bgwsgw), and in cg(«+i)) the nume- 
rator is = eg M eg o (1 — 8g M 8g w), and the denominator in 
= (1 + 8g « 8g w) (1 — 8g M Bg v) ; whence, throwing out the factor 
(1 — Bgwsgu), we have the formulse in question. 

87.^ It is easy to derive the formulae for the sg and eg of 
the sum of any number of functions. Writing for convenience 
sg« = a;, cgM= Vl-a:*, =a/. Bgv = y, eg v = Vl - f, =y, the 
forgoing formulse may be written 

sg(« + r) = a; + y (H 

cgiu + v) = a// (•^). 

where denom. = \+xy: 

and then tntrodueing a new angle tv, and writing Bgw = z, 
cgw = /, we find 

sg(u + v + w)=x + y + z+wyz (h-), 
eg (w + + w) = of J/'/ (■=■), 

where denom. = l+tcy + xe + yz ; 

and so when there is a fourth angle a, sg <■>={, cgtt—t', we have 
Bg{u + v + w + a) = a! + y + z + t + xyz-i-xyt + iczt + yzt (-r-), 
eg (m + « + w + <o) = afy'z't' (-e-), 

where denom. = l+ici/ + xz + yz + xt + yt + 2t + xyzt ; 

and 80 on, the law being obvious. 

88, If the angles of all of them = u, retuning x to denote 
^u, and putting for a;' it8 value =^(1 + a;) (1 -a;), we have 

ognu- (l + «)i"(l-«)l" (+), 

where deiiom. = i {(1 +a!)'' + (l -o:)"] ; 
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and observe that, n being even* the expressions are rational, but 
n being odd, the numerator of eg nu contains the factor Vl — af^. 

The formulflB are valuable for their own sake; and they afford 
very convenient verifications of formulae relating to the general 
functions sn, en, dn : viz. putting in these A; = 1, they must of 
course reduce themselves to the far more simple formulsB for 
sg> eg. 

89. We have as above 

and the right-hand side is expansible in terms of the 
Bernoulli Numbers 

/^1^1«1^1«5^ 691 , \ 

, &c.j, 

viz. we thus have 



3- 


-42' "' 


30' 


-"' - 66 • • ~ 273( 


u 


= (2«- 


-2)B, 


(2wy 

2! 




+ (2»- 


- 2) B, 


(2uy 
4! 




+ (2'- 


-2)5, 


(2uy 
6! 



+ &C. 

Thus the term in v}^ is 

(2«-2)5<?^ =8910 -^ ^^ =^i21» 
(-i ^)Jf> 12! '^^^"^TSO" 12!' 12! " ' 

this agrees with the result anti No. 80, for we hare 

^ = ^,thati8 3.2» = 12. 

And moreover 

^'^"^^S^l' =f(i=TO' ="-2! + 54!-^^6! + - 
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where the coefficients 1, 5, 61, ..'. are those of the secant-series, 
90. The foregoing values of sgw, cgw, give 

that is e*«d« = I^^LZ$. ; 

A • iKd« 2 + i(e'*-e-'0 l+sinwi 

and again, e^^"" = - „- _, \ = — , 

^ e^* + 6-« ' cosm 

_ 1 + tan |m 
1 — tan i^ui ' 

that is e* «^ « = tan (jTr + ^i), 

or what is the same thing, 

i gd w = log tan ( Jtt + \ui) ; 

with which compare the original equation 

u = log tan ( Jtt + i gd w). 

If in the first of these for u we write - gd w, it becomes 
*'gd f - gd ^* ) = log tan (Jtt + i gd w), 

that is i gd f - gd ?* j = u, ^ 

a remarkable property of the function gd u ; there is no ana- 
logue to this as regards the general function am u. 
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CHAPTER IV. 

ON THE ELLIPTIC FUNCTIONS sn, Cn, dn. 

91. We now commence a systematic development of the 
theory of the elliptic functions properly so called, the functions 
sn, cn, dn. 

Addition and Subtraction Formulce. Art. Nos. 92 to 97. 

92. The addition formulae are 

sn (i^ + v) = sn t^ cn t; dn i; + sn v cn t^ dn 1^ (-e-), 

cn {u + v)=icnucnv — sn i^ dn it sn v dn v (-r), 
dn.(u + v) = dn.udiiv —k^snucnusnvcnv (-f-), 

where denom. = 1 — A:^ sn^ w sn^ v. 

And we thence deduce the subtraction formulae, by writing 
— V for V, and therefore — sn v for sn v but without altering cn v 
and dn v, viz. these are 

sn(u — v) = snuciivdav — 8nvcnudnu (-f-), 

cn (i^ — v) = cn ii cn i; + sn u dn w sn t; dn v (-r), 

dn (w — v) = dn w dn v + A;* sn i^ cn -m sn t; cn v (4-), 

with same denom. = 1 ^k^sn^u sn^ v. 

As remarked in Chapter I. these are given by the addition 
equation or they may be at once deduced from 

cn^ M = 1 — sn^ iA, dn^ w = 1 — Ar' sn^ i/, 

sn' 14= cn ?* dn u, 

cn'M= — snwdnw, 

dn' M = — A;^ sn w cn 14. 
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93. Writing 8i, d, di for the sn, en and dn of 7* and 8^, Cjjdj 
for the sn, en and dn of v, 

we have sn (u + v) = - YZTj^^l^ > 

94. But I found that eaeh of these expressions is one of a 
set of four expressions, viz. that we have 

X ~~ i(/8\ 82 8iC*>(t2 T 8*/j\(t\ 

SiCid^ 4- 8^f/ii 8idjC2 4- 8^d^ 



C1C2 + 8idi8^2 did^ + fi^SjCiSffii ' 

/ \ ^1^2 "" 8iCti8»jOv2 OiCittg "" 8»jCfflri 

A "^ K 8\ 82 oiCjCta ~" 8^p\(ju\ 

_ 1 - 81^ - 8i •\' 1^8^8i ^ Cidi CA -^ fc^'g^^a 
C1C2 + 8idi8^ didi + l(^8iCi8^ \ 

dn (i4 + v) = y^g 2 2 "~ ^ — w^ T 

_ c Ac/i, 4- A?%g2 _ 1 ~ A ; "^!^ - A;^ga^ 4- A;*gi V 
CiC.2 4- SidiS.d.2 did2 4- l^s-fijS^ * 

with the like foiinulse for sn (1^ — v), en (li — v), dn (1* — v). 

95. These are mere algebraieal transformations of the 
original formulae considered as depending on the radicals 

Ci = Vl^^2 and di = Vl-A;*5i^ &c. 

Thus we have 

\SiC'jft2 ~T'8»fii(li) y8iC'^2'^ ^id^i) ^^i ^2 ^2 ^ ^2 ^ ^ 1 

^^oj ~~ 02 • X ~~ n/Si 82f 

which proves the identity of the first and second of the two ex- 
pressions for sn (Wi 4- tk) ; and so in other cases. 
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96. We may add or subtract the expressions for sn (u + v), 
sn (i^ — v), &c. 



Thus we have 



sn (t« + v) + sn (ii — v) = 



sn(u + v)'-sn(u — v) = 



1 - h^sW ' 



1 - Ar»5i V ' 

but we may also multiply such expressions, and by selecting the 
suitable forms the final results are obtained at once without 
any reduction ; thus we have 

8n(« + .)= ^_^,^,^^, . 

(\ "I "2 
u — v) = -J ^—j , 



whence 



sn(t* + t;)sn(w-t;) = j%^^. 



97. Although the formulsB are so numerous that they can- 
not be remembered, and in the manner just explained any one 
of them may be obtained with extreme facility, yet for con- 
venience of reference I reproduce the whole series of 33 equa- 
tions given Fund, Nov. pp. 32 — 34. We have throughout 

(1) to (9). Denom. = 1 - h's^^^ 

sn (w -h v) + sn (w — v) = ^SiC^ 

cn (ti + v) + cn (w — v) = 2ciC2 

dn (u -h v) + dn {u — v) = 2d^d2 

sn (t* + v) — sn (lA — v) = 28<fiidi 

cn (t^ — v) — cn (\i + v) = 2*1^152^2 

dn (t^ — v) — dn (w + v) = ^¥siCxS^2 



8n(t^ + v)sn(w — v) 
1 4- A* sn (w -h v) sn (w 
1+ sn(w-hv)sn(i^ 

c. 





= *1^-S/ 


V) 


= d,' + k'si%* . 


V) 


^^ C2 i" ^1 ^2 
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(10) to (33). 
1+ cn(M + t?)cn(u — t?) 
1 + dn (ii + r) dn (tt — t?) 
1 — it* sn (u + 1?) 80 (u — r) 
1 — en (u + r) sn (u — v) 
1 — en (u + 1;) en (u — v) 
1 — dn (tf + 1;) dn (w — t?) 

{l±8n(ii + r)] {l±8n(ii-r)J 
{1 ± sa (w + v)] {1 + sn (tt - 1;)] 
{1 ±ksn(u'\'V)}[l ±ksn(u-v)} 
{1 + fcsn (w + 1;)} {1 + fcsn (w — v)] 
{1 ± en(M + 1;)} {1 ± en (a - v)} 
[1 ± en (m + v)} {1 + en (m — v)] 
[1 ± dn (w + v)] {1 ± dn (u - v)} 
{I ±dn(u -^ v)][l T dniu-v)] 

sn (u + 1;) en (u — v) 
sn (u — v) en (u + v) 
sn (w + 1;) dn (u — v) 
sn {u — v) dn (u + v) 
en (u + 1;) dn (w — v) 
en (m — v) dn (i^ + v) 

sin {am (u-hv)-^ am (i* — v)} 
sin {am (w + v) — am (u — v)} 
cos {am (u-{-v) + am (i* — v)} 
cos {am (w + v) — am {u — v)} 






(-), 
(-), 



=(c±«l*)' (H 

= (C|±«^,)' (-), 

(* ± i^iCy (-), 

(^ + ks^y (-), 

(ci±c)« (-), 

(8 A + ^i^i)" (-5-), 

(^ ± cf,)* (-), 



SiCid^ — ^,(V^ (■ 

^i^^Ca + *adaCi (• 
^irfiCj — 8^d^ (■ 






2siCid3 
2s^2di 



(-). 
(-), 
(-). 
(-)• 



98. 



TAe PeriocU iK, UK'. Art. No. 98. 
The theory of the periods depends on the equations 



sn = 0, 

en = 1, 
dn = 1, 



sn£"=l, 

en ^ = , 
dn iT = k', 



sn {K + iK') = i , 

en {K + iK')=-^', 
dn(K + iK') = 0; 
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where K, K' are the complete functions Fky Fk\ 
To prove these observe that writing 

r^ dx ^^ 

u= I , -:: — , 

we have sn w = f , cn w = Vl — f ^ dn w = Vl — A'^f ^ 

whence writing f =0 we have the first triad of formulae, and 
writing f = 1 the second triad. For the third triad, writing 
f = 1/k, we have 

1 
_r'^ dx 

-fr, h ^_ 

\jo JiJ ^/l-a^.l- 

and to transform the integral we write (a?=l, ^=0; a)=l/k, z=l\ 

1 



lif'af' 



whence 





dx- 


k'Hdz 
(l-AiV)*' 


1 


iVl-AV 


Vl- 


-a? 


k'z 


1 


Vl - A;V 



VI - k'x^ k' vr^ ' 

or multiplying 

dx _ idz 

V 1 - ar^ . 1 - AW "" V jT^^^rr^^^ ' 

80 that the integral is 

JoVl-^^ \-k''z^ 
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and the value of w is = -ST + iK\ Hence writing w = ^ + %K\ 
f = l/k, and observing that the value of Vl — f ^ is 

viz. that it is = — ik'/k, we have the required formulae 

Property arising from the transformation. Art. No. 99. 

99. In the foregoing relation between a? and z, write for 
a moment a; = sin <^, z = sin Xt the diflferential equation is 

d<f} idx , 

Vr^FSn^ ~ VT^'P'sin^ ' 

whence, assuming sin ^ = sn (v, k), ' sin ;^ = sn (u, K), this is 
dv = idu, or we have v = iu+ const. But we have simultane- 
ously a? = l, ^ = 0; and for x = l, vis^K, and for z = 0, u is 
= 0: hence the constant is =^2", or we have v^iu-hK: con- 
sequently a; = sn (iw + K, k), z = 8n {u, k'). Substituting in the 
integral equations between a?, Zy we have 

cn{iw + K,lc)- ^^^^j^,^ , 
J / • I IT- 7 \ ^' cn (m, k') 

which are equivalent to the equations obtained in the next 
article. 

Jacobi's imaginary transformation. Art. No. 100. 

100. Write sin ^ = i tan T^r, whence also cos<^=sec'^, and 
sin ^^ = — i tan <f) ; consequently d0 = idyjr sec yfr, and 

dtj) __ id-yjr 

Vl - Ar» sin2 " Vl - A;'^ sin^i/r ' 
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Hence, putting sin ^ = sn {v, k), sn -^ = sn (% ¥)y we have 
dv = iduy or since v, u vanish together t; = m ; that is 

sin ^ = sn (iu, k), sin '^^ = sn {u, kf). 

The integi'al relations between ^, -^ give 

,. ,v isn(w, k') 

sn {%u, k)= / .// 

^ ^ cn{u, k) 

cn(m, A?) = 



/\ 9 



cn (u, k') ' 



^(»"'*>=^^^- 



It may be observed that in this transformation writing 
<f>= iu we have ^fr^gdu. It is to be further observed that 
writing sin -^ = y, and as before sin <^ = a?, we have 



x = — - — — 



that is 1/y = k'z, which exhibits the relation between this and 
the transformation in the preceding article. 

Fumtions of w + (0, 1, 2, 3)K + (0, 1, 2, 3)iK\ 

Art. Nos. 101 to 103. 

101. It is easy from the foregoing values of the sn, cn, dn 
of K and K-\-iK^ to obtain the values given in the following 
table : for instance we have 

sn(w + ^= suKcnudnu-r-l—k^SR^Ksn^Uf 

= cn t4 dn i^ -r dn^ u, 

= cnu-T-dnu; 
sn (u — K) = — cn w -f- dh w, &c. 

Similarly finding sn (w + iT + iK^), and in the resulting 
formulae substituting u — K for u and reducing, we have 
sn(i^ + tX''): and so in the other cases. 
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+0^-' 



+ iK' 



:rrt 



^■TAK 



+ 3iZ' 



Functions of te + (0, 1, 2, 3) Jr + (0, 1, 2, 3)»X'. 



+0-8: 



+^ 



+ 2^^ 



+ 3Jr 



snii 
onii 
dnii 



1 (-) 

-I dnu (-r-) 

~iA;cnu (^) 

denom. = A; sn u 



sn ii 
cnii 
dnu 



1 (-) 

i dntt (-r-) 

tX;onu (-r-) 

denom. = X; sn u 



onti (-^) 

-fc'snu (-J-) 

V (-5-) 

denom. =dnti 



dnu(-^) 

-i*' (-) 

iA;/^ sn ti ( -h) 

denom. = A; en u 

cnw (—) 
A;'sni« (-f-) 

-f (+) 

denom. = dntt 



dntt (-7-) 

iT (-) 

-iA;&'8ntt(-j-) 

denom. = A; en tt 



snu 
cntt 
dni« 



-1 (+) 

i dni« (-^) 

- lA; on i« (-J-) 

denom.=rA;8ntt 



snu 
ontt 
dnu 



-1 (^) 

-t dntt(-^.) 

tA;onu (-s-) 

denom. = A;8ntt 



- cnu (-f-) 
it'snti (-h) 

*' (-) 

denom. =dn« 

dntt(^) 

»*' (-^) 

iA;V8ntt(-i-) 

denom. = A; en t< 



- enw (-7-) 
-A/ snu (-7-) 

denom. = dnu 



- dnu(-h) 

-iV (-) 

-tA;A;'snu(-r-) 

denom. = A; cnu 



where the arrangement hardly requires explanation : the table 
shows for instance that 



sn {n + iK') = 1 


(-). 


cn(w + iX') = — i dnw 


(-). 


dn {u + i^"') = — ik en w 


(-). 


denom. = A; sn it ; 


• 



where 

it sometimes, as here for dn (u + iK'), happens that there is 
in the numerator and denominator a common feictor A?, this 
is of course to be omitted. 



102. The table, writing therein w = 0, gives the values 
of the functions of mK + miK\ In particular, where there 
is a denominator h sn u^ the functions become infinite : it 
is necessary to attend to the ratios of these infinite values, 
and the convenient course is to write l/Asn w = /, where /is 
regarded as a definite infinite value. The table thus gives 
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sn iK'= I, m{2K+ iK') = - I, 

en iK' = - il, cn(2i:+ iK')= il. 

dn %K'=--ikI, dn(2Z+ %K')=--ikI, 

snSiZ'- /, sn (2^ + 3i.fi:') = - /. 

cn3i^'= il, en (2Z + StX') = - il, 

dn3tZ'= iki, dn(2^ + 3iZ')= iki. 

We may from these reproduce the original formulae which 

involve u ; thus 

-_/■■ ■ ,j^,^_ SD.u{-kP) + Iciiudji.u 
sn{u + tK) i_jfc2/.sn»M ' 

— kl^ snu 1 



and so in the other cases. 

103. The table shows that the functions have 2K, 2K' as 
half-periods : we in fact deduce 

sn {u + 2mK + 2mfiK') = (-)"* sn % 

cn( „ „ ) = (-)"*+'«' en i^, 

dn( „ „ ) = (-r' dnu; 

whence taking m, mf each even it appears that iiK, ^K' are 
whole periods ; viz. that increasing the argument by 

the functions are severally unaltered. Observe however that 

sn {u + 2iK') = sn M, 

Duplication. Art. No. 104. 

104. Writing v = u, we deduce the functions of 2u, or say 
the duplication-formulae. We have 

sn 2w = 2 sn ii en 1^ dn t^ (-j-), 

cn2w = cn2M— sn^w dn*i^ = l — 2 sn*i^ +A;*sn*2t (^), 
dn2t^ = dn*w-A;«sn2t^cn*i^ = l-2Ar'sn2w + fc2 gi^4^ (^)^ 

where 

denom. = 1 — A;* sn* w ; 
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or if for convenience we write 

cnw = Vl— a:", 
dnw = Vl-A;»i»; 

ft 

then the fonnulse are 

sn 2t^ = 2a? ^Jl-a^ Vl -h'x^ (4 

cn 2tA = 1 - 2a?» + h^af^ (-^), 

dn 2m = 1 - 2Ar»^ + A;'^?* (-r), 

where denom. = 1 — k^af. 

It may be added that 

l-cn2w = 2i»2(i_^^2)^2sn2|^dn2t^ ^ (-f), 

l + cn2t^= 2(l-aj2) =2cn2w (-r), 

1 - dn 2w = 2A;2^2 (1 - ^) = ^k" sn» i^ cn* t* (-i-), 

l+dn2iA= 2(1-A;2^) = 2dn«i^ (-r), 

the denominator being as above l—k^af^ or 1--A;*sn*w. And 
we thence deduce 

sn^ t^ = 1 — cn 2t^ (-r), 

cn^ 1^ = dn 2t* 4- cn 2w (-r), 

dn^ 1^ = i'2 ^ dn 2w + Ar^ cn 2i/ (~), 
where denom. = 1 + dn 2m. 



IHmidiation, Art. Nos. 105 to 110. 

105. In the expressions for the functions of 2m, writing 
i^u instead of u, we have the functions of u expressed in terms 
of those of ^u, and from these equations can obtain the ex- 
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pressions of the functions of i^u in' terms of those of u. Thus, 
writing for a moment a? = sn i^u, we have 



sn«=s2a;Vl-a?Vl- ifaf' 


(-). 


cn u = 1 - 2a^ + k'al^ 


(-). 


dnu=^l-2k'a? + k'a.* 


(-). 



where denom. = 1 — i^a^. 

The last two equations may be written 

(1-cnM)- 2aj2 -\-t(l + cnu)a^ = 0, 

(1 - dn 1^) - 2A;W + A;* ( 1 + dn i^) ar* = 0, 

and from these eliminating o^ we have ad^, that is sn'^w, ex- 
pressed rationally. Obtaining from it the expressions of cn^^w 
and dn^^t^, we have 

sn^ Jt^~dni^ — cnt^ (-r-), 

cii^u = k'^Xl + cnu) (^), 

where denom. = A?'^ + dn w — k^ cn u, 

106. But, anfe No. 104, it appears that we have also the 
expressions 

sn* Jt^ = 1 — cn w (h-), 

cn^ Ji^ = dn i^ + cn t^ (-;-), 

dn^^M =^k'''-{-dnu + k^cnu (^), 
where denom. = 1 + dn t^. 

In passing to the expressions of sn^t*, cn^-w, dn^w, the 
radicals must of course be taken with the proper sign. 

We deduce the following special formulae : 
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8n= 



cn = 



dn = 



1 V 1 JT^t 


1 

>/l + ik' 

1 
Vl + fc' 

1 


^/l + *' 
s/l + fc' 
sjl-k^ 
^/l-Jk' 




^A+ iK 

ii:+ iK' 


1 


K+iilC 
K+^iK' 


• 

t 

1 

• 

I 

s]k 
1 


V1 + * 
ijl-k 


-n/1 + * 
-^/l-A; 


ijl-k 


1 T^ I 1 J Y^l 


f /l 1 T. 1 ,.• /l 1.^ 


l + ^^/F 
J2jk 

1 + iJk' 
sj2\fk 

1-iJk' 
J2 Jk 




^A + JlA^ 

fiC+JiiC' 
iiC+ff^ 
IK+^ilC 


■ 



where for the last set of formulae we may substitute : 





8n'= 


cn2= 


dn«= 


iK+iiK' 


I {k + ik') 


ik' 
k 


A:' (A;' - 1 A;) 


^K+iiK' 


lik-ik') 


ik' 
k 


A;'(A;' + ?A;) 


JiC+ftJSC' 


1(^-^0 


ik' 
k 


k'{k' + ik) 


^K+iiK' 


\ (k + ik") 


ik' 
k 


1 

kf(k'- ik) ' 



IV.] ON THE ELLIPTIC FUNCTIONS SB, CD, dn. 75 

107. We find 

. , T-. 1 k' snu + ciLU dnu 

^ ^ ' Vl + A; 1 — (1 - A? ) sn^ M 

1 dn w + (1 4- A/) sn w en i* 



Vl + A:' en 1^ + sn 1^ dn w 

, 1 -T^-zx 1 (1 4-A;)sni^ + icnu dni* 



ys V (1 + 



A;) sn w + 1 en w dn w 



Vjfc V (1 +A;)sni^ — icni^dn 



u 



, ^ -rr y 'rrt\ /^ -f ik* — ik' Sn W + eE 



en w dn 1^ 
(k + ik')m^u ' 



/k + \ 



_. /A; + tA;' en i* + (A; — tA;') sn t^ dn i^ 



A; dn + A; sn 1^ en w ' 

where the first expressions are those given at once by substi- 
tution in the general formula for sn {u + v). 

^ 108. To identify the two expressions of sn {u + ^K), writing 
for convenience snu — oo, observe that in the first expression 
the denominator is 1 — (1 — k') oc^, and multiplying this by 
1 + (1 — A;') a^i the product is 1 — 2a;2 + k'^o!^. And in the second 
expression the denominator is Vl — a?^ ^ ^ ^1 __ j^^^ which 

multiplied by Vl - w^ - x sll-h^a^ gives 1 - a?^ - ar» (1 - k^a^), 
= same value, 1 — 2x^ + A;V : reducing in this manner the two 
expressions to a common denominator, the numerators would 
be found to be equal. Similarly as regards the two expressions 
of sn (u + ^K + Jt-fiT'), we have 

{1 - A;(A: + ik')a^] {1- A; (A: - tA;') a^} = 1 - 2kW + A;V, 
and 

{Vl - A;2^ + kx Vl-^} {Vl - A;V - kx Vl-^^} 

= 1 — k^xi^ — k^a^ (1 — a?^), = same value. 
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As regards the two values of sn (u + ^iK^), we have 



{(l+A?)a?-f iVl-a?«Vl-A?«a;2}{(H-i)a?-tVl-a;"Vl-A;^^} 

and the identity is at once established. 

109. We deduce without diflBculty from the second formulae : 

2/ tiv'\ _ 1 dnti + (1 + k') SHU cn u 

sn (u + iK) -i^fX' dnu + (l''k')snucnu' 

snUu + hiK') = i (1 +X-)8nie+tcnudnt^ 

^9 k (1 + A?) sn w — t cn w dn w ' 



sn^ 



/ 1 rr 1 • rr/\ ^ + *^ Cn U + (k ^ ik) SHU dxiU 

^ 2 ^^ / ^ cnw + (i + tA;')snt6dnt*' 



to these may be joined the formulae obtained by consideiing 
u + ^Kj &c. as the halves of 2u + K, &c., see No. 106, viz. we 
thus have 

w 1 rr\ dn 2t^ + A;' sn 2u 
sn^ (w -H i^) = — jj — J — , 

2/' I'/T'N — ■''^ isn2w + tdn2t^ 

^ '^ & sn 2t^ — i cn 2i^ * 

9/ . 1 rr . ^'TJrf\ 1 icn2u+iA:' 

110. Observe that in the first expression the denominator 
multiplied by 1 — k^os* is 

k' (1 - kW) + 1 - 2fe2 ^ ^2^^ 

= 1 + i' - 2i2^2 + (1 - i') ^2^, 

= (l+A?'){l-(l->fc')^^ 

In the second expression, multiplying the numerator and 
denominator by sn 2u + i cn 2u, the expression becomes an 
integral function (sn 2w, cn 2u, dn 2uy ; having therefore a de- 
nominator (1 - A:^^)^ = (1 ^ kx'y (1 - ka^y. 
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In the third expression the denominator multiplied by 
1 — k^cc^ is 

= (iA;' sn i/ + en 1^ dn t^)^ ; 

by aid of these remarks the identifications can be easily 
eflfected. 



Triplication. Art. No. 111. 

111. Writing t;=2M, and using the duplication-formulae, 
we obtain the functions of 3w. These are easily found to be 

sn Su = 3a?- (4 + 4A^) aj8 + 6k^a^ - k^a^ (-j-), 

en 3t* = (1 - 4a?3 + 6I(^a^ - ita^ + k^a^) *Jl^ci^ (-r-), 

dn 3iA = (1 - 4]c^a? + Qk^x^ - ^k^af' + fc*^) Vl - k^x^ (^), 

where 

denom. = 1 - 6A;V + (4^:^ + 4i^) «;« - SAr*^;^^ 

And we may add 

1- sn3w = (l + ^) {1-2^ ^ 2¥a^ - h'a^Y ("^X 

1+ sn3i^ = (l-a7) {l + 2a? -2Ar'aj8-iVp (-4-), 

l-&sn3w = (l + A;^){l-2A?^ + 2ia;8 -h'afY (-5-), 

1 + A; sn 3m = (1 - A^a?) {1 + 2kx - 2A;fl;3 - k^oc/'Y ("^X 
the denominator as above. 

The duplication and triplication formulae possess various 
properties which are in fact particular cases of those for the 
multiplication by any even or odd integer n: and it will be 
convenient to defer the consideration of them until other in- 
stances of the formulae are obtained. 
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[R 



Multiplication. Art. Nos. 112 to 120. 

112. It has been seen how the functions of 2u and Su are 
obtained : to consider the general question of determining the 
functions otnu, suppose n^p + q, and imagine that the functions 
otpu, qu are known. We may write 



en pu==Bp (-^), 
dD.pu=^Cp 



(-), 



sn qu=^Aq (-5-), 
cnqu — Bq (^), 
dnqu — Cq (-r-), 



where denom. = D 



p» 



denom. = J5, 



The addition-formulae give 

sn{p + q)u- ApDpBgCg + BpCpAqDq 

en (p -^ q)u = BpDpBqBq - 

dn (p + 9) 1^ = CpDpCgDq ~ Id" ApBpAqBq 
where denom. = Dp^D^ - ^Ap^Aq^ ; 



ApCpAqGq 






(• 



). 



and the functions on the right-hand side are consequently pro- 
portional to Ap^q, Bp+q, Cp+q, Dp+q respectively. We have Ai=x, 

J?^ = Vl — ar*, Ci = Vl — A^^, A = 1 ; and hence writing jj = g =1, 
we find four values which have no common divisor, and which 
may therefore be taken for the values of A^, B^, C^, Dj re- 
spectively: viz. we thus obtain 

-42= 2a; Vl -ar^ Vl -^, 
J?2 = 1 - 2ic2 + Ar^ar*, 
Cj =l-2Ar'a;2+^^^ 

A = 1 - A V, 

the foregoing duplication-formulae. And similarly, writing 
p = 2, 2 = 1, we obtain the triplication-formulsS But at the 
next step, if we write p = q = 2 we obtain four^ values, and if 
we write p = S, 3 = 1 we obtain four other values of higher 
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degrees; these are of course proportional to the former ones, 
and they contain a common factor, throwing which out they 
would coincide with them. And so in general, for a given 

value of p + q the degrees are lowest when p, q are as nearly 
as possible equal : that is p + q even, when p = q, and p + q 
odd, when jo - g = 1 : or what is the same thing, the proper 
partitionments are 4 = 2 + 2, 5 = 3 + 2, 6 = 3 + 3, &c. Taking 
the functions thus obtained for the values o[ Ap+q, JSp+g, Cp+q, 
Dp+qy we may write 

p+q odd ; p -* g = 1. 

A p+q = ApDpBqGq + BpCpA qDq , 
^p+q =^ JjpDpBqUq — ApLfpAqLfqy 
Gp-\-q — CpDpCqDq — KrApBpAqBq, 
JJp+q = J-)p Uq — tC A.p Aq , 

P + q even ; p = ?. 
A>ip = ZApBpLfpJJpf 

C^ = Gp'D/ - k'Ap'Bp^ 
D^p = Dp — IcAp . 

113. The calculations for the cases 4 and 5 may be per- 
formed without difficulty: but for 6 and 7 they become very 
laborious : the results have however been calculated by Baehr, 
Grunert's Archiv xxxvL (1861), pp. 125 — 176, and for con- 
venience of reference I reproduce them here, partially verifying 
them as afterwards mentioned. The whole series of formulae 
for the cases ri = 2, 3, 4, 5, 6, 7 are as follows : 
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[ly 



8n2tt= 
into 


on2tt= 


dn2M= 


denom. = 


1 - on 2ii 

= l-*2ar« 

into 


l + on2u 
into 


l-dn2tf 
into 


1+dil 
=1-1 


2 


1 

-2x» 

+ *2ar4 


1 
-2*2x2 
+ k^x* 


1 

-*2X* 


23^ 


2 


2k*a^ 


S 



(-*-) 



(H-) 



(-) 



{+) 



(^) 



(-) 



(r) 



(-^) 



{■;-) 



(-) 



(-S-) 



8n3u= 


on3u= 


dn3u=: 


denom. = 


l-8n3u= 


l-*8n8»= 


ar • 


Vl-a;2 


VI - *2a:2 




(1 + ^) 


(1+M 


into 


into 


into 




into sq. of 


into sq. of 


3 


1 


1 


1 


1 


1 


-(4 + 4*2)d:« 


-4x2 


-4*2^2 





-2« 


-2*x 


+ 6*«a;4 


+ 6*2t4 


+ 6*2a:4 


-6*«x* 











-4*4a;« 


-4*2a:6 


+ (4*2+4*4) a:« 


+2*«a^ 


+2*x8 


-*4x8 


+ *4a;8 


+ k^afi 


-3*4x8 


- *»x4 


- *2x4 



(-) 



8n4u = 


on4u = 


xVl-a;2Vl-*"^JJ* 
into 


4 1 


-(8 + 8*2) a-a 
+ 20*2 x4 


- 20*4 x« 
+ (8*4+8*«)xW 

- 4*« x" 


-8 x2 
+ (8 + 20*2) x4 
-(24*2 + 32*4) x6 
+ (54*-4+16*«)x8 
-(24*4 + 32*«)xio 
+ ( 8*4 + 20*6) xi2 
- 8*« x" 




+ *8 xw 



dn4u = 



denom. = 



x2 



1 


-20*2 

+ (32*2 + 32*4) 
-(16*2+58*4+ 



(-) 



(-) 



1 

-8*2 

+ (20*2+ 8^4)^.4 

-(32*2 + 24*4) x6 
+ (16*2 + 54*4) x8 
- (32*4 + 24*6) aJo ^ (32^4 ^ 32^6) 

+ (20*6+ 8*8)a;i2 -20*6 

- 8*8 Xl4 

+ *6 X" + *8 

__ 



X4 

x« 
16*6) x^ 

x" 
x" 

I 



r 



m] 
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sn5u=xinto 


on6ii=/^l-ajainto 


dn6ti=^/l-*«a:«into 


«• 5 


1 


1 


a» -(20+20*«) 


- 12 


- 12*» 


«* +16+94A;a+16ik* 


+ 16+60*a 


+ 60*«+16** 


a« -( 86*8+80**) 


- 80*a-140** 


-140*»-80** 


a* - 105** 


+ 336** +160*8 


+ 160*«+336** 


«io +360**+360*« 


-264** -464*8 -64*8 


- 64*9 -464** -264*8 


x^ -(240**+780A«+240*«) 


+ 208** +608*8 + 208*8 


+ 208** +608*8 +208*8 


«i4 + 64** +660*8 +560*8 +64*10 


- 64** -464*8 -264*8 


-264*8-464*8-64*10 


«!• -(160*«+ 446*8 +160*W) 


+ 160*8+336*8 


+ 336*8+160*10 


a?»8 +140*8+140*10 


-140*8-80*10 


- 80*8-140*10 


ar» _ 50jfcio 


+ 60*10 +16*i» 


+ 16*8+60*10 


a» 


- 12*13 


- 12*10 


«** + *12 


+ *" 


+ *i9 



(-) 



(-) 



1- 



* sn 6u=: (1 - a;) into 1 - * sn 6tt= (1 - *x) into 
square of square of 



(^) 



Denom.= 



a;* 1 




1 


1 


2l - 2 




- 2* 





i» - 4 




- 4*2 


- 60*2 


i» +10*» 




+ 10* 


+ 140*2+140** 


3^ + 6*2 




+ 6*2 


-(160*2+446**+ 160*8) • 


x» -12*2- 


8** • 


- 8* - 12*8 


+ 64*2 + 560** + 660*8 + 64 j^s 


a« + 4*2- 


4** 


- 4*2+ 4** 


-(240** + 780*8 + 240*8) 


x7 + 8*2 + 12** 


+ 12*8+ 8fc6 


+ 360*8+360*8 


!« - 5** 




- 5** 


- 106*8 


«• -10** 




-10*6 


- (80*8+80*10) 


xw + 4*8 




+ 4** 


+ 16*8+94*10+16*12 


xii + 2*8 




+ 2*8 


- (20*10+20*12) 


X« - *8 




- *8 


+ 5*12 



(-) . (+) 

In the Tables which follow, some obvious abbreviations are 
made use of. Thus we must read in the table for sn Qu 

6 + (- 32 - 32jfc2) aj2 + (32 + 208A:2 + 32^) a?* - &c., 

and in that for sn lu, 

7 + (« 56 - oQ¥) ic2 + (112 + 532A:2 + ii2A;4) ^ _ &c., 

the numerical coefBcients in this last case being printed to 
the middle term only : - 56 for (- 56 - 56), and + 112 (+532) 
for (+112+532 + 112), the expressions being symmetrical as 
here shown. The numerical coeflScients of denom. 7w are in 
a reverse order the same as for sn 7t4, and those of dn 7w the 
same as for cn 7w, but in a reverse order, as is suflSciently indi- 
cated in the tables. 

c. 6 
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00 00 "^ 

Si *« 'se 
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f^i 
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1 - sn 7u = (1 + x) into square of l-ksrL7u=:{l + kx) into square of 



afi 


1 


1 


1 


1 


xi 


- 4 


1 


- 4 


k 


2^ 


- 4 


1 


- 4 


k^ 


a^ 


+ 8+28 


l.*2 


+ 28+ 8 


&, A8 


X* 


- 14 


k* 


- 14 


*2 


xft 


- 84- 66 


k^,k^ 


- 66- 84 


KJfi 


afi 


+ 112+ 28 


k\k* 


+ 28+112 


k^,k^ 


a? 


+ 64 + 204+ 32 


ifc«, ik*, k^ 


+ 82 + 204+ 64 


k, k\ Ifi 


a» 


-144-305- 16 


ifc2, A4, ]fi 


- 16-305-144 


ik2, ik*, Jfe« 


a^ 


- 32-200-128 


*a, ik*, Jfi 


-128-200- 82 


ft*, A*, V 


xW 


+ 64+456 + 368 


k^ k*, k« 


+ 868+466+ 64 


&*, *«, Jk8 


aril 


+ 112+ 56 


k^.kfi 


+ 56+112 


Ifi.kf 


x" 


-224-644-224 


k*, *«, k^ 


-224-644-224 


**,*«,*« 


x" 


+ 66+112 


*«, fcs 


+ 112+ 66 


A*,F 


x" 


+ 368+456+ 64 


;k«, *8, ifcJo 


+ 64 + 456 + 368 


**,ik«,*« 


x" 


-128-200- 82 


ifco, ifcs, ifclO 


- 82-200-128 


. **, A;^ ^ 


xi« 


- 16-305-144 


*«, k^ fcio 


144 306- 16 


k^, Ifi, fcw 


ari7 


+ 32 + 204+ 64 


*«, *8, &10 


+ 64 + 204+ 82 


&7, jk9, jfeii 


a.18 


+ 28 + 112 


ik8, ifcw 


+ 112+ 28 


*8, jfeio 


xi» 


- 66- 84 


A:8, few 


-84-66 


A*, ik" 


x» 


- 14 


JfelO 


- 14 


jkio 


a:2i 


+ 28+ 8 


few &12 


+ 8+ 28 


A*, fcii 


a:22 


- 4 


;ti2 


- 4 


jfeio 


x^ 


- 4 


fcia 


- 4 


A;" 


x^ 


+ 1 


fcl2 


+ 1 


&12 



( + ) denom. ut supr^. 



(+-) denom. ut supr^. 



The formulae for 84 were obtained by E. H. Glaisher, Proc. 
R. Soc, t XXXIII. (1882), pp. 480 — 489, viz. he gives the nu- 
merators of sn u, cn u, dn u, and the common denominator : also 
as subsidiary results used in the calculation, the numerators 
and denominators of sn'' u and sn* u, 

113. It will be observed that the forms are essentially 
different according as n is odd or even. 

When n is odd, the numerators and denominators, say A(x), 
B (a?), C (x) and D (x), are of the forms 

(1, a?)*<"'-^> Vi - ofi, 
(1, a?)*^"'"^) Vl-ifcW, 

. (1, a^)*<"'-» 
viz., the degrees are n^, ^^^ n^ n* — 1. 
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But, n even, the forms are 

(1, a^)*"*. 
(1. a^)*"", 

(1, ^)*"', 
viz., the degrees are n^ — 1, n^ n^, n^. 

The rational functions (1, a^) presenting themselves in the 
foregoing forms may be csXIqA, A\x),B {x), C'{x),D\x): the 
degrees in a^ are Kn^-l), ^(n^-l), ^(n^-l), ^(n^-l) or 
^(w^ — 4), ^71^ Jn^ in'' according as n is odd or even. 

114. Whether n is odd or even, if we change k into Ijk and 
X into A:a?, the functions A', D' each remain unaltered, while 
the functions 5', C are interchanged : thus 

71 = 2, ^' becomes = 2 ' 

E „ =l-2A;«ar2 + ^i*a^, 

At 

71=3, ^' „ =3-(4 + ^)A;^a;«4-|A;^^-^^^, 

&c.; 

and the same is the case with the functions -4, B, 0, D, except 
that A is changed into AJi. 

115. But there is another change, x into Ijkx, the effect of 
which is different according as 7i is odd or even. 

If n be odd, then disregarding a monomial factor hf^afi^ the 
change x into Ijkx interchanges A\ B' and also interchanges 
B\ G : thus 



■ 
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= - j^ (l - 6A:»a;* + (4*3 + 4A*) a;« - 3ifc*a^) ; 
k^a^ ¥ijcl^ hf^af^ y^af^* 



A»ic» A*a?* ifc«a;« i^^ ' 

= rj-^ [ 1 - 4ar2 + 6 A:«a?* - 4Jfc*aj" + h'sA ; 

If passing to the functions A, D vre write down the general 
formula, this is 

D (x) = (-)*'-» **<•'+" «:•* ^ (1) , implying 
and we thence deduce 

thatis ^(i) + i)(l) = l^{A^(«:)-i)(«:)}. 

viz. the change of x into Ijkx changes sn nu into Ijk sn tzu : and 
making this change in cn nu and dn nu considered as ftinctions 

of sn nu (=Vl — sn^nu and Vl — fc*sn'»u respectively) it is 
obvious that the effect must be to interchange the numerators 
of these functions, that is, the functions B and C or ff and (7 
as above. 
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116. If n be even, the effect, to a factor prfes, is to leave 
the four functions unaltered ; thus n = 2, 

A' becomes = 2, 

n- „ i-A.^ .=-^(i-A.^). 

Hence, n being even, we cannot in either of the above ways 
effect an interchange of the functions. J., Z) so as to derive one 
of them from the other, and it is in fact clear that they are 
essentially different functions. It is to be observed that A' is 
always a composite function, viz. writing w = 2p we have 

An = 2iApijpOplJp, 

which is a product of rational functions into Vl — a?^ Vl —hf^a^: 
the numerator-function A* {x) in the above values of sn 4ifc and 
sn 6u might therefore be expressed as a product of lower 
integral functions of a;^ : in particular w = 4, we have A (x) 
= 4a?(l - 2a?2 + A;2^)(l - 21(^30" + k'x') {1 - k'x')^/l^^ ^1 - k'a^. 
As regards the denominator D (= D') we have 

JJn = Up f— krA,p , 

which when p is odd, and therefore Ap and Dp each rational, 
breaks up into four rational factors (rational, that is, as regards 

a?, but involving the radical \/k). But if p be even, then 

Ap= A'pX Vl — a?* Vl - Id^x^, and the form is 

Dn-=Dp^-'l(^(x^{l-a?)^{l-l(Fa?yA'p\ 

which breaks up into two rational factors only. That is, n being 
the double of an odd number the denominator is the product 
of four rational factors, but n being the double of an even 
number it is the product of two rational factors only : thus 

71 = 2 2) (a;) = 1 - A:^^, 

n = 4 D(a;) = (l-Ar»a74)*-]6)fcV(l-a?«)2(l-ifc»a?)^ 
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I 

Although for many purposes the expressions thus obtained 
in the case in question (n even) would be in their original form 
more convenient than the completely developed expressions, 
yet for other purposes and in particular for the calculation of 
the functions of a higher uneven value of n these last are the 
more convenient. 

117. When n is odd the numerator of 1 ± sn ni^ is a 
rational and integral function of the order n\ containing the 
factor 1 + a? or 1 — a?, and the other factor being the square 
of a rational and integral function of the order J (n* — 1) : the 
two formulae are derived one from the other by merely chang- 
ing the sign of x : say they are 

D{x)-A{x) = il±x){P(x)}^ 

D(x) + A(x) = {lTx){P{^x)}\ 

giving when multiplied together 

2)2 (x) - A' (x) = (1 - a^) [P(x) P(- x)]\ 

viz. the left-hand side is B^{x), ={1 — a.*^) {R(x)Y; and conversely 
the equation (1 - x"") [A\x)Y = D"" {x) - A^ (x) implies that the 
factors I)(x) — A (x), D{x) + A (x) are of the forms in question. 
As regards the sign ± it is to be observed that D {x) — A (x) 
contains the factor 1 — (— )*<'*~^>a;; viz. in the numerator of 
l—snnu, n=3, 7,... or 4p+3, the factor is l-hx, but n = 5, 
9,... or 4p + l the factor is l—x. The reason is obvious; 
n = 4p + 3, 1 — sn n^ vanishes for t^ = — K, that is sn ^ = a? = — 1 
(but not for u = + K), while, n = 4p + 1, 1 — sn nt^ vanishes for 
u = K, that is sn ti = a? = 1 (but not for w = — K) : we have in 
fact sn (4p + 3) JT = sn 3 JT = - 1 , bu t sn (4p + 1 ) JT = sn JT = -H 1. 

The like considerations apply to the numerators of 
1 + ksnnu: the single factor is 1 ±kx, viz. for 1 — A; sn nu this 
isl-(-)i(»-i)A:a?. 

118. In the case n even, there are given (n = 2) formulae 
for 1 + cn 2t/, 1 + dn 2% and from these may be deduced 
analogous formulae for 1 ±cnnu, 1 ± dn nu, but I have not 
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thought it worth while to write these down for the cases 

4 and 6. We in foot have 

1 — cn 2pu = 2 sn^ pu dn^ pu (-7-), 

1 + cn 2pu = 2 cii^ pu (h-), 

1 — dn 2pu = 2k^ sn^ pu cn^ pu (-i-), 

1 + dn 2pu = 2 dn^/)!* (-7-), 
denom. = 1 — A;^ sn^pu, 

and substituting for the functions of pu their values we 

have 

l-cn2^w= 2A/Gp^ (^), 

l-hcn2pu= 2BpWp^ (^), 

1 - dn 2pu = 2A2^/.B/ (-f-), 

l + dn2pu= 2CpWp^ (-f-), 

where denom. = D^, as for the other 2pi*-functions. 

119. We may in the multiplication-formulae write A = 0, 
viz. we then have x = sinUy and snnw, cn?m, dnnu = sinni4, 
cos nu, 1 respectively : this however affords a verification only 
of the terms not multiplied by any power of h A more 
complete verification is obtained by writing A; = 1, we then 
have x=^sgUy Vl — ar* and Vl— Ar^ar* 3^^^ =:cgifc; and snn^, 
cn nu, diinu = sgnUy eg nu, eg nu respectively. Recalling the 
formute 

8g nu=^i {(1 + a?)« - (1 - xr} ^ (-r), 

eg nu=: (1 - a^)^ (^), 

denom. = ^ {(1 + a?)« + (1 - x^} (-7-), 

the terms of the fractions require to be each multiplied by 
(1 —a^)i <»'-«), viz. the formulae then are 

8g nu = i {(1 + xy - (1 - x^} (1 - a^^)*('»^) 

denom. = M(l + ^T + (1 ~ ^)'*} (1 - ^)*<**^^ • 
Thus n = 3, the formulae are 
8g3t^ = ir(8-|-a^)(l-a^)», =a;(3-8ar» + 6a?* + 0aj"-a^) (^), 

cg3tA = (l-i^yVl-a^, = (l-4ar»+6^-4a;«-l-a^)Vl-a^(^), 
denom. = (1 + 3a?«)(l - ar^)', = (1 + Oar» - 6a^ + 8aj« - Sa;^)^ 
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Agreeing with the foregoing values of sn3w, cn3t*, dnSu on 
putting therein A; = 1. 



Factorial'formulce, Art. 120 to 125. 

120. In the expressions for the numerators and denomi- 
nator of the functions of nu, the rational functions of a^ may be 
decomposed into their simple factors. This may be effected 
d priori by considering what are the values of x (that is sn i^) 
which make these functions respectively vanish. But in the 
particular case w = 2, it may be done d posteriori, by means of 
the duplication-formulae, and the formulae obtained for the 
dimidiation of the periods. 

Write 

(w, ?/i')= 2mK +2m'iK' 
(m, m') = (2m + 1) ^ + 2m' iK\ 
{m,m')= 2mK +(2m'-hl)iK\ 
(m, m') = (2m + 1) JSr + (2m' + 1) iZ'. 

Then, using { } to denote a product, as explained by the 
appended values of m, m', we have 

sn 2u = 2x VT^^ Vl - AW (^)^ 

^sni(m, m')j ^ " ^' m' = 0,l 

J o f-i ^ 1 / \ m = 0, 2 

[ sn I (m, m )j ^ ^ m = 0, 1 

J f ^ X ) m = 0, 1 

denom. = U H ^T =^ r /at 

( sn^(m, m)] m=0, 1. 

121. Thus in cn 2u the product is 



cn2w = 



(^ + s4z)( 



1+ " 



1+ ., /. ..j ri^ " 



8n(iZ + i/f')/\ sn(f4:+iir') 



iiT')} ' 
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which is 



V "•■ sn {^K + iK')) V sn (iZ + tZ')) ' 



= {1 - (1 + AO a!*Hl - (1 - ^) ^}. 



So in dn 2u the product is 



which is 



V ■*■ sn (iZ+liiir')) V ■*" sn (f Z + f iZ')) ' 



- (^ "*■ sn aZ + iiZ')) r sn (iZ + iiZ')/ 



r"^sn(iZ+|tir')/V sn (iZ + f tZ')) ' 



= {l-h^{k- 2jfc')) (l -)b?(/k + 2A;')) , 
= 1 - 2ifc'«» + A^a^. 

And in the denominator the product is 



V'^SD.\iK')V'^sa^iK') 



V ■'' sn (Z + UK')) V "^ sn (K + UKV ' 



sn (Z + iiZ')/ V sn (Z + f iZO- 
which is 

= (1 - i^/kx) (1 + Wkx) (1 + Vto) (1 - Vte), 
= (1+ ib^) (1 - A;a?), 

122. Considering next the case where n is an odd number, 
= 2p + 1 suppose, 
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V 

write 88 before 

(m,m')= 2mK +2m'iK', 
(m, m') = (2m +1) JT + 2m'iK\ 
(m, m') = 2mK + (2m' + 1) iK\ 
(m,m') = (2m + l)Z + (2m' + l)i£''; 

then the distinct values of sn - (m, m) are those obtained by 

giving to m the values — J9, — (p — 1), ... — 1, 0, 1 ...p.: and to 
m' the same values ; viz. there are in all (2p + 1)^, = r?* values 

of sn - (m, m'). 

For take /i, /i' values of the form in question, any other 
values are /i + n6, yJ + nff (0 and 0^ integers). 

i(m,mO = ^(/.,/i') + (^,n 

where (^,^) = 2^Z + 2^'iX''. Hence 

1 1 

sn - (m, m') = (— V "♦"^ sn - (a, a) ; 

which, when ^ + ^ is even, is 

1 

= sin - (fi, fi\ 



and, when ^ + ^ is odd, it is 



sin - (fi, fi'), 



which is = sn - (— ii, — a), 

where —fiy—fi are of the form in question. 

One of the foregoing values is sn - (0, 0), = ; and if we 

/v 

exclude this there remains a system of n^ — 1 values. 
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123. Consider next the distinct values of sn-(m, m\ 

n 

Suppose in the first instance that m, m! each extend from 

— (l? + 1), —p, ... — 1, 0, 1 ... p (viz. that each has n + 1 values). 

I call the values — (p + 1), p extreme values and the others 

intermediate; so that m, m' have respectively 2 extreme and 

71—1 intermediate values. We have in all a system of (?i + 1)^ 

terms, viz. these are 

m, rnf both extreme 4 

m extreme, m' mean 2?i — 2 

m! extreme, m mean 2n — 2 

m, mf both mean n^ — 2w + 1 



Now m, m' both extreme the values are su(±K ± iK% and 
these are excluded from consideration. 

If m is extreme, m' mean, the values are 



(+K + ^^^iK'), 



say for shortness sn (± jK'+a), that is sn {K-\-ol) and sn (— ^+ a), 
where a has ^ (n — 1) pairs of equal and opposite values. 

But sn(Z'+a)=— sn(-ir+a), =sin(Z'— a); hence sn(jK'+a) 
has J (n — 1) values; similarly sn (— iT + a) has ^ (n — 1) values ; 
or sn (± -K" 4- a) has (n — 1) values. 

And in like manner, m! being extreme, the value is 

= sn(±iZ'+?^^^), =sn(+iZ' + /3), 

> 

which has (li — 1) values. We have thus in all 

(w - 1) + (n - 1) + (n - 1)^ = n^- 1 values. 

And as for sn - (m, m'), it may be shown that these are all 
the values. 
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124. Consider in like manner sn-(m, m'): here ra has the 

values — (i>+l), -p, ... —1, 0, 1, ...|), say -{p + ^\p are ex- 
treme values and the others mean; and m' has the values 
— p, ... — 1, 0, 1, ...p, say is the extreme value and the 
others mean. The cases are 



IS 



m, rn! both extreme 2 

m extreme, w! mean 2n — 2 

m mean, m extreme n — 1 

m, m! both mean n^ — 2/H- 1 

or number in resulting system is =7i^— 1. 



exclude 
reduce to 



w-1 

71-1 

w«-2rn-l 



n" 



-1 



And so sn - (m. m') has same number = 7i^ — 1 of values. 
n 



125. We now obtain, n odd, 



sn nu = wa; 



1 + 



X 



sn - (m, w!) 



(-)> 



cn ni^ = Vl — ^ 1 1 + 



X 



sn (m, m ) 

71- ' 



(-)> 



dn ni^ = Vl - A;W 1 + 



X 



Sn-(7ll, 7/1 ) 

71^ ^' 



(-). 



where 



denom. = 



1 + 



X 



sn-{7n, 7n)[ 

71 ^' 



the number of factors being in each case n^ — l, viz. the values 
of 771, m' are those belonging to the several systems of (71^ — 1) 
values as above explained. 
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New Form of the Factorial-Formulce. 
Art. Nos. 126 to 129. 

126. The formulae may be presented in a different form : 



X . 



observing that to each term 1 + - in the numerator or denomi- 



x 



nator there corresponds a term 1 — , and combining together 

the pair of factors, also making an easy change of form, we have 

of" 



8n nu = 



nx 



1 - 



cn nu 



= Vl-a^ 



1 - 



sn2-(m, m') 
of" 



(-)> 



sn^^^-^ (m,m')) 



(-), 



dn nw = Vl - A:»a^ 1 1 - ifc« sn^ (K-^(m, m')) id" I (~), 



denom. = 



1 - ** sn^ - (m, m') a^ 



where as regards the values of m, mf observe that these are 

m = 0, m'= 1, 2... ^(ti— 1); 

m = l, 2, ... or H^-l)» ^' = 0, ± 1, ± 2 ... ±i(n-l); 

viz. there are in all i(w — 1) +i(w — l)w, =^(7i2 — 1) combi- 
nations. 

127. Restoring for x its value sn u, and observing that 

sn*w 

sn^ a sn (^ H- g) sn (u — a) 

l — k^sn^uan^a ~ sn a sn (- a) ' 

and combining all the constant factors (that is factors indepen- 
dent of u) into a single factor Ay we find 



1- 



sn nt^ s il sn t^ 



c. 



isn w -^ - (m, m') sn 1* (m, mf) > , 
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or as this may be written 



sn nu 



= A jsn w H- - (m, m!) \ , 



where m, m have now each of them all the values 

0, ±1, ±2 ... ±J(n-l). 

Proceeding in the same manner with the other equations, 
we have, with the same limits for (m, m'), the system 



sn nu 



= il jsn U H- - (m, m') L 



cnnu^B icn 



dn WW = C -jdn w + - (w, m!) > , 

where the coefficients A, B, C have to be determined. The 
values are 



128. To show this, write in the formulae u + K in place 



of u. Observing that we have 



sn {nu + nK) = (-)* <~-i) sn {nu + K), 
en {nu + n^) = (-)i t**-!) en (nz^ H- iT), 



dn {nu + nK)=^ 



dn (nw + iT), 



and that the products on the right-hand sides contain n^ terms, 
n^ — 1 being evenly even, or (— )"^^ = +, we obtain 



en nu 



^ annu 



en 



dn 



V 



u +- {m, m) 

n^ ^ 



t^ -f - (m, m') 
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snnt6 






sn 



•< 



u+ - (m, mf) 



dn 

V L 



w + - (m, m') 



_]/ 



an nu ^ ^ 



agreeing with the original equations if only 



' 


1 \ 


dn 


1 / 



but these reduce themselves to the two independent equations 

The change of u into u + iK* gives in like manner two inde- 
pendent equations, one of which is 

and we thus have A, B, C, subject to an indetermination of 
the signs of A and C. 

129. But it may be shown that the signs oi A, B, C are 

(— )i(»-i)^ +, +. For this purpose recurring to the original 

equations and writing therein u = 0, we find, observing that 

. snnu - , - 

then = n, cn i* = 1, dn tfc = 1, 

snu 

n— A -jsn - (m, m') -,1=5 -^cn - {m, m') •, 1 = C-^dn- (m, m')k 

where in each case the combination m = 0, m' = is to be 
omitted, viz. the products each contain w^ — 1 terms. Grouping 



n = il 
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together the opposite terms sn a, sn (— a), &c., and recollecting 
that J (n' — 1) is even, we may write 

sn^ ^ (m, m')\ , 1 = J5 |cn« ^ (m, mf)\ ,1=0 jdn» ^(m, m')\ , 

and we may in each product consider separately the J(n — 1) 
terms in which m is = 0, the ^ (n — 1) terms in which m is = 0, 
and the J (n — 1)" terms in which neither m nor m' is = 0. As 
regards these last we may consider that m has any value 
whatever from 1 to ^ (n — 1), and mf any value whatever from 
± 1, to ± ^ (n — 1) ; uniting together the terms which belong to 
the same value of m but to opposite values of m' these are 
conjugate imaginaries and their product is positive : hence the 
whole third product is positive. Taking next the terms for 
which mf is =0, each term is real and positive; hence the whole 
first product is positive. There remains only the second pro- 
duct ; viz. as regards A this is jsn^- (0, m')y , where mf has the 

values 1, 2, ... J(w — 1). Each term is the square of a pure 
imaginary, viz. it is real and negative ; and the sign is thus 

(_)i(n-i) Bui; ag regards B the product is ]cn' - (0, m')K where 

each term is positive (since cn-(0, m) is real): hence the 

product is positive. And so as regards G the product is 

■|dn^-(0, w')k which is in like manner positive. Hence in 

the three cases respectively the sign of the first product is 
(_)J(n-i)^ H-, +. And the required quantities A, B, C have 
these signs accordingly ; wherefore we have 

^.(-)..^»i..-.,B.(|,)'-^".C=(|,)"^\ 

as mentioned above. 



sn u 



en u 
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ArdidpaMon of the dotthly-infinite-prodiu^t Forma of the Elliptic 

Fimctions. Art. No. 130. 

130. In the formute No. 126 for u write - , then a? = sn - , 

n n 

= - when n is very large. Moreover when m, m' are finite, then 

in like manner sn - (m, m) is = - (m, m) : and substituting these 
values and writing w = x we obtain the following formulae : 

dn 14 = ll + 7=^1 (-^), 

I (m, m )) 

denom. = ^ 1 + 7 — =7^1 , 

where m, m' have each of them every integer value from 
- 00 to + X , the simultaneous values m = 0, m' = being 
excluded from the numerator of sum I defer the farther 
consideration of these formulae, only remarking that not only 
they are not as yet proved, but that, in the absence of further 
definition as to the limits^ they are wholly meaningless. 

Derivatives of sau, en u, dnu in regard to h Art. No. 131. 

131. We have seen. Chap. III. No. 74, that 

dF _ 1 , „ ^sin<^cos<^ 
dk'W-^^'^^^ PA ' 

where F, E, A stand for F(k, <^), E(k, (f)), A (A;, ^) respectively. 
But we have u = F, giving sn w = sin <!>, cnu = cos ^, dn i* =. A ; 
also 

i^=/oAd<^=/odn»wdw, =:Jodu(l-k^-\-I(^cn^u) ^Jd^u+k^jocn^udu, 
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and therefore E - k'^F = k^Jo cn« u du ; 

hence 

sn u en u" 



dF k {, 



dn w j ' 

But sn u = sin ^, viz. considering sn t^ as a function of u, k, 
where w, =J?*(^, ^) is a function of k ai\d ^, we have snw, 
a function of ^ only without i ; and we hence obtain 

d sn 1* dF d sn w _ 
du dk dk ' 

that is 

d sn w J dF 

--^^ =-cn«dn«^. 

or finally 

dsnw k A t ^ J ^ ^ 2 

,, = — 77^ en M dn u Jo en' m aw + tj^^^'^ en* «^, 

and thence 

dcnw k J /• « ^ ^ a 

— « — = T7, sn ifc an uL en* u at* — 77- sn* w en u, 
dk k'^ ^ k^ 

and 

ddnw A^ fo^ *fij 

— ^— = TTs sn lA en izJo en* w aw — 77^ sn* w dn i^. 
di: A;* "^ fc* 

And it will be convenient to repeat here from Nos. 74 and 
75 the following formulae, in which we now write K, K\ E, E' 
for the complete functions F^k, FJc', EJc, E^\ 

giving EK' + E'K- KK' = ^tt. 



CHAPTER V. 

THE THEEE KINDS OF ELLIPTIC INTEGRALS. 

132. In the present and following Chapters we revert to 
the notation of the elliptic integrals F<l>, E<l>, 11^, bringing up 
the theory to the point at which it is expedient to introduce 
the elliptic functions sn u, en % dnu: and explaining the 
resulting new notations. 

The Addition-Theory, Art. Nos. 133 to 137. 

133. We have throughout ^, y^, fi connected by the 
addition-equation : regarding herein /l^ as a constant, this gives 

-^. + ~y^ = : hence if U be any function of ^, yjr, fjL, such that 

in virtue of the addition-equation we have 

or (what is the same thing) if this last equation be a form 

JTT JTT 

of the addition-equation, we hence derive jj~^^+3y^'^=0, 

that is (i 17= 0, or by integration U = funct. fi : and if moreover 
the function U is such that it vanishes for ^ = 0, i|r = ^, then 
the constant of integration, funct. /it, is = ; and we have 17= 
as a consequence of the addition-equation. For instance the 
function U =i F(f) -}• Fyjr —Ffi, satisfies the conditions in question, 
and we thus have 

F^ + FylfFfjL^O, 

as the addition-theorem for the first kind of elliptic integrals. 
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134. Again we have 

E(t> + Eyir — ^/^ — A;* sin ^ sin i|r sin /* = 

as the addition-theorem for the second kind of integrals. In 
fact the equation to be verified is 

(A^ — k^ sin-^ cos^ sin/Lt) A<^ — (A-^— i* sin^ cos-^ smfi) A-^ = 0, 

that is 

A2<^ - AV + A:* sin /Lt (sin <}> cosyjrAyjr — sin yjr cos ^ A^) = 0; 

which in virtue of 

_ sin ^ cos -^ A-^ + sin ^ cos A<^ 
^^"^ ^ 1 - jfc» sin«<^ 8in«i/r ' 

and the identity 

sin^<^ cos^ i|r A^ — sin^i|r cos*^ A*<^ 

= (sin2<^ - sin^i/r) (1 - ifc* sin«<^ sin^i/r), 
reduces itself to 

A^<f) - A^^ + A« (sin^i^ - sin«i|r) = 0, 

which is an identity. 

135. Again for the third kind of integrals, writing 

/I \ f-i ^\ 7^ n sin 6 sin V^ sin a 

\ nj 1 + n— n cos (p COS Y cos fjL 

and for convenience retaining 

[ dR f I ^ .p ,- _1_, 1-hR^/^ 
■= ^ = -7= tan~*jB vo, or = — 7=^ log 7=. 

according as a is positive or negative) , to denote the one or 

other of these expressions as the case may be, then the addition- 
theorem is 



n<^+nt-n^-/j^ = o. 
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{: 



In feet the equation to be verified is here 
1 1 dE) 



(l+n8in*^)A<^ l + aB^d<l> 



A<f> 



f 1 1 dR] 

1(1 +n sin» yjr)Af 1 + clR* dy^] ''^ ' 



p 

where, writing i2 = g , we have 



1 dR 1 /^dP j.dQ 



J dR^ 1 (^dP pdQ\ 

l + oR^d^fr Q* + aP'V^ d^fr d-^) ' 

and the equation thus becomes 

(Q» + oP») 



{ 



l4-wsin*<^ l + nsin^-^J 

But in virtue of the addition-equation, as shown in the next 
No., 

Q* + aP^ = (l + n8in»(l + nsin2<^)(l+wsin»i|r), 

and the equation to be verified thus becomes 
(1 -f n sin* fi) n (sin' '^ — sin* ^) 

dP r,dQ\^^ f^dP j,dQ 



-(«i-^^^*-(«^-^i^)-t. 



136. In regard to the expression for Q* + aP*, observe that 
this is 

= (1 + n — w cos /Lt cos ^ cos -i/r)* + n^a sin* fjL sin* (f) sin* yjr, 

or putting herein cos <f> cos yjr = cos /ii + sin ^ sin yjrAfjL, this is 
=K (1 + w sin* fi ^n cos fjL Afi sin ^ sin ^Jty + n*a sin* /ii sin* ^ sin* i|r, 
= (1 + ri sin* /*)* — 2 (1 + w sin* /a) w cos fi^fi sin ^ sin -^ 

+ n* [(1 -sin*/A)(l - ifc*sin*/Lt) -h (l +n+ --^lA sin* /it sin*<^sin*^, 

= (1 + n sin* /ii) {1 + n sin* fi—2n cos /LtA/Lt sin <^ sin i/r 

4- (?i* + wA* sin* /a) sin* <^ sin* ^Jt). 
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But we have 

(1 - sin^ <^) (1 - sin* yjr) - cos^ fi - sin^ <}> sia« yjr A^fi 

= 2 cos fiAfi sin <f> sin '^, 
or what is the same thing, 

2 cos fiAfJL sin^ sin yfr = sin^ fM — sin^ (f) — sin2i|r+ A;28in*/Ltsin'^8in*'^, 

and substituting this value within the { } we obtain the above 
expression for Q^ + aP^. 

137. We have 

Q-i-T— P-^ = (l + 7i— n cos fjL cos <l> cos ^Jt) n sin fjL cos <^ sin -^/r 

— n cos /L& sin ^ cos '^ . n sin /i sin ^ sin ^Ir, 

= n sin /A sin -^ {( 1 + n) cos ^ — w cos fM cos yjr (cos' ^ + sin* </>)} 

= n sin /Lt sin i|r {cos ^ + n (cos <^ — cos /jl cos ^)}, 
that is 

Q -j-r- — P ^,^ = n sin /Lt sin i/r (cos 6 + n sin /a sin -^ A6), 

and similarly 

jp j/-\ 
Q -r- — P -Tj = w sin /Lt sin (f) (cos i|r + w sin /ii sin ^Ai|r). 

The equation to be verified is thus 

(l4-7isinV)(8iii^'^— sin'^)=sin/Asin'^(cos<^4-nsin/Ltsin'>|rA^)A<^ 

— sin/Ltsin (^(cosi^ + Tisin/Ltsin ^A*^) Ai^, 

breaking up into the two equations 

sin^ yjt — sin' <^ = sin /* (sin yjr cos ^A^ — sin (f> cos i|r A*^), 

and sin' yfr — sin' (f> = sin' i|r A'^ — sin' ^A'-i/r, 

the former of which is equivalent to the equation which gives 
the addition-theorem for the second kind of integrals, and the 
latter is obviously true. 
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New Notations for the Integrals of the Second and Third 

Kinds. Art. Nos. 138 to 140. 

138. If in the equation £()> = /o A(f)d(l> we write sin ^ = sn u, 
and consequently d<l>=dnu du, A<^ = dn u, the value of E^ be- 
comes =/o dn^ u du, or what is the same thing /© (1 — A;^ sn^ u) du. 
Jacobi, changing the original signification of the functional 
symbol E, calls this Eu, viz. he writes 

Eu = /o dn^ u du, 

the effect being to throw the addition-theorem into the form 
Eu + Ev ^ E (u '\- v) = h^ snu^nv sn {u '\- F). 

He further considers in place of Eu a new function Ziiy differ- 
ing from it only by a multiple of u, viz. we have 

Zu^Eu — j^u, = w(l — -^j — k^josn^udu, 

where E is the complete integral of the second kind. Sub- 
stituting for E its expression in terms of Z, we thus have 

Zu + Zv — Z (i^ -h v) = A;^ sn 16 sn V sn {u -h v). 



139. If similarly in the equation 11^ = I — -, 



d4> 



(1 + n sin^ <^) A<^' 



we write sin <^ = sn i*, and therefore ^ = du, the value of 11^ 

becomes = I ^ ^ — ; and if, changing the notation, this were 

J Q x. "T" n sn u 

called IIw, we should have 

Jl+nsn^u 
or what is the same thing, 



f —nt 
Jo 1 + 



„ . —nsn^udu 

Uu — u= I — z — 

n sn' u 
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The effect would be to change the addition-theorem into 

dR 



C n 

niA+nt;-n(w+t^)= I j— 



aB?' 



, D _ yi sn 1* sn V sn (u + v) 

1 + n — n en w en V en (t^ + v) 

140. Jacobi makes however a further change of notation^ 
viz. expressing the parameter n in the form — A;®sn^a*, he 
omits from Hu the term u and multiplies the remaining term 
by a constant factor ; he writes in fact 

T-, . V f h^snacnadaasn^udu 
IT (u, a) = I z — ri — z z • 

The full advantages of the change will appear in the sequel, 
but it is convenient to mention here that the addition-theorem 
takes the form 

IT (u, a; + IT (v, a) — 11 (t^ + y, a) 

_ - , 1 -- A;' sn u sn t; sn (it + 1; -- g) an g 
"" 2 o 1 + ^2 sn 14 sn V sn (i4 + v + g) sn g * 

The Third Kind of Elliptic Integral. Outline of the furthei* 

Theory, Art. Nos. 141 to 150. 

141. We have a theory for the addition of the parameters, 
including in it a theory of the reduction of the parameter to the 
forms — 1 + i'^ sin^ ^, and — A^ sin^ 6 respectively. This is de- 
rived from the consideration of the function 

__ sin <f> cos <f> 

where f is an arbitrary constant. Taking also p an arbitrary 
constant, we obtain 

d'ur ^d^ 1 - (2 + g) sin^ <^ -f- (1 + 2^ k^ sin* (f>-^ 8in« </> 
l + fm^ A (1 + f sin^ ^f (1 - i* sin^ ^) + p sin^ <^ (1 - sin^ <f>) ' 

* Regarding a as real, this would imply that the parameter is negative 
and in absolute magnitude < k^ ; but a is regarded as susceptible of imaginary 
values, and the other forms of parameter are thus included. 
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and putting the denominator 

= (1 + n sin^ <l>) (1 + n sin^ <^) (1 + m sin^ <^), 

and decomposing into an integer part and partial fractions, we 
have 

dor d<l>(l A A' B 



whence integrating from <^ = 0, 

Ann-\-A'nnf + BUm + If= ( t^-^ , 

f J 1 4- p'Gr 

where the integral on the right-hand side is 

= -= tan-1 'UT Vp, or —t--= log 7=^ , 

vp 2v — p 1 — -btv — p 

according as p is positive or negative. 

142. There are two particular cases, f = — 1, that is 

tsr = -r-^ , and ?= 0, that is tsr = ^r — ^ , in each of which 

one of the terms, say BTlm, disappears, and the formula takes 
the more simple form 

J 1 + prsr^ 

establishing a relation between only the two functions Tin, 1171'. 
In the first of these the parameters are connected by the rela- 
tion nn = i' : in the second by the relation (1 + w) (1 H- n) = k\ 
Hence by the first relation the function ITn, where n is positive 
or negative, but in absolute value greater than 1, is expressed 
by means of the function Iln', where ti' (having the same sign 
as n) is in absolute magnitude less than k^i in particular n 
being negative and greater than 1, that is, between (— 1, — x ), 
n' will be between and — A*. If n be positive and greater 

than 1, then in the second relation n\ = — 1 H —7 , will be 

' n4- 1 

negative and between — 1, — Ar^ : and it thus appears that the 

only values of n which need be considered are the negative values 
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between (0, — 1) : viz. we may have n between (0, — A*) say 
n^'-h? sm^0, or else n between (— A;^ — 1) say n = — 1 -\-k'^ sin^ft 

Observe that in the former case a, = (1 + n) f 1 H- - j , is negative, 

and in the addition-theorem we have a logarithm ; in the second 
case a is positive and we have a circular function (the inverse 
function tan"^). This leads to the consideration of two kinds 
of functions IT, viz. n = — Ar^ sin^ 6, logarithmic functions, and 
n = — l4-A;''sin*^, circular functions: there is a convenience in 
taking 7i = — Aj^sin'^, as a universal form, allowing to assume 
imaginary values. 

143. Recurring to the general form 

we may consider herein n, n' as arbitrary quantities, m as a 
determinate function of n, n ; it is in fact obtained by means of 
a quadratic equation. Taking n, n' to be real the value of m will 
in certain cases be imaginary : and conversely taking m to be a 
given imaginary quantity it is possible to determine real values 
for 71, n' : and thus the function Ilm of a given imaginary 
parameter is made to depend upon two functions IXn, Iln' of 
real parameters. This may be effected in a dififerent manner : 
viz. taking n, n' to be conjugate imaginaries we obtain two real 
values of m, and thence two formulae each involving the con- 
jugate imaginary functions Iln, Iln: the combination of these 
would lead to the expressions of Iln, Iln' in terms of the two 
real functions Ilmi, lima. 

In either of the ways just referred to we in efifect obtain an 
expression for the function of the third kind Iln, of imaginary 
parameter, in terms of two functions with real parameters : but 
it will presently appear that the solution admits of a very con- 
siderable simplification. 

144. Introducing in the formula for n, n\ m the values 
— k^sin^p, — Aj^sin^g, — Aj^sin^^, the relation between n, n\ m 
gives a relation between p, q, 0, viz. this is found to be 

fc' (1 — A?2 sin p sin q sin 0) = Ap A j A^, 
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being in fact equivalent to the relation 

■ 

or (what is the same thing) p, q, being connected by this 
equation, and writing lip, &c. in place of n(— ft^sin^p), &c., 
we have between the three functions the foregoing relation 

AUp + A'nq + Bne + ^^=/i^^, . 

145. It is natural in place of to introduce a new angle ff 
such that F0 + Fi = Fff, the relation between p, q, 0' being con- 
sequently the algebraical relation answering to Fp-^-Fq-^Fff ^^, 
The function 11^ can be expressed in terms of 11^, and the 
resulting equation is found to be 

smp ^ ^ ^ sing ^ ^ sin^ ^ ^ 

-fc^sin^jsinasin^ F\ i w t^ +^'^"^^^^^g^^^^--^J^' 

where Ay B, A\ B are certain functions of 0' and <^. 

146. This equation assumes a very simple form on writing 
therein sin ^ = sn t^, sin jj = sn a, sin j — sn 6, and therefore (by 
reason of Fp + Fq — Fff = 0) sin 0' = sn (a + 6) : and by intro- 
ducing Jacobi's notation for the function 11 ; viz. making the 
changes in question the three terms on the left-hand side are 
to a common factor prfes 11 (u, a), U (a, 6), 11 (t^, a + b): the 
logarithmic term is considerably simplified and the final equa- 
tion is 

n (u, a) + 11 {% b)-U(u,a + b) 

,„ L / . Lv .11 1— A;^sni^sna sn6sn(a+6— i^) 

= A;2 sn a sn 6 sn (a+o) ,u + i log^; — rz t — ) f ( , 

^ ^ ^ ^ l+A;2sni^snasn6sn(a+6+«A)' 

viz. we thus see the theorem in its true point of view as a 
theorem for the addition of the parameters. 

147. We also gain a further insight into the problem of 
the determination of the function Iln with an imaginary value 
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of n : viz. any such value is expressible in the form —A* sn^(a+6f), 
where a and b are real ; the function Ilr?, or say 11 (t^, a -♦- U), 
is then made to depend on the two functions 11 (u, a), 11 (u, bi), 
which have each of them a real parameter, viz. in the second 
function the parameter is n = — Ar* sn^ 6i, which is a real positive 
quantity. 

148. There is another theory, the interchange of amplitude 
and parameter. Starting with the equation 

n = f ^ 

^® *^*^® dn <^®P«°^°« 0° *^® integral J (jljl^^^j^^ . which 
is expressible in terms of F, E and H. The terms involving 

JTT J 

-,— and n combine together into a term t- IT Va, where as 

before a=(l + n)flH — j, and we have this term equal to a 

function of n, 0, where <f> enters through the functions sin^, 
cos<^, A, EyFf but which is algebraical in regard to n, viz. the 
actual equation is 



+ iAsin6cos<& >^ , 

^ ^ ^(l + nsin20)VS 

1 H — j as just mentioned : so that integrating in 

/- f dn 

regard to n, we have 11 v a depending on the integrals I ^ /- > 

dn r dn 



1^^' I 

J nva J \ 



/; : — rrir- 5 these are really elliptic intefirals as 

(l+7ism2<^)Va J f 6 

at once appears by writing therein n = —f(^8iD.^0 (viz. we thus 

adopt for the parameter n the before-mentioned form — yfc^sin*^), 

reducing the integrals to the forms 

r d0 Cd0^ r sin^ dd0 

Jsin^OAe* JA0' J {l-'k'&ia'esm^<l>)A0' 
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or ultimately to the forms 

de .. .,. , /• de 



ff^,fA0de.^dj^ 



viz. the first two of these are J^0 and E0, and the last is the in- 
tegral of the third kind 11 (n', 0) with parameter nf, = — i* sin*<^ : 
the final result is 

cot A0 {n (n, <^) - F<l>} - cot <^ A<^ {n « 0) - F0} 

= E0F<f> — E(f)F6, 

which is the equation for the interchange of amplitude and 
parameter. 

m 

149. If as before ^ = sn w, ^ = sn a, then using Jacobi's 
notation, the functions on the left-hand side are 11 {u, a), 
n (a, u) : and the functions -S^, E6 are in the same notation 
Eu, Ea : the equation therefore is 

n (u, a) — n (a, u) = uEa — aEu, 

or, what is the same thing, 

n (w, a) — n (a, t*) = uZa — a^u. 
Fund. Nova, p. 146. 

150. The foregoing outline of the theory of the elliptic 
integral of the third kind brings up the theory to the point 
immediately preceding the introduction of Jacobi's function 
: viz. his functions 11 {u, a), Zu are in fact each of them 
expressed in terms of the new transcendent 0, by the equations 

(7 ®'^ TT/ \ y ^11 @(u-a) 

the second of these leads at once to the just-mentioned equa- 
tion IT {u, a) — IT (a, u) = uZa — aZu (interchange of amplitude 
and parameter): and by means of this theorem we can from 
either of the addition-theorems (for the amplitudes and the 
parameters respectively) at once derive the other theorem. 
C. ^ 
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Reduction of a given imaginary quantity to the fomi 
sn(a + )8i). Art. Nos. 151 to 154. 

151. By what precedes it appears that there is an advan- 
tage in bringing the parameter to the form -Ar»sn«a; this 
however cannot always be done so long as a is restricted 
to be real: but we have to show that it can be done, ad- 
mitting imaginary values of a: or what is the same thing, 
that a given real or imaginary quantity n can always be ex- 

pressed in the form — Ar^8n2(a + /8i): that is a/ -7^ can always 

be expressed in the form sn (a + ^i) : and the theorem thus is, 
that taking as usual the modulus & to be a given positive 
real quantity less than unity, then any given real or imaginary 
quantity whatever can be expressed in the form sn (a + )8z). 

152. It is to be observed that x and y being given real 
quantities, the former of them equal to or less than ±1, we can 
find the real values a, ^ such that iz?=sna, iy = snifi: in fact 
these equations give 

sn (^, k') 
a? = sna, 2/= — yZ: , ,; , 
' ^ en (^, k) ' 

and as a passes continuously from to ±K,8iia passes from 

to ±1, that is through every real value «? whatever between 

these limits ; and similarly as ^ passes continuously from to 

sn (8 A?') 
+ iK'y — T^-iji passes from to + 00 , that is, through every 

real value y whatever. 

Hence writing 

X + fii = sn (a + ^i) 

^ a; Vl + yM + A?y + i;y Vl -a^. 1 - k^gf^ 
"" 1+ tey 

we have X = ^ . ,» „ „ — - , a = ^ — = ^^ , 

1+A?W2/ l + k^af'y^ 
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or, what is the same thing, 

X« {l-^-k^ahf'^^ = a?2 (1 + y^) (1 + J(^y% 
ti?{\ + y^ah/^y = y' (1 - ^) (1 - A?'^), 

and it only remains to be shown that X, fi being any given 
real values whatever, these equations are satisfied by real values 
of a?, y, that of x not greater than + 1 ; or what is the same 
thing, that the two curves have real intersections within the 
limits a? = ± 1. 

153. Instead of the foregoing equations, consider for 
greater simplicity and symmetry the equations 

X {ab — ayyy = abx (a — y) (6 — y), 
fi (ab — ayy = aby (a — a?) (6 — x). 

Each of these represents a quartic curve passing through the 
points (a, 6), (6, a), and the two curves have besides at infinity 
10 common points, 5 on the line x = and 5 on the line y = 0: 
there remain therefore 4 intersections. To find these assume 
xy = abcoy the equations become 

X (1 — ft))2 = a? + ft)y — (a + 6) ft), 
/Lt (1 — ft))^ = 0)0? + y — (a + 6) ft), 

giving X, y linearly in terms of o). Solving the equations there 
is a factor 1 — ft) which divides out (g) = 1 is in fact a solution 
answering to the two points (a, 6), (6, a)), and the equations 
then become 

(X — fio)) (1 — ft)) + (a + 6) ft) = (1 + ft)) X, 

(fi — Xft)) (1 — ft)) + (« + 6) ft) = (1 + ft)) y, 

and multiplying together these values and for ay writing aba), 
we have a quartic equation in co ; this is a reciprocal equation, 
solvable by a quadric equation ; or if for greater convenience 

(1 \ 2 
:r J , then is also determined by a quadric 

equation ; and putting 

A=a^-2a (X + fi) + (X-/a)2, 
B=¥-2b(\ + fi)+ (X-fiy, 
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we find 6 = -4= 7=r- , that is V5, = — —^ , = -p= 7= , 

and then after some reductions 
_ (g - 6) Qt-X) -f 6 VZ -g V^ 



a? = 



\/;4-\/£-g + 6 



= 1^ (g + X-A* + VA) (6 + \ - /i* + a/5), 

^ (g-6)(X-M) + 6VA--aV5 
^ v/Z-V£-g+6 

= ^(g-X + /i*+VZ)(6-\ + /A + V5), 

and changing herein the signs of Vj., VjB, we have of course 
the coordinates of the four points in intersection: it will be 
observed that A and B being real, these are all real or all 
imaginary. 

154. To return to the original problem we must 
for a, 6, X, fi, x, y, 

write 1, ^,X^ -/i^a;^, -2/^ 

whence if now 

^ = 1 - 2 (\^-fM^) + {X^ + fi% 

(A and B being therefore, as is easily seen, each real and 
positive), and choosing the root for which the radicals have the 
sign — , we have 

and it is to be shown that we have oc^ positive and less than 1, 
y^ positive. 
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Writing for greater convenience 

so that a, )8, 7 are each real and positive, we have 

^=(l-a + /3)« + 42A £ = (7-a + /3)^+4a/3, 

whence the two factors of a? are each positive, those of y® each 
negative, that is a? and y' are each positive : but it is less easy 
to show that 1 — a?' is positive. 

We have thus, by means of the quantities sna, =a? and 
sni/S, =iyy determined analytically the functions a, ^, which 
are such that sn (a + ^i) = X + fiiy a given imaginary quantity ; 
it may be remarked that the solution, although under a some- 
what diflferent form, is substantially identical with that given 
by Richelot, GreUe, t. XLV. (1853), p. 225. 

In the remainder of the present chapter we work out the 
foregoing theories. 

Addition of Parameters, and Reduction to Standard Forms. 

■ Art. Nos. 155 to 175. 

155. We have 

n(72. A:, 6)= f "^t .-- 

^^ Jo(l+n8in«<^)\/l-^«sin»<^' 

or expressing only the parameter, and writing for shortness 
Vl-Ar»sin3<^ = A, 

^f d<l> 

Jo(l+n8in2<^)A' 

Consider the function 

__ sin (f> cos <^ 
'°'""(l + fsin^<^)A' 

where f is a constant. Taking also p a constant, we form the 
equation 

dtsr ^ d<^ 1 - (2 + g) sin« <^ + (1 -h 2 g) k' sin* <f> - gAr^ sin« <^ 
1 + p^a " A (1 + f sin2 <l>y(l - ^ sin^ <f)) + p sin^ <^ (1 - sin« <^) ' 



Tin 



I 
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where the denominator, being a cubic function of sin^ ^, maybe 
put = (1 + n sin^ <^) (1 + n' sin' <^) (1 + m sin' <^). The expression 

which multiplies -^ is then a fraction with this denominator, 

and breaking it up into partial fractions there is an integral 1 

part -r, , and we have 

l+ptsr' A If ■^l + nsin2</)H-n'sin'<^''"l+msin«<^r 
whence, integrating from <^ = 0, we have 



r J 1 + 



where the integral expression on the right-hand side is re- 
tained to stand for 

-r= tan"^ «r V^, (p positive) 

Vp 

or ^ log — ^ Z-f. , (p negative) ; 

1 — -BT V— p 

and we have thus an identical relation between three functions 
n each with the same modulus k and amplitude (f>, but with 
the parameters n, n\ m respectively. 

156. The relations between these quantities and the values 
of the coefficients A, A\ B are given by the equations 

nnm = — A'f', 

(1 +n)(l +n){\ +m)= ^''(1 + ?)' 

Qc" + n) (Ar' + n') (Ar» + m) = - A;'A?>, 

or, what is the same thing, 

n + 7i' + m = 2f - ¥ +p, 
7in' + m(n + n')= f»-2Ar'f-p, 
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Hence considering n, n as given, we have 

nn' "^(H-nXl+w')* 
or, what is the same thing. 



^ A'> + ;fc».l+«l + ~' 



71 71 



and then 



m = — 



nn 



and then further 

A' = {7i'3 + (2 + ?)^'' + (l + 2f)A;2n' + ?ifc"} -5- n' (n'- n) (n' - m), 
£ = {m3 + (2 + f)m2 + (1 + 2f) A;2^ + fA;^} ^ ^ (^ _yj ) (^ . ^y 

The reduction of the general formula is somewhat laborious; 
there are two important particular cases which it is as well to 
discuss separately : these ai*e 

f=.l(^ = ^), and f = 0(^ = ?i?:^^). 

TheiJaae ?=-l, t!r = *^J^. 

157. We have here 

m = — 1, 

nn = k\ 

{¥ + n){](?^-n')= ¥p, 

which last equation may be written 



{l^ + n)(^ 



A.+^) = A.p, 



or, what is the same thing, 

p = (l+n)fl + -V =0. 



n, 
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We then have 

and similarly -4'=1; also 5 = 0; so that the parameters w, n 
being connected by the relation nn' = k^, we have between the 
two functions 11 the relation 



Un + Un' = F + Jy^, . (/) Leff. p. 68* 



• I 



viz. a being positive, the integral, substituting therein for «r 
its value, is 

= i.tan-^^^^^»,. 
va A 

and a being negative it is 

1 , A + V^tan6 
log ^ 



2V— a A — V— atan<^" 



The Case ^=0, ^ = ?iE5^. 

A 

158. The general expressions are not immediately ap- 
plicable : they give in = 6 and then ^ = tv , but the two terms 

1 B 

■z and ^i r-T-T-are together equal to a determinate constant, 

f l-hmsm^<^ ° ^ 

the value of which, = — kf^/p, can be found by writing in the first 

instance f = 0: the formula becomes 

dw ^ / ^ A A' \ dif> 

l + p«r2~V p H-nsin2<^''"l + n'sin2<^j A ' 

or, what is the same thing, 

p jl + pisr^' 

* (/') is the formula thus designated, Legendre, TraitS des Fonctions 
ElliptiqueSf 1. 1. p. 68 ; and so for the other formula referred to in a similar 
manner in the present Chapter. 
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where 

n + n'^-Is^-^ p, 

nn = — p, 

. _ n^ + 2n + Ar ^ ^._n' + 27i'+ A;^ 

W (71 — 71 ) 71 (71 — 71) 

We have therefore 7i+?i'4-7in' = — k^, or, what is the same thing, 

(l+n)(l+n') = A;^ 

which is the relation between n, n\ And then writing 

and substituting for A/* its value we find 

J. n+1 j'-ii Af 7i'+l 
A = , and similarly A = — -, — . 

Moreover, writing for p its value, the formula becomes 

n n nn J 1—nnw^ ^ ^ ^ ^ 

which is the relation between two functions 11. 

159. The two formulae {f) and {g') enable us to perform 
the reduction of functions of real parameter. We may consider 
the four cases 

L n positive, = cot^ 6 ; 

sin 6 cos 6 
II. n negative and between 0, — Ar^, = — A;^ sin^ 6 ; 



V- a = cot ^ A (A?, 5). 

ni. n negative and between - h^ and — 1, = — 1 + A/^ sin^ 6\ 

/- A?'* sin d cos 6 

VOL ^— ' 

A(k\0) • 
IV. n negative and between — 1, — oo , = — - 



sin^^' 
V^=cot5A(A;, 5); 



122 THE THBEE KINDS OF ELUPTIC INTEGRALS. [T. 

where in each case the value is annexed of Va or V-a 
as'the case may be. Observe that in the cases I. and in. a is 
positive, or the function is circular: in II. and IV. a is negative 
or the function is logarithmic. 

160. It is very noticeable how the formuliB (f) and (/) 
give each of them a relation between two circular functions or 
two logarithmic firactions, but not in any case a relation 
between a circular function and a logarithmic function. Treat- 
ing n, n' as coordinates, we shade by vertical hues the spaces 




for which n is circular and by horizontal lines those for which 
n' is circular : the two curves nn' = k' and (1 + m) (1 + n') = A'' 
are then hyperbolas lying wholly in the spaces which are either 
cross-shaded or else white, viz. the corresponding values n, n' 
are both circular or both logarithmic. 
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161. In the formula {f\ taking n = — r-^ we have 
n' ^-^y^ SID? 6, and thence, substituting for a its value, 

__„ 1 , A + cotgA(A?, g)tan0 

" ■^2cot^A(A:, ^) ^^A-cot^A(A:, ^)tan<^' 

or as this is better written, 

^p, 1 , cot<^A(A;,<^) + cotgA(A;,g) 

2cot^A (A, ^) ^cot^ A(A:, </))-.cot^A(A;, ^) • 

This equation shows that a logarithmic function of parameter 
which is negative and in absolute magnitude greater than 1, 
may be reduced to depend on a like function where the 
parameter is negative and in absolute magnitude less than k^. 
The first-mentioned kind of logarithmic functions presents the 
difficulty that the function under the integral sign becomes 
infinite in the course of the integration (viz. for the real value 
sin^ <^ = — 1/n) : we therefore always consider the reduction as 
made, and attend only to the case where the parameter is of 
the form - k? sin^ 6. 

162. The formula (f) gives also a relation between two 
circular functions of positive parameter, viz. writing therein 
n = cot' we have n' = k^ tan' ; and the relation is 

^. ,-/ix Tx/T«^ «m ET . sin^cos^^ , A(A?', 5)tan<& 
n (cot«g)4-n(Ar^tan'g) = J'+ . .,, a\ ^^^ xn A- d n > 
^ ^ ^ ^ A(A?,^) A(A;, <^)sm^cos5 

which in &ct serves to reduce a circular function of positive 
parameter greater than A? to a like function of parameter less 
than k : but the original form 

is for this purpose equally if not more convenient. 
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163. The formula (g') gives in like manner a relation 
between two logarithmic functions, or two circular functions: 
as regards the first case observe that if n, n' are lioth negative 
they are both in absolute magnitude greater than 1 (viz. 1 + n, 
1 + nf are each negative) ; and we have thus a relation between 
two logarithmic functions with parameters of this form ; but 
such functions being excluded from consideration, the formula 
is not written down. There remains the case where the para- 
meters (being by supposition logarithmic) are each negative and 
in absolute magnitude less than kf^ : viz. writing n=^k^ sin* 0, 
n'^ — k^ sin^ \, the relation between the parameters is 
(1 - Ar^ sin^ ^) (1 - A;* sin^ X) = P, or what is the same thing 
(cos^ 5 + A?'* sin2 5) (cos^ X + A?'2 sin» X) = A?'«, or as this may be 
written (1 + A'^ tan* 0)(1 + k'^ tan* X) = k'^ (1 + tan* 0) (1 + tan* X), 
whence finally the relation is 1 = A?' tanX tan (answering it will 
be observed to the transcendental relation F0 + F\ = Fj), 

We then have 

l+n 1 + A?'* tan* 5 k'\ ^ , ,^, A/* 

= 7l(-l-tan*X), =- 



n -A^tan*^ ' A;*"^ ^' A;*cos*X' 

and completing the substitution, the formula becomes 

cos* 0U(-k^ sin* 0) + cos* X D (- 4* sin* X) 

yy 1 . /I • ^ 1 /A0 — A;* sin 5 sin X sin <& COS 6\ 

= i^ + ^singsinXlog - .^ . y^ - /i - > - I ^K 

2 ^ VA<^ + A^ sm ^ sm X sm <^ cos </)/ 

where as above 1 = A?' tan tan X. The formula enables the 
reduction of a logarithmic function of parameter — A:* sin* 
in absolute magnitude greater than (1 — k') (or for which 

tan > 1/VA;') to a like function of parameter in absolute 

magnitude less than (1 — A?') (or for which tan5<lVA;'). 
But it is convenient, not using the formula, and therefore 
without thus restricting the value of 0, to retain — k^ sin* as 
the expression for the parameter. 

164. In the same formula (g^) if the parameters are both 
circular they may be taken to be 7i=cot*^ and7i'=— 1+A?'*sin*5; 
and the formula becomes 
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_ A:* sin* 6 „ sin ^ cos 6 _^ sin ^ cos <^ A {k\ 6) 
"l^k'^sm^e ^ ^{hf.d) tan (9 A (ifc, <^) ' 

which is a formula for the reduction of a circular function of 
positive parameter cot* ^ to a circular function of negative 
parameter — 1 + A?'* sin* 0. 

165. The above formula 
cos* ^ 11 (- A;* sin* 0) + cos* \ H (- A* sin* X) 

= i^+isingsinXlogf tt"t''''^'^''^'^''f''t l 
^ ^ VA^ + Ar'sm ^smXsm^cos0/ 

may be written under a slightly different form : viz. expressing 
it first in the form 

cos* ^ [IT (- Ar» sin* e)-F]^ cos* \ [IT (- A* sin* X) - i?'] 

= (1 - cos* ^- cos*X) jP+i sin ^sinX logft, 

and dividing the whole by sin^ sinX; then reducing the 
coeflScients of the several terms by means of the relation 
1 = A?' tan X tan 6, and finally restoring the value of H under 
a slightly altered form, the equation becomes 

u sm X 



sin 



A;* ^ /I TT 1 1 /A' A6 — A;* cos X cos 5 sin 6 cos <f)\ 

where as before 1 = Ar' tan X tan ft 

166. If to fix the ideas we consider herein 5, X as positive 
and less than Jtt, then writing ^' = tt — X, the relation between 
6, ff will be A' tan ^ tan ft = — 1 {0 and ft each positive but 
ft < Jtt, ft > Jtt). Substituting for X its value tt — ft the 
formula becomes 

«_S^^_^i [n (- ;fc» sin» ^) - i*] - ^^^ [n (- ;fc» sin« d') - ^ 

Sin ^ *■ ^ ^ ^ sin ^ '- ^ ^ -" 

I? ^ /v Ti 1 1 /A' A<f) + Ar^ cos 5 cos ft sin <f) cos <f)\ 

= - 77 cos ^ cos ft.-F + * log TT-T-^ 77 Z /y - T T , 

h . a & \j^ ^^ — &* COS COS ft sin <^ cos ^/ 

which is a form used in the sequel. 
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The general Case resumed. 

167. Returning now to the general equation 

dtsr 



AYln-V A'lin' + BUm + 






write n = — k^ sin' p, 

n' — — h^ sin' g, 
m=-A;'8in'^; 

then introducing these values we have 

f = — h^ sin 2) sin q sin 6, 

p = — TT^ cos' 2) cos' q cos' ^, 

F' (1 + 0" = (1 - *" sin'p) (1 - A:' sin' g) (1 - A'sin' ^) ; 
or writing this last under the form k' (1 + f) = Ap Ag A^, we 
have K {1 — A?'sin|)sing8in^)= Ap Ag A^ 

as the relation between the parametric angles p, q, 0. This 
is in fact equivalent to the transcendental equation 

Fp + Fq-FO^F^^O, 

and it suggests the introduction into the formulae in place of 
d, of a new angle ^, such that Fd + J^i = Fff and 'consequently 

Fp + Fq-FB" =0. 

168. But let us first express B in terms of the original 
angles p, g, 0. We have 

P^ m«+(2 + g)m'4-(l+2g')Ar'm4-?A:' , 
m (m — 7i) (m — n') ' 

the numerator is 

— kf^ sin* 

+ (2 — Ar^ sin ^ sin|) sin q) k^ sin* 
+ (1 - 2*2 sin ^ sinp sin g') . - A;* sin' ^ 

— A;* sin ^ sin p sin q, 
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= -i*sin [sin ^ (1 - 2 sin« ^ + A^^sin* 6) 

+ sin ;) sin g (1 - 2A;* sin^ ^ + A;* sin* ^)], 

= — Ar* sin ^ [(sin 6 + siup sin g) cos' 6 ^^0 

— A?'* sin" ^ (sin — sinp sin g)], 

and the denominator is 

- *;• sin» (sin« - sin" p) (sin" ^ - sin" q\ 
whence 

c os" ^ A"^ (sin g + sinp sin g) — k'^ sin" ^ (sin ^ — sin p sin q) 
yfc" sin ^ (sin" - sin"p) (sin" - sin" q) * 



£ = 



169. 
forms 



The relation beween 0, ff may be written under the 



sin = — 



cos^ 



cos ^ = 



k* sin & 



A^= -^ 



A^' 

*^ 
A^ 



sin^ = 



cos^ = - 



cos^ 
"AfiT' 

jfc'sin^ 



A^ 



A^' = 



A^- 



Hence in the last-mentioned expression of B, the nu- 
merator is 



in"^/ cos^ . . \ jfc'" cos" ^ /cos 5' . . \ 



Ar^sin"^/ cos^ 

~A 



which is 

= ^, [A;'" sin" ^ (- cos ^ + sin p sin q A^O 

-f- cos"^' A" ff (cos 0' + sinp sin 3 A^)]. 

But in virtue of the relation between p, q, ff we have 
cos & = cos|) cos g — sin ji sin q A^', 

or the numerator is 

• A;'" 
~ A6^ [A?'" sin" & (cos|) cos Q^ — 2 cos &) + cos" ^ A"^ . cos j!> cos g'], 

A;'" 



say this is 



A«^ 



n. 
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Then we have 
ft cosp cos g = (co8» ^ A» ^ + A?'2 sin2 ff) cos^p cos* q 

— A?'* sin* ff . 2 cos JO cos q cos ^. 
But 

1 — cos*p — cos* q — cos* ff — ]^ sin*2) sin* q sin* ^' 

= — 2 cos|) cos q cos ^, 

say JB sin* ^ — cos* p — cos* g = — 2 cos|) cos q cos ^, 

where i2 = 1 — Ar* sin*!? sin* 5^. 

Hence 
ft cosp cos g = (cos* ^ A*^ + A?'* sin* ^') cos^p cos* g 

+ A?'* sin* d' (R sin* ^ - co8^p - cos* 3), 

= (1 - 2Ar» sin* ^ + A* sin* ^') COS*;) cos* y 

+ A'* sin* ^ (R sin* ^' - cos*p - cos* g), 
= cos*p cos* q 

+ sin* ^ [- 2A:* cos^p cos* g' - A:'* (cos* |) + cos* q)], 

+ sin* 0" [A:* cos*;) cos* g + A;'* (1 - A* sin^j^ sin* g)], 
which is 

= cos* J!) cos* g 

- sin* 5' (cos* jj A* 3 + cos* g A* ;)) 

+ sin* 0" A^p A* q, 
= (cos*p - sin* 0' A*p) (cos* g - sin* 0" A* g), 

so that the numerator is 

A;'* 1 

= x^ (cos* « - sin* 0' A* ») (cos* q - sin* ^' A* a). 

A*^ cosjt) cos g' ^ -r/ \ :i ^/ 

170. The denominator is 

** cos ^' / . , cos* ^\ / . , cos* 0\ 

"-A^l^"^^- A^jr^^---^rj' 

which is 

= - ^"g, (cos^ ff - sin^p A»^') (cos» ^ - sin' j A^^), * 

A:* cos ^' 
= ,gg, (cos* ;) - sin* ^' A*;)) (cos* q - sin* ^ A*y) ; 
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vrhence 



y? cos 2) cos q cos ff * 
Write 

^^ -Ay / -^y_ \ 

Ar* sin y cos^) cos 3 \ A;" cos p cos g cos 0/ ' 
then 

o ,, A'^sin^/ __cos^A^\ 

and similarly 

sm|) 

Sing 
171. The equation is 



or since 

? 
this is 



A(Jln-F) ^^ A' (Tin' -F) -k-BiUm- F)-\- F = { ^ _,, 
that is 

sinp ^ ^ ^ smg^ ^ ^ ^ sin^ ^ ^ 

Jlf-Jl { ^ 



* We have f = - h^ sin j) sin g sin ^, 

= fczsinpsing-^j^, 

and henoe this equation is 

-Ag^ jcospAp cosgAg As'^sin^ 



/c^sin^cos^oosg ( sinji sing oos^' 

A^ 



n^) 
'Ad'J 



=1- 



^^sinpsingoos^' 
an identify which may be verified. 

C. ^ 
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where lip, &c. are written in place of n {—k^sin^p), &c. We 
have 

— A' k^ 

M-fz ^, p = - T7I cos^ » eos» g cos' ^, 

i^cospcosgcos^ ^ k^ ^ ^ 

hence 



1 r djsr ^ k^ 

MJ l-{- p^^"^ MJi^cospcosqcosO 



k^ cosp cos q cos 6 sin <f> cos ^ 

-y k^cospao^qcosO sin <^ cos <^ ' 
V~. (H-fsin^<^)A 

and the formula thus becomes 

= T7 cos p cos q cos 6 . J^ 

- , k'{\ + f sin^ <^) A<^ — k^ cos p cos g cos d sin <^ cos (f> 
^ ° F(l + f sin* <f>) A<J!) + A;* cos p cos q cos ^ sin ^ cos <;^ ' 

172. Representing, for convenience, the logarithmic term 
by ^ log II, so that 

__ F(l— A^*sinpsingsin^sin*<^)A<^— Ar^cospcosg'cos^smc^cosKt 
"~ A'(l— Ar^siiipsiii9'8iii^sin*<^)A<^+Ar'cospcosg'cos^sin0cos^ * 

= p^ suppose, 

we have, ante No. 165, writing ff for X, and — ^ for ^ (thereby 
passing from the relation jPi = FX + F6 to the actual relation 
F^^Fff^Fe\ 

cos BAd.^a „v cos ^' A^' /TT^y ETx ^* /) /y rr 
^.--TT- (n^ -F) ^—nT- (n^ — -T) = - TT COS ^ COS ^ . ^ 

sm^ sma ^ ^ A? 

- , k' A<f) + k^ cos ^ cos ^ sin 6 COS 6 / - , i2 + Sf \ 

and using this to introduce into the formula 

Sin ^ ^ ' 
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in place of 

sm ^ 

the formula thus becomes 

Sin 2) ^ smtj'^ ^ sma^ ^ 

= -g (cosp cos g - cos ^) cos ^ . 1^+ i log Zp^r/^j^^ > 
where the coefficient of F on the right-hand side is 
T7 sin 2) sin q A^' cos ^, = A;^ sin j!> sin 5^ sin ff, 

173. Introducing into the logarithmic terms ff instead of 
6, we have 

7i r\ 7//n . 7„sin» sing cos ^' . , . \ . . 
P-Q = A:(^1 + A;« A^ sm^i^jA^ 

or, multiplying by A^ and omitting the factor k\ say 
P— Q=(A^'+i;%in2)singcos ^sin^^) A<^— A:*sin ^cosjpcosg'sini^cosi^, 
= [A^ A<^ — Ar* sin 6' cos ff sin <^ cos <^] 

+ A:*8in^'sin^cos<^[(cos^— cos|)cos^), =— sinpsing A^] 
4- A:* sin 2) sin g' cos d' sin' ^ A^, 
= A^' A<^ — k^ sin ^' cos ff sin ^ cos <^ 
+ 1(^ sin 2) sin g sin <f> [cos ^ sin <^ A^ — cos <^ sin ^' A^'] ; 
and similarly 
P + Q = Ad'A<f> + Id^smff cos ^ sin ^ cos ^ 

+ A:* sinp sin g sin ^ (cos ff sin <^ A^ + cos ^ sin ffAff). 

Also 

x^ « T / A . J^k' sin ^ cos ^ sin 6 cos A 
i2 + fif = A;'A<^ + -^ ^ ^, 

or, multiplying by Aff and omitting the factor k', say 
K + fif = A^' A^ + Ar» sin ^ cos ^ sin ^ cos ^ ; 
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and similarly, 
jR — S = A^ A^ — A;" sin ^ cos ^ sin ^ cos ^. 

174. Write for shortness 

A^ A^ — A:^ sin ^ cos ff sin <^ cos ^ = -4, ' 
t^ff A^ + A;" sin ^ cos ^ sin ^ cos <^ = A\ 
cos ff sin <^ A<^ — cos ^ sin ^ A^ = 5, 
cos ^ sin ^ A^ + cos ^ sin ^ A^' = 5^, 

then the logarithmic term is at once expressible in terms of 
these quantities, and substituting in the formula, we have 

cos y Aj, _ cos g Ag _ cog^ 

,„ . . . /v i:t 11 [-4 + A;^sin»singsin<f>.B]il' 

which is in fact the formula connecting the three functions 
lip, Ilg, n^', or in the original notation 

n(-Ar»sin2jp), Hi^-le^m^q), H (- fc^ sin» ^0 ; 

the angles 'p, g, 6' being, it will be remembered, connected by 
the algebraical equivalent of the equation 

F'p-\'Fq-Fff ^Q. 

175. This apparently complicated formula is wonderfully 
simplified by introducing into it Jacobi's notation ; viz. writing 
sinjp=sna, sing = sn6; and therefore sin^ = sn(a + 6); also 
sin ^ = sn M ; then omitting a common factor Y — ]^ sin^ & sin^ 0, 
we have 

A^ dn (a + 6 + w), 

-4'= dn (a + 6 - u\ 

-£ = sn (a + 6 - w) dn (a + 6 + 1^), 

-B* = sn (a + 6 + w) dn (a -f 6 — w), ' 
and the formula becomes 

n(M, a)-fn(w, 6)— n(w, a-f 6)=^snasn6sn(a + 6).t^ 

r 

1 ^ 1 — A;^ sn g sn & sn (g 4- & — iQ sn tA 
^ l + A;^snasn6sn(a + 6 + w)snt*' 

viz. it is in fact a formula for the addition of the parameters. 
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Interchange of Amplitude and Parameter. Art. Nos. 176 to 188. 
176. Starting with 

Jo(l+n8in«<^)A' 

and taking throughout the integrals in regard to &om thi^i 
inferior limit 0, we have 



n 



dli I — nsin^ <l> d<l> 



i — wsm 
j (l + nsi 



dn J(l + n8in*0)»A' 
J (l + n sin" <^)2 A 



^* -n. 



Sk" 1 /« A"\ 1 /« da\ 

n" n\ njn\ dnj 



But writing a = (1 + n) ( 1 H — ) we have 

n] (l + /^sin»(^)"A~TT^"Sn«^" n»J ^i + ^s^9; ^ 

/ 2 + 2^ 3^ f # . 

'^V'^ n ■*" n»yj(l+nsin"<^)A' 

as may be verified by differentiation : or since 
ifc»[(l + w sin'i^) ^ = (Jfc» + n) ^- w^, 

- , 2 + 2Ar» . 3A;» 1 
n 
this is 

2gr d^ _ Asin < ^cos^ Ar' y_l .yy_ yr. 

wJ(l+nsin2^)2A l-fwsin^c^ n» w^ '^ 

viz. we have 

2a ( r d<l> rrl — ^ sin ^ cos <^ _ ^ F 

n tJ(l + nsin20)»A"' j""T+n8in*0 n« 

177. This equation may be written 

dn l + wsm*^ n^ n^ ^ ■ dn 
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or, what is the same thing, 

^ ^ 1 +nsin*0 w" ^ n 

viz. multiplying each side by ia~i, this is 

d.nVa = iAsin<^cos^ ^ ~-:^J(^F—,, 

(1 + n sin^0) va n* va 

n vo 

where of course a, = (1 + n) ( 1 H — ) , is regarded as a function 

of n. 

Integrating each side we have 

nVa = a + iAsin<^cos<^f- ^^ ^^j^pf-^ 

^ ^ ^J(l+nsin2^)Va ^ J nWa 

J nwa 

where the constant of integration may of course be a function 
of k, <j), but it is independent of n. 

The formula is simplified by representing the parameter n 
under any one of the foregoing forms cot^^, — 1 +A?'2sin'*^, 
— Ar* sin* ft The last is the most interesting case, but it is proper 
to consider them all three. 

First case, n = cot* ft 
178. Here 

sm^ sin 5 cos ^ 

and the equation becomes 

sSTc^^^^"^ + ^^jcos*eA(ifc',e)"*"^^"^^JA(ifc', ^) 

cos^ddd 



— A sin 6 cos 6 I -p-r 
^ ^ J (si] 



(sin* + sin* cos* 0) A (fc^ 0) ' 

where the integrals in regard to may be taken from the 
inferior limit 0. 
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The integral 
and we have 

Moreover, writing cot' <l> = n' we have 

... ^ f cos^dde 

^ ^J (sin^ + sin» ^ cos* ^) A (A? , ^) 

Asin^ r dg A C d0 

co8<^ j A(fc', ^)'*"sin<^cos^j(l+w'sin«^)A(A;', ^)' 

= . ^^F(k\ 6) + ^-#-^ n K &', 0). 

co6<f> ^ ' ^ sm<^cos<^ ^ ^ 

Substituting these values and for greater clearness writing 
n (n, k, <^), A (k, <l>\ F(k, <f>\ E (ifc, <f>) instead of H, A, F, E, 
putting also for G its value =i7r, determined as presently 
mentioned, the formula is, (w = cot^ 0y n' = cot' ^) 

sin ^ cos ^ ^ ' ' ^^ sm ^ cos ^ "^ 

(i') Leg, p. 133. 

= *^-^^^(*'' ^)^(^' *)-^c^^(^' *>^(*'' ^> 
+ jP(Jk, 4>)F{kf, 0)-F{k, 4>)E{I(^, 0)-'E(k, <f>)F(k\ 0). 

179. If in the formula, instead of Jtt, the term had been C, 
then C is independent of 0, and by the symmetry of the 
formula it must be independent also of 0: it is thus an 
absolute constant : to determine its value take 0, <f> each 
indefinitely small : then 

. F{k,<l)) = E(k,<l>)^<f>, F(k\0)==E(l(f,0)^0, 

n(n,A;,^)=f^— ^^.^ = -^tan-i<^\/;i = ^te^^^ 
^ ' ^^ J 1 + n sin' 4> *Jn 

and similarly 

n(w',A:',^) = <^tan-^|: 
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we have therefore 

(7= taii-i| + tan-^ |, =i7r, 

which is thus the value of (7. 

180. Write = j7r — ft), a> being indefinitely small: then 
n' == cot^^ = tan^ft) = o)^ is indefinitely small, and therefore 

jj. , w ^v f d0____[_d0_ , f sin^edd 



and thence 






sm^cos^ \ » .» / cos^ ^ 

cos ^ Vsm 9 i-j \ ' / QQg ^ sin 9 j A (Ar , ^) 

The coeflScients on the right-hand side are 



1/1 . -\ cos A , 71 ft) 
I sin rh I - = -= — ^ 



. A cos^ , -' -2 

sm <f) I , = -J— T and 
^/ su 



cos <^ Vsin <l> J ' sin ^ cos <f> * cos ^ ' 

viz. writing cos = ft), these each contain the factor ft), and the 
function on the left-hand side is thus = 0; hence the equation 
becomes 

siT^?^"^(^^ Wi.^.p.l34. 

+ F,kF {k\ 6) - FJcE {M, 6) - EJcF{k\ 0\ 

viz. we have thus an expression for the complete function 
III {n, k) in terms of the functions of the first and second 
kinds. 

k^ 

181. If in this equation we write — in place of n, and 

k^ 

assume also — = cot^ X, so as to write X in place of 0, we 
have 

sin \ cos \ \n J cos\ 

+ FJeF^U, X) -FJcE{y, \) -E^kF(k', \). 



sin 
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182. Adding the two equations together, we have 
ID.0COS0 ^ smXcosX \n / 

+ FJe{F{U, ff)-\-F{y, \)-E{l<!, d)-E(if, X)} 
' -E,k{F(k',0)+F(k',\)}. 

But in virtue of cot'^ cot'X = k', or k tan tan \ = 1, we have 
F(k',0) + F(Jif,\) = FJc', 
EQ<f, 0) + E (k', X) = E^k' + A/» sin X sin 0, 
and further 

. cos^ Ajsin^ A/^/^\_ ^ 

A jk'. X) ^ A (K 0) ^^ 
sin \ cos X sin cos ' ' 

sinXA(fc', \) r • ,> sin^A(A;', ^) /- . .^ 
cos X cos a 

hence the equation becomes 

VS in, (n. k) + n. (^ , ft)| 

= -jr + FJc { Vo (sin» ^ + sin> X) - Itf^ sin sin X} 
+ Frk {F^k' - EJi!) - EJeFJ<f. 

183. But we have 

' . ,^ . ,, ,^ cos«^ &'« sin« ^ co8» ^ A;'2 

l.sm»^-sm^X = cos«^-^,^jp-^ = ____,=«_ 

that is 

sin2^+sin«X = H-— or Va(sin2^+sin«X)=Va+ -^, 

« Va 

. ^ . ^ sin ^ cos 1 
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whence on the right-hand side the second term is FJcJa, 
or the equation may be written 

Va |ni(n, k) + n, (^, k) - fA =',r-^FJeFJ<f-FJeEJe'-BJeFj<!, 

which is in fact a consequence of two former results 

n,(n, k) + n, (^ , &) -FJe = *^ . 

and 

FJcFJc'-FJcEJc'-EJcFJc = - Jtt, 

viz. the equation is hereby reduced to the identity ^ = tt — Jtt. 

Second case, n = — 1 + A?'* sin^ft 

1 o>i TT /- A;'^ sin ^ cos 6 dn ^j^ . ,, , ^. 

184. Here Va = — wj^t-^x - » j==^2ddA (kf, 6), 

and taking as before the integrals in regard to 6 from the 
inferior limit 0, the general equation, ante No. 177, becomes 

fc^^singcosg ^ .p j^f de J „ [ dd 

... . r d0.A(k\ 6) 

+ A sm cos p I — r-, r^'—r/-' r . 

^ ^j cos'^ + fe'^sm^'^sm^^ 
We have 

, { dd 1 rr/T/ /ix ^''^ sin ^ COS 5 

moreover, writing 

A'» tan" <^ = «', 
we have 

. ^ f A(F, g)dg Asin^ /•A( A;', 6)0 6 

Asm0cos0J^^g,^_l_^,,g.^,^g.^,^, --Qg^ il+n'8in»<^' 

^_Ac^ A 

smp sin 9 cos ^ \ » t / 
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Making these Substitutions, and writing also A (A?, <f>) instead 
of A, &c., the formula becomes 

^'^k\ 1) ^ f " ^""^ ^>4>)'^ (*' <^)] (0 Leg. p. 138. 

= -^-% [n K. f^'» 0) - COS' 6 F(k\ 0)] 
sm ^ cos ^ ^ ^ ^ r \ ' /J 

+ F(k <l>)F(k\ 6) 'E{k, <i>)F{k\ d)-F(k, <t>)E(k\ 0), 

the value of the constant C being here = 0, since the two sides 
each vanish for ^ = 0. 

185. Write <l> = Jtt — cd, q) being indefinitely small ; it is 
to be shown that 

^^ [U in', k; 0) - COS' 4> F(k', 0)] = i.. 

which being so, the equation becomes 

= ^7r-¥F,kF(lc\ 6) -EJcFQd, d)-F,kE(I(/, 0\ 

giving the value of the complete function IIi (n, k) for the form 
in hand n = - 1 + A'* sin" 6. 

186. As regards the subsidiary proposition, observe that 

k'^ 
if) = Jtt — Q) gives n = hf^ tan' (= K^ cot* ©), that is — = cot' 0, 

= tan' ft); so that from the first formula in No. 162, writing 
therein k' for fc, and interchanging 6 and ^, we have 

n {n\ k\ ^) + n (tan'ft), k\ 0) = F(k\ 6) 

sin<^ cos <^ X _i A (A;, <^) tan 
'^~K{k,~^ sm(l>co8<f>^{k\0)' 

but, tan ft) being indefinitely small, 

n(tan'ft), fc', 0) = F{kf, ^) + ft)'Jlf, 
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^here M is finite : the equation thus is 

^ ^ A(a;, ^) sin^cos^A(A, ^)' 

that is 

Sin 9 cos 9 ^ ^ sin 9 cos 9 sin 9 cos 9 A(A;, a) 

or putting herein <^ = W — w, then since r vanishes, and 

^ ® 7- 4 > cos^ 

the function under the tan~^ becomes infinite, we have 

Sin ^ COS ^ ^ '^ '^ 

whence the required relation. 

Third case, n^-k^ sin» 0. 

187. Here Va = iA (A;, 0) cot ^, -= = - . ., ^. , and the 

V a ^ W ^; 



where as before the integrals in regard to may be taken fix)m 
the inferior limit 0. Since in the present case the modulus as 
regards both the <f> and the functions is k, we may instead 
of A (i, 0) write simply A^ and so F0, E0, We have 

and moreover writing w' = - A;« sin^ ^, then 

r jfc^sin^gdg r A;^sin^gdg 

j(l - ifc* sin^ 6^ sin^ ^) Afl *" J (1 + ri' sin« 0) A0 ' 

^ [U(n\0)--Fef]i 



sin*^ 
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whence the formula becomes (w = — A:* sin* 0, n'^^i^ sin* <f>), 
cot A0 [11 (n, if)) - Fif>] = (nT) Leg. p. 141. 

coir^Aif) [n (w', ^) - F0] + jE?^ ^4^ -F0Eif>, 
the constant in this case being evidently = 0. 

188. Writing <^ = Jtt we have 

n^n - J\ = ^ (Jf\^^ - ^iJ'^), {p') Leg. p. 141. 

which is the value of the complete function XIiW, or say of 
Hi (n, k)y for the form n^ — l^ sin' 0. 
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CHAPTER VI. 

THE FUNCTIONS 11 (u, a), Zu, &U, Hu. 

189. The functions referred to all depend on the naodulus 
Tcy which may be expressed when necessary : as regards H (Uy a) 
this is seldom required, but the other functions will be fre- 
quently written Z{Uy k), &(u,k), H(u,k), so as to put the 
modulus in evidence. 

Introductory. Art. No. 190. 

190. The function IT (u, a) has already been defined as 

A;^ sn a en a dn a sn^udu 



-I 



l-Ar^sn^asn^^^ ' 

and the several properties already obtained for the function 
n (n, ky <f>) admit of being translated into this new notation. 
But in the present chapter the theory is established in a 
different manner, by expressing this function 11 {Uy a) in terms 
of the new function @u. This function @u may be considered 
as originating from the function Zuy which has already been 
mentioned as introduced in place of the function E (k, <f>), viz. 
writing E to denote the complete function EJc, we have 

Zu = u(l --f^]-- k^Jo sa^u duy 

or, what is the same thing, 

= — -^t^ + Jo dn'^ u du. 
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The new function %u is in fact 

fWK /o^^« ^ / WK ^-i^u^+JoduJ,du6nh, 

/2k'K 
where the exterior factor a/ is fixed upon for reasons 

which will appear : the original function Zu is thus expressible 
in terms of the new function 0^^ and its derived function, viz. 

we have Zu = ~^- , but the employment of the sjnnbol Z as 

a separate notation is nevertheless convenient. 

The function &u is one of a series of four functions, &u, 
e(u + rK% &(u + Kl &(u + K + iK'); but it is found con- 
venient instead of &(u + iK^) to introduce a new function 
Hu, and write the four as ®u, H% &(u + K\ H{u + K). 

The following article is in the nature of a lemma. 

Values of lI(u-\-a, a) in the three cases a = JijBT', a = JjBT, 
a==^K + ^iK' respectively. Art. Nos. 191 to 193. 

191. We have 

d Tt / \ Ar^ sn a cn a dn a sn^ (t* + a) 

J- II (u + a, a) = — :; TT — T-r-^ — r— ^ : 

du ^ ^ ' ^ l-&2sn2asn2(w + a) 

first if a = ^iK\ we have 

sn^iiT', cnJiiT', dnJtZ' = -^, ^^^^, ^^l+^, 

o/ 1 .T^/x 1 (l + A?)snw + icni^dnt* . . ^j .^j,^ 
^ ^ ^ A;(l + A;)snt^ — icnt^dnw 

The right-hand side of the foregoing equation is therefore 
a fi-action, the numerator of which is 

ik{l + k) [(1 -{- k)snu-\-^icnu dn u], 

its denominator being 

k [(1 + A;) sn 1^ — i en t* dn 1^] -J- A? [(1 +k)snu+icnu dn u], 
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viz. this is =2A:(l+i)8n2^, a mere multiple of siim: and we 
thus have 

en u dn u d ^ , . . . 

or observing that ^^-r- log sn u, and mtegratmg so that 

sn u CuiL 

the value may vanish for w = — Ji-K'', we have 

ii(l+Ar)(i^ + iiir')-ilog8nw + ilog(^'). 

192. Secmdly a = JZ, 

1 VF _ 

sniJT. cniJT, diiii: = ^=^, ;^^=p, VA;'. 

o / . 1 rr\ 1 dn t* + (1 + iO sn w cn w 
^ ^ ^ l + A?'dnt*-f(l-A?^)snwcntA' 

and then 

(1 + A/) sn w en u 



An(«+i^, ii:)=i(i-&'){i + 



dnt^ 



or observing that 

d y , — A^snwcnw 

•j- loff dn u = 3 , 

du ° dnu 

and integrating so that the value may vanish for u = — J^, 
we have 

n(2^ + iir,Jir)-i(l-A;')(t^ + J^)-ilogdnu + Jlog>/F. 
193. Thirdly a = ^K + \iK\ 

snafu + i^+ i 7f '^ = ^ "*" ^^' e n m- (A? - tfe") sn ^ dn u 

^ A? cnw + (A? + iA;')sni*du«A' 
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and then 



i(k+ik') 



(k — ik') sn u dn u] 



= i(A; + ii') + i 



cni^ 
sn 2^ dn t^ 



cnu 
whence observing that 

d , — sn 1^ dn i^ 

-:=- LOS cnu=: , 

ail ° en 14 

and integrating so that the value may vanish for 

we have 

n(u + iK + ^iK\ iZ+ ^iK') = 

The Functim Zu. Art. Nos. 194 to 199. 

194. We now proceed to consider the function Zu: it has 
already been, ante No. 135, seen that we have here the addition- 
equation 

Zu + Zv -- Z {u ■¥ v) ^ k^ ^nu ^nv sn.{u -^ v). 
We have as before Z(K) = 0, and therefore also 

^(iz)=i(i-n 

195. Starting from the equation 

Zu=^ — -j^u +/o dn^i^di^, 

and writing herein iu for u and k' for Ar, we have 

E' 

Z{iu, k') = — j7r,iu + { Jo dn* (iu, k') du, 

(which observing that dn (iu, k') = may also be written 

E' . . r dn* 14 



. r dn* 14 , \ 

% — T— du 1 ; 

Jocn*t4 / 

c. V^ 



= — -^ tt4 + ^ 
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and it is to be shown that we have 

^ sn^dni^ ITU ,, 

I stop to remark that u being indefinitely small this equa- 
tion is 

which is true in virtue of 

E E - IT 



u 



K' K' 2KK" 

196. To prove the theorem, we verify without difficulty 

that 

d sn u dn 1^ , „ dn* u 
-j =dn2w + — 1: 

we have therefore 

du xinu ^ ^ 

or integrating from t* = 0, 

sn i« dn t« 



cnu 



= Jo dn^ I* du +/o dn* (iu, i') du — u. 



But the integrals in this formula are 

= Zu + -^u and — iZ (iu, k') + -^,u 

respectively, and substituting these values and reducing by 

E E _ IT 



K^K' 2KK" 

we have the required formula 

197. Writing in this equation u = i^', and observing that 

Z(- iT', y)^-Z (K', AO = 0, 
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since Z(K\ hf) is what Z {K) becomes on writing therein k' for 
k, we have 

which is infinit<^ = A;/, if / is the infinite value of sxiiK\ 
Writing in the addition-equation u=^v^^iK\ we have 

2Z (l iK') = Z {iK') + Jfc» sn« ^iK' sin iK\ 

1 — cntX' 
or substituting for sn^ JijBT' its value = = — ^ — r^, this is 



= siniiT' 



(dni/r ^(l-cniir')l tV 



\cuiK' ' l + dni^' | 2K' 

w^here the first term is 

sin JK' (dn iK' + ib^ en iZ^ + k'^) 
cniK'il-^dniK) ' 

and substituting herein for sin iK\ en iK', dniK^ their values, 
= /, — t/, ~ iki respectively, and then making / infinite, the 
term is = i(l + k), and we thus obtain 

It will be recollected that 

Z(^K) = ^(l-k'), 

and we thence by the addition-equation find 



1 98. Starting from 



Zusc — -^u+Jo dn' u du, 



10— 1 
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we have 

E 

Z{u + a) = — -^ (w + a) + /-a dn» (u + a) du, 

E 

= — -^ (w + a) + /o dn*-' {u + a) dw + j; dn^ w dt* , 



that is 



Jo dn^ {ii •\- a) du =^ j^u -\' Z {u + a) — Za, 



And similarly, observing that Z(— a) = — Za, we have 

E 

/o dn^ (tA — a) dw = -^ t* + -Z' (w — a) + ^, 

whence 

Jo dn^ {u + a) diA — /o dn^ {u — a) di* = Z (t^ + a) — Z(t^ - a) — 2-^a. 

199. We find without difficulty 

d cnt^dnt^ cn^t^ , 

-J = z dn^i^, 

all sn u ^n^ u 

= dn^ (u + iK') - dn^ m, 
and thence 

sn^^ j \ / j 

^G + Z(u + iK')-'Zu, 
To determine the constant, write t^ = — JijK"', we have 
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or substituting for the functions of \iK' their values, this is 

t(l+Ar) = C + i(l + A)-^. 
and therefore 

hence the equation is 

cni/dntfc iir „, .r,,v ^ 
sn 2^ 2 A ^ ^ 



if%« Function &u. Art. Nos. 200 to 202. 

200. The definition has been given at the beginning of 
the present Chapter. 

0w is obviously an even function, 0(~?i) = 0i*; and we 
have 00 



IWK 



We have 






and therefore also 



%{iu, k) = W 6 ^ 



201. From the equation 

^ snwdni/. Trtt .^,. ,,v 

multiplying by du and integrating from t* = (observing that 

sn adn ad, . , 

= — -f- lofif en u), we have 

cnw du ^ ^ 

Jo Zudu^- log en u - A^^f + iJoZ (iu, k'\ 
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and taking the exponential of each side and expressing the 
values in terms of we have 

202. From the equation 

„ Cni^dnW ^TT . «. .rr,\ 

sntA 2 a 
we deduce in like manner 

BViU ^ 

and, in order to determine the constant, writing herein 
u^i — ^iK', we find 

a = -sinit^V*^=-~-« ^^' 
whence the equation is 

an equation which will presently be proved in a diflferent 
manner. 

Expression of 11 {u, a) in terms of ®u. Art. No. 203. 

203. We have 

. , . 2 sn t* en a dn a 

^ ^ ^ 1 — Ar sn^a ^rru 

. . . . 2 sn a en -M dn t* 

sn (t^ + a) — sn (1* — a) = ^^ — fz — -r- , 

^ ' ^ ^ ^ 1 — Aj^sn^asn^i^ 

* This is in effect Jacobi's formula, Fund. Nova, p. 163 (6), viz. interchanging 
therein k and k\ it becomes 



mfi 



9(0, fc')" e(0,fc)' 

that is 



irit* 



or substituting for 9 (0, kf), 9 (0, k) their values, this is the formula of the text. 
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and thence 

^ , . . , . . 4 su a en a dn a sn tt CD w dn w 

_^ d an a en a dn a sn' t* 

as is at once verified from the relation ^-sn t* = en t* dn i*. 

du 

The equation may be written 

- idn« (u + a) + idn^ (u - a) 

_ d A^ sn a en a dn a sn^ t* _ ^^ n / 

"" 5^ • l-ifc^sn^asn^i* ' " d^« ^^ ^^' ^^' 

whence multiplying by du and integrating from i* = 0, 

— i/odn*(tA + a)d%H-i/odn2(?^-a)c??^ = ^ 11 (t^, a), 

or, what is the same thing, 

j-U(u,a)^Za-^^Z(u''a)''I^Z{u + a). 

Substituting herein for Z(u^a), Z(u + a) their values 

&' {u - g) ^' {u + g ) 
0(t*-g)' 0(i* + g)' 

multiplying by du and integrating from i^ = 0, we have 

n / \ ly 11 S(u — a) 

n (t*, g) = uZa + i log ^^-7 ( > 

^' ^ ^ ^0(i* + g)' 

@'g 
where for Za we may of course substitute its value, = ^— . 

The Function &u resumed. Art. Nos. 204 to 209. 
204. We have 
^ TT / \ A;* sn g en g dn g sn* I* , d , - , . _ . v 

that is 

^W + e(M-a) e(^rM)~ dg'°^^^ Asngsnw). 
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or what is the same thing, 

T- log e (tt - a) + T- log e (m + o) 



da'"*"^- "'^da 



2 ;t- log©a+ T~ log(l - k^ sn'a sn«u). 



da da 

Integrating in regard to a we have 

0(w-a)©(w + a) = (7e«a(l-A;«sn»asn3t*), 

where of course the constant of integration C may be a function 
of u. To determine it write a = 0, we have 

TT 

and then the equation is 

%(u''a)%{u + a) = ^j^^u%^a{\''l(^m^asti'u). 

205. Writing the diflferentiai formula under the form 
A;*snacnadna8n*u „ - «, v i #t/ \ 

if we herein interchange a, t*, this becomes 

i* sn t^ en t* dn tt sn* a „ . „, v . „, . 

and adding the two together we have 

Zu + Za — Z{u'\'a)^k^aBusna&n(u-^ a), 
viz. we thus reproduce the addition-formula for the function Z, 

206. Starting with 

U (u, a) = uZa — h loff ^ i , 

and writing herein t* + a in place of u, we have 

n (u + a, a) = (t* + a) -^a — ^ log — --^ ; 

we have in the present chapter found the values of 11 (u + a, a) 
in the several cases a=:^iK\ a = JiT, a = ^K + ^iK', 
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207. First a * ^iK\ we have 

that is 

\ogsnu = {i{l + k)-2Z(^iK')}(u + ^iK') 

which substituting for Z{\iK') its value becomes 

= _(^ ^ i ^z ) + log 1^- ^ e^ ) , 

or writing the first term under the form ~'-T-^(K' — 2iu)f and 
taking the exponentials of each side, 

208. Secondly a = ^ ^, we have 

that is 
. \ogdnu = {l-Ji^-2Z(^K)}(u + ^K) 

where the term in uA-\K vanishes by reason of the value of 
Z {\K), and passing to the exponentials we have 

©u 

209. Thirdly a^^K + ^iK'.we have 

i ik + *')(« + iK + ^iK')-is log en tt + J log \/~-|^ 



=^Z(iK + iiK')iu + ^K + ^iK')-^log 



®u 
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that is 

log en M = (it + ik' - 2Z(iK .+ ^iK')} (m + i JT + ^iK') 



^1 /-*^^i ^(.u + K'+iK') 



or substituting for Z(^K+^iK') its value, the first term is 
^^ (u + \K + \iK'\ which is = — j^ {K' — 2iu) + -j- : hence 
passing to the exponentials and observing that 



tir 



/-tA' ,. /-ikf Ik' 



we have 






cn a = 6 



Recapitulatian. Art. No. 210. 

210. We now see that the elliptic functions sni/, cnt^, dni/, 
that the elliptic function of the second kind considered as a 
function of u, and for convenience replaced by Jacobi's Zu, and 
that the function of the third kind considered under Jacobi's 
form IT (u, a), are all of them expressed in terms of the single 
function {u\ and the i-functions K, K\ viz. that we have 

en « = e-^ ''''"**"' • ^| © (« + i^') (^), 





A^l^(^ + ^ + iK') 


(^), 


dnu^ 


VF &{u + K) 


(-), 


denom. = 


* e^, 





viz. these are fractional functions having the common denomi- 
nator &u, and having also ©-functions in their numerators ; and 
further that 

ry ®'^ TT/ X 0'a 11 0(M-a) 



VI.] THE FUNCTIONS 11 (u, a), Zu, Bu, Hu. 165 

and conversely that 0w is a function derived Ifrom sn u by the 
equation 

(involving the A;-function E, Legendre's Eik). 

And we have also proved the formula 

/F/T - "^ 1 

y kK QTitL 

or as this may also be written 

e {iu) =: \/U e^^^' en (iw, Jk') (m, A/) ; 
and the formula 

(it + a) » (it - a) = 2j^ e*M e»a (l-h^ sn* i* sn* a). 



The Function Hu. Art. Nos. 211, 212. 

211. If introducing for convenience a new function Hu*, 
we write 



w 



Hu^^ ie'^^ ^'^'"*'*'^ e (t* + iK'\ 
and therefore also 

= e *^ ©(it + A), 

* If instead of Jaoobi's 8, H vre use the four function a 8ti, 8iU, O^u, O^u, 

1 /3k' 

= 8m, .^Hut j^ j-H {u + K), Jk'0{u+K) reBpeotively, then 8iM, OjM, 8,u 

are the numerators, and 8u the common denominator, for the three eUiptic 
functions sn, on, dnv. The four functions 82, 83, 8,, 8 have been tabulated 
under the superintendence of Dr Glaisher, but are still unpublished. 
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then the formulae for the elliptic functions become 

sn ti s — ^ Hu (-r), 

where denom. = 0u. 

It hence appears that Hu is an odd function of u, which for 



/2kk'K 
u indefinitely small becomes = a/ u. 

212. Combining with 

(ti + a) e (w - a) = 2W ®'^ ®'^ (1 - *^' 8^' ^ sn» a), 

the equation 

, . , V sn^w — sn^a 

sn iu + a) sn (t^ — a) = j- — -— , 

^ ^ ^ ^ 1 - A;2 sn" It sn' a ' 

and attending to the expressions of sn u, sn a in terms of H^ 0, 
we have 

H{u^a)H{u-a) = ^rir (Hhc&'a - H^aQ^u). 

The Function 11 {u, a) resumed. Art. Nos. 213 to 218. 

213. We deduce the addition-equation for the function of 
the third kind 11 (u, a), viz. we have first 

n {u, a) + n (v, a) — n (u + v, a) 

= * ^"« (uT a)0(.4-a)0(.-h.^ ^) (=*^"« "' «"PP"^^>' 

where the logarithmic term containing the functions may 
be in three different ways made to depend on the functions sn. 
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214. First we have 

e(t*-a)e(i;-a)-^0»i(u-t;)e«(H^ + t;)-a) 

{1 - A;* 8n« ^(u-v) 8n» (J (i^ + v) - a)}, 

(w + a) e (v + a) = -^ e^ (w - v) e» (i (w 4- v) + a) 

{1 - A;» sii« i(tt - v) 8n»(j^ (w + v) + a)}, 

ea (w + v - a) = ^^ e« i (^ + ^) ®' (i (<* + v) - a) 

{1 - A:» 8n» i (^ + ^) sn» (i (it -i- v) - a)}, 

ea (u + v + a) = ^ 0» i (w + v) e« (i (^^ + v) + a) 

{1 - A?' sn'» i (it + v) sn' (J (t* + v) + a)}, 

and taking the product of the first and fourth expressions 
divided by that of the second and third, we have 

" {l-A:«sn4(t*-v)snX^t^+t;)+a)y " 

215. Secondly we have 

& (u - a) 0« (v - a) = 0»O . (it - v) (w + v - 2a) 

-r {1 - k' 8n«(2^ - a) sn*-' (v - a)}, 

0* (w + a) & (v + a) = 0«0 . (w - v) (w + 1; - 2a) 

-f- {1 - A« sn'' (w + a) sn'' {v + a)}, 

0«a 02 (t* + V - a) = 0^ . (w + v) (w + 1; - 2a) 

-5- {1 - A* sn" a sn' (u + V - a)} , 

©''a 0*(i* + v + a) =. 020 . 0(w + v) 0(m + 1; + 2a) 

-f- {1 - A;* sn'a sn* (u + v + a)}, 

and then in like manner we obtain 



_ / { i - A;2 s n' (u -^ a) sn-* (i; + a)Hl - A;" sn^ a sh' (^3:5_-;^)j 
" V {1 - A;» sn* (w - tt) sn^ (v - a)}'fl - Fsn' a sn^ (u~+'i-{r^)\ 

216. But, thirdly^ from the form originally obtained for the 
addition-equation, the same quantity should be 

^ _ 1 — A;" 811 a sn w sn y sn (u + 1; — a) 
1 + A;" sn a sn u sn i; sn (i4 + V + a) ' 

The transformation is effected as follows : 
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We have 

{1 - i* sn^ J(tA + v) sn' J(i4 — v)] sn w sn t; 

= sn« i (w + v) - an* i (^ - 1^),- 
{1 - A;*8n«i(u + v) 8n'(i (tt H-v) - a)} sn a sn (w + 1; — a) 

= 8n4(w + v) - 8n2(J (i^ + i;) -a), 

and taking the products of the two sides each multiplied by I 
— h^f and adding a common term on each side, we have 

{1 -fc»sn*i(w + v) m^\{u - v)] [I - *« sn« J(w + v) 8n«(i(tA + v)-a)\ 

X {1 — A:* sn a sn tt sn V sn (w + 1; — a)), 

-[l-k^ sn»i(w + v) 8n« J(i* -v)} {1 -A;»sn«J^(w+i;)sn2(J(w+ t;)-a)) 
-A;»{8n«i(w + v) - sn*i(tt - v)} {sn"i(w + v) - sn»(i(w + v) - a)}, 

= l+A;*8n*i(w + t;)8n*J^(a-i;)sn»(J(i^ + i;)-a) 

— ¥ sn* i(tt -i- v) -/fc* sn' ^(it — v) sn« (^(w + v) - a), 

= {1-A:»sn*i(^ + v)} {l-*'8i^H(^ - ^) 8n'(H«* + «^) - «)}*• 

Changing the sign of a we have a second like equation, and 
dividing one by the other, we find the required equation 

(l ~A;^8n » |(tt4-t;)snXK^+^)+<^)}{l~^8P'K^"'^)8'^'(K^+^)---^)} 

_ 1 — A;''' sn a sn w sn t; sn (tA + V — a) 
1 + A'* sn a sn w sn v sn (w 4- 1; + a) * 

217. The conclusion is 

n {u, a) + 11 (v, a) — n (tA + V, a) = J log fl, 
where ft is expressed in the three forms just obtained. 

* The identity, writing therein 

u, a, v for i (tf - v), i(tt + r), J(u+t;)-a, 



. ,Q / V / V / . / Y {l-*«8n*a}{l-ik»8n«tt8n«t?} 

l-&*8n(a + M)8n(a-i08n(a+t;)8n(a-v)=,/ ^n « J >m -m— « «' r • 

^ ' * ' ^ ^ ' U-**8n'a8n''iiMl-*'8n'asn't;^ 
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218. In the equation 

interchanging u and a, we obtain (observing that is an even 
fanction) 

n (a, u) = aZit + ilog ~i (r\ 

^ ' ' ^ *^ (w + a) ' 

and thence 

n (tt, a) — n (a, u) = tiZa — aZw, 

which is the theorem for the interchange of amplitude and 
parameter. 

And we hence deduce 
n (t4, a) + n (tA, 6) - n (tt, a + 6) = 

n(a, tt) + n(6, t/.)-.n(a + 6, ii) + tt{Za + Z6-.Z(a-l-6)}. 

Here on the right-hand side by the addition-theorem the 
first term is = j^logft', where ft' is the same function of a, 6, u 
that ft is of u, Vy a\ we have thus ft' in three forms one of 
which is 

^, _ 1 — A:* sn a sn 6 sn (a + 6 — «*) sn w 
1 + A;* sn a sn 6 sn (a 4- 6 + w) sn tt ' 

and the second term is, by the addition-theorem for Z, * 

= A:* sn a sn 6 sn (a 4- 6) t* ; 
we have therefore 
n (tA, a) -h n (m, 6) - n (m, a -h 6) 

= fc* sn a sn 6 sn (a + 6) It -h i log ft', 
which is the theorem for the addition of parameters. 

Multiplication of the Ftcnctions &u, Hu, Art. Nos. 219, 220. 

219. From the equation 

0(M + t;)©(u-t;)= CA^A- (l-A^'sn^usn^v), 
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we deduce 

e(2«)- ^(l-*'8n^tt), 

(3m) - ^^^— {l-1(?sa*u 8n» 2u), 

4 

and it is hence easy to see that %nu 4- %^ iyi) is a rational and 
integral function of sn' w of the degree Jn' or ^ (n* — 1) (that i» 
n' or n^ — 1 in sn u) according as n is even or odd. More 
precisely we may say that %nu . ©"'-^O 4- 0***^ is such a 
function, reducing itself to unity for snt^aO; and it thus 
appears that considering sn nu, en nu^ dn nn as expressed in 
terms of sn u by the multiplication formulaB, in such wine 
that for t^ s the denominator is = 1, then this denominator 
will be 

-0nw. «**"-! 0-r©'*'w. 

220. And it hence of course follows that the three numera- 
tors are 

1 
= -^ Enu . e^»-^ -i- %^u, 

= VyP {nu + K) ^"^^ -J- 0«V, 

respectively. It will appear in the sequel how we thence 
obtain the expressions of these numerators and denominator. 

Tables for the Functions Zu, 0t/, Hu. 

221. I annex the following tables taken from Dr Qlaisher's 
paper " Values of the Theta and Zeta functions for certain 
values of the Argument." Proc. R. Soc. t. XXIX. (1879), 
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p. 351 — 361, of the values of Zu, 0w, Hu for the values 
=s 0, ^, &c. 



tt 



Zu 



Gtt 



Ifu 




K 



iK' 



K+ iK' 



2K 



2iK' 



2K+ iK' 



K-^2iK' 



2K+2iK' 






00 



^K 



iw 



00 



iw 
K 

iw 
K 



2h'^K^ 
^Ki 



wi 






q-' M 



»-i 



- a-l - 




2h'^K^ 



ri 






w^ 



ig t _- 



* By mistake given as in p. 164 of the FundavierUa Nova, 

We have moreover 



Zu 



Gu 



Hu 



\-iK' 



ViK' 



Jd-*') 



-i5+J(l + *') 

-45-4(1+*') 



2*irT 
„ „ (l-k')i(l-i) 






-iX* 



2M 



fc*(l + V)*(l + t) 



„ „ (\ + K)i(\-i) 



C. 



11 
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f*-> 
















^—^ 


^■^ 


^•^^ 


^^^ 












^ 


« 


^ 


^ 












1 


1 


1 


1 












^ 


^ 


Ic 


k 
















^■^ 


^*^ 












hS 


HW 


H* 


H* 














•5 


so 

8 


CO 

8 












••* 


••» 


••* 


•«* 












+ 


1 


+ 


1 












^i-i 


^^ 


^"^ 


^"^ 












« 


^ 


^ 


^ 












1 


1 


1 


1 












^ 


^ 


\^ 


^ 


;$ 


















&5 


it^ 


ii. 


iSL 


i^L 




DO 


H* 


HW 
fl 




l5* 


I5* 


s* 


s^ 


8^ 


8 


*So 


•^4 

CO 




1 


+ 


1 


+ 




^m^^ 


'-v-' 


•-v-' 




ifH 


^ 


tH 


iH^ 


t 










•i" 




•» 
•« 


•» 


'^^ 

•^ 




•» 
•» 








% 


•k 


•k 


•» 


3't 




s 


•» 




< 


-R 


< 


< 


HS 


< 


. < 


< 




\ 


1 


1 


1 


1 


1 


1 


1 




•S' 


» 


••* 


^ 


» 


^ 


^ 


^4 






























S* 


^ 


^ 


S* 












H* 


H* 


H* 


H* 












'§ 


'3 


8 


•i 












••* 


•*» 


••* 


••* 












+ 


1 


+ 


1 












^ 


^ 


^ 


^ 




i2^ 


*12^ 


i2^ 


ii. 


S 




H* 





a 


1 


ST 

+ 


1 


+ 


8, 


8, 


S 


'1 


O 


iH 


ifH 


«H 


rH 


Hb 










*"'^ 


'**' 






:ae 


«4 


^ 


^^ 




H« 


^ 


H» 


^k 


H« 


^ 


»» 


^ 




»ae 


•« 


•Je 




>ae 












^ 






H" 




% 


'^ 




m» 


«» 




H* 


k 


•« 


H* 


It 


•« 


r+f 


Vt 


•• 


•» 


•* 




cq 




^ 


« 




•« 


<N 












< 




•5 




-5 


•^ 


-c 


•R 




1 




1 




1 


1 


1 


1 




^ 




1 


+ 


» 


^ 


^ 


^ 






^ 


^,_^ 


^ 


^»^ 


__^ 








S^ 


-ae 


»ae 


>je 


^ 




S" 






+ 


1 


+ 


1 


1 


••* 


••* 


•*• 




rH 


^ 


iH 


ifH 


+ 


1 


1 


+ 








"-^ 




•ae 


^ 


•ae 


r^ 


9 


•«* 


••» 


••» 


•^ 


^^ 








!S3 


H» 


HM 


H:* 


H:* 


H» 


H:* 


HW 


H» 




+ 


+ 


1 


1 


+ 


1 


+ 


1 




45 1^ 


Jsl^ 


4s^ 


.fel^ 


.fe^ 


4s^ 


•SN 


.fe^ 




H* 


H* 


«»# 


«»# 


H* 


H* 


9** 


«»# 




1 


1 


1 


1 


1 


1 


1 


1 












^ 


^ 


^* 


^k 






^ 


J< 




^ 


••* 


?s 




9 


*«* 


••» 


*•» 


•«• 


H» 


H» 


«|9I 








+ 




+ 


+ 


+ 


+ 


+ 






t< 




J^ 




k 




^ 
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wir 



where in these last formulae q ia^^e' ^ and is the angle 
of the modulus, A = sin ^ ; whence 

cos id = ^^ ^ — ^-^ , sm iff = -^^ ^—7 — ^-^ , 

* 2* 2* 



cos 

and where we have also 



u 


e«i4 


H% 


1 


g - i ? fcljk^ {(1 + k')^ + 1 (1 - ik')i} 


J - i ?kikfi {(1 - fc')i+ 1 (1 + Jfc')*} 


IZ'+JiJK'' 


ff-*,, ,. {(i+fc')^-t(i-*o*} 


«"*n ., {(l-kli-t(l+fc')*} 


\K-¥iiK' 


-«-*„ .. {(! + *')» -i(l-fc')i} 


-«•"*» M {(l-*li-<(l + *')^} 


iK+iiK' 


-g"*„ .. {(l + &')^ + t(l-*0^} 


-«"*» » {(l-*;')*+t-(l + fcO^} 



u 



l^+iilT' 



IJK'+iiB:' 



IJsr+fiJT' 



Ijr+fiJBT' 



e^it 






« * f. f. 



(*' - ik) 



g"* n » {kf+ik) 



HHl 



q'^^^^kh'^i-k' + ik) 



3 * If *» 



i-k'-ik) 



q'^ H » (-k'-a) 



"* n „ (-*'+i*) 



11—2 
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CHAPTER VII. 

TRANSFORMATION. GENERAL OUTLINE. 

222. The theory of transformation is considered in the first 
instance in regard to the differential expression -= [which, for 

the elliptic integrals, has the particular form . ) , 

and then to the elliptic functions sn, en, dn. 

Gme of a general quartic radical VX Art. Nos. 223 to 226. 

223. Consider the differential expression -^ where F^ is a 
given rational and integral quartic function of y. Write herein 
y= -^ where U and V are rational and integral functions of x, 

one of them of the order jp, the other of the order p or p — 1 : 
such a fraction is said to be of the order p. It is to be shown 
that the coeflficients of U, V may be so determined as to lead 
to an equation 

Mdy _ dx 

where X is a rational and integral quartic function of x, and 
Jlf is a constant. We have 
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where considering F aa a homogeneous quartic fuAction of 
(1, y), then (F, TPf is what this becomes on writing therein 
F, U in place of 1, y respectively : viz. (F, Uy is a homogeneous 
quartic function of J7, F, and therefore of the order 4p in a; ; 
VU* — F' 17, if F, TJ are of the same order p, would at first sight 
appear to be of the order 2p — 1, but in this case the coeflScient 
of ic^^^ vanishes and the order is really = 2p — 2 ; viz. whether 
the orders of J7, F are p, p or p, p — 1, the order of FC — F' 17 
is = 2p — 2. The foregoing values give 

dy ^ {VU'^V'TDdx 

vf" ^JWTuy ' 

224. It is at once seen that if (F, Uy has a square factor 
(x - a)« then a; - a divides VU' -VU. Similarly if ( F, U)^ has 
2p — 2 such factors, or if it is = T^X, where T^ is of the order 
4p — 4 and therefore X of the order 4, then the product T of 
the roots of the square factors divides FJ7'— F'J7, and since 
VU'— V'U and T are each of the order 2p — 2 the quotient 
{VW " V'U)-r-T must be an absolute constant M-\ But in 
this case we have 

Mdy dx 

an equation of the required form. 

225. Regarding ?7, F as being each of them of the order p, 

the expression -y. contains 2p + 1 constants, and in determining 

Uy F SO as to satisfy the condition (F, TTf^T^X we determine 
2p — 2 of these : there thus remain three arbitrary constants : 
this is as it should be, for if the required condition is satis- 
fied by any particular values U, F, it will also be satisfied 

by the new values obtained by writing in the fraction -y., 

in place of x the function ^^ — S- with three arbitrary constants. 

We may by such linear transformation make either U or F 
to be of the order p — 1, or if we please begin by assuming this 



166 TRANSFORMATION. GENERAL OUTLINE. [VIL 

to be SO. But we cannot have either Z7 or F of an order 
inferior to j) — 1 ; for if this were the case VU' —VU would be 
of an order inferior to 2p — 2, while in fact it divides by T which 
is of the order 2p — 2. 

Considering F as a given quartic function of y, the function 
X is obtained as an arbitrary linear transformation of a deter- 
minate quartic function o{ x\ or what is the same thing, it is a 
quartic function containing a single parameter which cannot be 
assumed at pleasure, but is a determinate function of the coeffi- 
cients of F, different according to the different values of the 
number p : which number is termed the order of the transform- 
ation. 

226. It is to be observed that we cannot have any other 
really distinct transformation of the differential expression -7= 

into the form — 7=— with the same radical vX and a con- 

vx 

stant value oiM: for suppose that such transformation existed; 
say by writing y = Function (z) we could obtain -^ = — j=- 

where Z is the same quartic function of z that X is of 

T nr . , dy M~^dx N^^dz 

X, and iv is a constant : then -^ = — p=— = — ;=- , that is 

VF VX VZ 

N^dx Mdz 
v=- = "7^-; such an equation is integrable algebraically when 

M, N are commensurable, that is proportional to integer 

numbers m, n ; and from the form of the integral we infer that 

the equation is not integrable algebraically unless Jf, N are 

commensurable: hence N, M must be commensurable or the 

Tidx vthdz 
last-mentioned equation must be of the form -== = — r^ ; and 

^ \/X V^' 

we have thus a known algebraical relation between the quanti- 
ties X, z such that by means of it we can pass from one to the 

other of the transformations y = = , y = Funct. {z) : the two 

transformations would on this account be regarded as not 
essentially distinct the one from the other. 
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The standard form ^ . . Art. No. 227. 

227. The theory applies in particular to the case of a 
differential expression of the form 

_dy 

viz. this by a transformation of the form y ~t^i of the order 

n, can be converted into one of a like form in regard to an, that 
is we obtain a relation 

Mdy dx 

Vl - y» A-Xy" 's/r^a^. l^k^ofi' 

where, A or X being given, the other of them and also the value 
of the multiplier M are each determined, not uniquely but 
by means of an equation called the modular equation, between 
k and \ : more precisely, if A or \ be given, the other of them 
may be taken to be any particular root of the modular equation, 
and then the coefficients of U, V, and the multiplier M, are 
determinate functions of k, X. 

Distinction of cases according to tfie form of n. 

Art. Nos. 228 and 229. 

228. In the case where w is a composite number = qr, the 
modular equation breaks up, and the transformation in fieict 
decomposes into distinct transformations. That this m^y be 

the case is clear A priori, viz. if we have z^^ o, rational 

function of x of the order q, giving rise to a relation 

Midz d^ 

and y^^ Si, rational function of z of the order r, giving rise 

to a relation 

J/jdy dz 
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then for z substituting its value in terms of a?, we have clearly 

TJ 
y = -^ a rational function of x of the order jr, giving 

M^M^y dx 



but to show that the case is of necessity so would require 
further investigation, and the question is not entered upon in 
the present work 

Assuming the property in question, it appears that the 
transformations belonging to the several prime numbers need 
alone be considered; viz. the cases w = 2 and n an odd prime =^p. 
The case w = 2 presents certain peculiarities. 

229. n = 2. There are in this case two distinct rational 

Qft* 

transformations, one of them of the form y = ^-^ (viz. here 

1 — A;' 
y vanishes with x), for which the new modulus is \, = :j — jj , 

and the other of them of the form y = , ^ , for which the 

2V3fc 
new modulus is 7, = =— ^ ' these will be considered. 

It is to be observed that for the case in question w = 2, 

\ and 7 correspond respectively to the real moduli \ and Xi 

belonging to the case n, an odd prime, as presently mentioned : 

A' K^ T' 
viz. we have the equations i ~r ~ "^ ~ ^ r" P^^^^^^y corre- 

1 A' K' A ' 
spending to the equations ~x~'^~^'a^ afterwards men- 
tioned. But in the case of n an odd prime, X, \i are roots of 
one and the same irreducible equation : moreover (as afterwards 

appears) y, =snf ^,\j and y, =snf^,\i) are each given 
in terms of x, = sn u, by a rational transformation of the form 
y = ^ where y vanishes with x : whereas in the present case 
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n = 2, the corresponding functions 

y, = sn {(1 + A?') w, X}, y, = 8n{(l 4-A;)w, 7} 

are (as wiU be seen) given in terms of x, = sn u, the former 
by an irrational, the latter by a rational transformation, y in 
each of them vanishing with a?. 

Instead of at once proceeding to the case of n an odd 
prime, we take in the first instance, n any odd number 
whatever. 

n am, odd nvnnheT : further development of the theory. 

Art. Nos. 230 to 235. 



230. We have here the formula 

^ (1, af^f^^'^ ' 

viz. the numerator' is an odd function of the order n, and the 
denominator an even function of the order w — 1. We may 
proceed somewhat further in the determination of the form : 
for this purpose take P, Q even functions of x, such that 
P + Qa? is of the degree J^ (m — 1): for instance 

n = 3, P + Qa? = a+)8a?, ord.P = 0, ord.Q = 0, 

n = 5, P + Qa? = a + /8a;4-7ar», ord.P = 2, ord.Q = 0, 

n=7, P4-Q^ = a + i8a? + 7aj'-l-5ic», ord.P = 2, ord.Q = 2, 

w = 9, P4-Q« = a + /8a? + 7a=+Sa^4-€a;*, ord.P = 4, ord.Q = 2, 

and so in general ; viz. w = 4p — 1, the orders of P and Q are 
each = 2p — 2, but n = 4p + 1, order of P is = 2p and that of 
Qis=2p-2. 

231. This being so, assuming 

i-y A^-Qxfl-'X 

1 + y {P-^-Qxyi + x' 

we see that 

y> pa4.2PQic« + Q«/B» ' 
is a function of the above-mentioned form ; and not only so, but 
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forming the equations 

l^y^{P^Qxy(l^x) (-), 

l+y--(P+Qxy(l + x) (-), 

where 

denom. = P> + 2PQx' + Q^a^, 

we see that 1 — y and 1 + y have each of them the required 
property of having in the numerators a square factor of the 
proper order. 

232. It is next to be observed that the functions P, Q may 
be so determined that the expression for y remains unaltered 

when we simultaneously change x into j— , and y into — . 

Kx Aty 

To see how this is, write for shortness 

^xN(l^ 
y D (1, ar») ' 

Ny D being as above functions each of the order ^(n— 1) 
in af^. We have 

and considering the coefficients, say of N {1, of), as given, 
we can at once determine those of D (1, a^) in such manner 
that, fl being a constant, we have identically 

J\r(A;2a^, l) = flD(l,a^). 

In fact the coefficients of D will be those of N' taken in the 
reverse order and multiplied each by the proper power of k. 
This being so, we have 

and this identical equation, writing j— for x, becomes 
whence identically 
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Suppose that writing -j— for a?, y is changed into y, then 



_ kx 



cx^V' l^aN 



^(I'j^) 



U ' 



or multiplying by y and reducing by means of the result just 
obtained, we have 

. . fi* 1 _ 1 

viz, writing -rjj- = c^ we have j/ = — ; and thus we may simul- 

ic A» Aty 

taneously change a?, y into jr y ^ * *^® theorem in question. 

if 

t 

233. Or, in a somewhat diflferent form, the theorem is 
at once seen to hold good provided we have 

y (l-A;2a2^)(l-Ar»6W)...' 
for then, making the change in question it becomes 
J^ 1 (l--fe°a;^)(l-A;«6^a;0... 

Xy"^ Mk^{ab...y' /- ^ /^i ^\ 

which is in fact the original equation provided only 

We thus in eflfect determine \ as a function of k (viz. these 
are connected by an equation called the modular equation), and 
then the coefficients of P, Q are determined in terms of k, X. 

234. The required condition being satisfied, we may in the 
formulae which give 1 — y, 1 + y make the same change ; and it 
is easy to see that the resulting formulae will be of the form 

i-\y=iP'-qxy{i-kx) (-), 

1 + Xy = (P' + Q'xy (1 + kx) (-=-), 

Jb* 1 

* Comparing with the former equation X=^, we have ^=M{ab...)*. 
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the denominator being of course the same as before : hence the 
required condition as to the square factor is also satisfied by 
each of the functions 1— Xy, 1 +Xy; and the integral relation 
between y, x leads thus to the required diflferential equation 

Mdy dx 



235. Supposing that n is not a prime number it will be the 
product of two or more odd primes, and the transformation will 
break up into distinct transformations each of which may be 
separately considered. We therefore now assume n an odd 
prime: the modular equation is in this case an irreducible 
equation of the order n + 1, so that k being given we have 
n+1 different values of X ; and corresponding to each of them 
we have a distinct formula of transformation. This modular 
equation is conveniently expressed as an equation between the 

two quantities u = \^k, and v = \/X, viz. it is an equation of the 
form (u, v) = where (u, v) is a rational function of the degree 
w + 1 as regards each of the quantities (% v) separately. It is 
to be added that k' being asMsual positive and less than 1, there 
are two and only two real values of X^ (which values are also 
positive and less than 1) : and corresponding to them there are 
two real transformations : but this is a property which may in 
the first instance be disregarded. 



Application to the Elliptic Functions. Art. No. 236. 

236. We have in what precedes a purely algebraical theory 
of transformation : in particular, in the case where the order 
n is an odd number, if in the formulae we write y = sin Xt 

a? = sin 6, the differential equation becomes . ,^ . = ^ !/ ,, ; 

and further assuming sin ;^ = sn (v, X), sin <^ = sn (u, k), then 
it becomes Mdv = du, giving (since u and v vanish together) 

V = -T^ ; whence a? = sn (u, k), y = sn f t?, X J : and the theory 
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is an algebraic theory of transformation, serving to express 
an f -jjv, Xj in terms of sn (u, k). 

The theory may be completed algebraically without much 
difficulty in the cases n = 3, 5, 7 ; but there is great difficulty in 
doing this generally for larger values of n : and it is in fact 
completed by Jacobi, not algebraically but traiiscendentally, 
by expressing X and the coefficients of the transformation by 

means of the sn, en and dn of (m and m' integers), 

or say by means of the functions dependent on the w-division of 
the complete functions K, K\ 



n an odd-prime, the ulterior theory*. Art. Nos. 237 to 239. 

237. In particular when n is an odd-prime, there are as 
already mentioned two real transformations ; a first transforma- 
tion from A; to a smaller modulus X, involving the functions of 

— - ; and a second transformation from A; to a larger modulus Xi 

iK' 
involving the functions of . And in these two cases (taking 

K, A, Ai, K\ A\ A/ for the complete functions to the moduli 
&, X, Xj, A/, X', Xi' respectively) the modular equation is replaced 

A' K' K' A ' 

by the equations -r-~^~^» "^"^IT" respectively : viz, these 

transcendental equations contain the relations between the 
original modulus k and the new moduli X and Xj respectively. 

* Observe that X, heretofore used to denote any one whatever of the n + 1 
roots of the modular equation, is in what immediately follows used to denote a 
particular root, and \ another particular root, the roots belonging to the first 
and second real transformations respectively. In Nos. 241 et seq, X is again 
used at the beginning to denote any root, and (X) a determinate root correspond- 
ing thereto, these are taken to be first the particular roots (X, X^), and secondly 
the particular roots (X^, X). It would, abstractedly, be advantageous to reserve 
X as the symbol of any root whatever, using X^, X^ for the particular roots : but 
this would have occasioned a very frequent alteration of Jacobi's notation. 
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238. The equations just referred to are obtained from the 
following : 

A — A ' — 

which present themselves in the theory. As regards these 
equations it may be observed here as follows : 

239. The first transformation is a relation between 
sn f -jj., \ j , 8n (u,k\ and it leads to the equation A = — ^. 

Eflfecting on the transformation-equation Jacobi's imaginary 
substitution, we obtain from it a complementary first transform- 
ation, giving sn f ^, X' j in terms of sn (u, k'), and this leads to 

the equation A' = -r^. 

Similarly the seccmd transformation is a relation between 

\W ' ^)' ^^(^' ^)' ^^^ ^^ leads to the equation Ai = -Tjr. 

Effecting on the transformation-equation Jacobi's imaginary 
substitution, we obtain from it a complementary second trans- 
formation,, giving snf^, \Jj in terms of sn(2^, &'), and this 

leads to the equation Ai' = -^ , or recapitulating; 

;Jr^transfonrationgivesA = ^. 

K* 
complementary first „ A' = -jjr , 

secord „ Ai = ^^ , 

complementary second „ A'l = —t^ , 

the chief object of the complementary transformations being in 
fact the deduction of these second and fourth equations. 



sn 
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Conneadon with Multiplication. Art. Nos. 240 to 245. 

240. The theory of transformation is connected in a very 
remarkable manner with that of multiplication. This is the 
case as well for an even as an odd number n, and indeed 
the connexion will be exhibited in the case, n = 2, of the 
quadric transformation, but here one of the transformations is 
irrational : and it is convenient to restrict the attention to the 
case n an odd number, where the transformations are both 
rational; or rather (this being the only case which has been 
completely developed) we may at once take n to be an odd- 
prime. 

241. This being so, starting with the transformation-equa- 
tion y = ^ of the order n, which gives 

Mdy _ dx 

Vl-yM-xy^Vl-ic^.l-AjW' 

we may imagine a new variable z connected with y by a 

P 

transformation-equation 2^ = -j^ of the same order n (P, Q 

rational and integral functions of y) giving 

Ndz _ dy 

Vl--2rM-(X.)«^2~^/l-yM-xy' 

where (X) is not of necessity the same function of X that X is of 
k, but a like function ; viz. X, k are connected by the modular 
equation, and changing herein k into X and X into (X) we have 
the relation between X, (X). And we have then z a fractional 
function of x such that 

M Ndz _ dx 

Vl -^M - {Xfz^ "^ Vl -a^ . 1 - ifc^a^' 

242. It is a property of the modular equation that we may 

have (X) = A;, and further that when this is so MJf = -: the 
^ n 

last-mentioned equation then is 

dz ndx 



Vl - ^M - A^i^a »J\^a^.l^](^a?' 
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viz. X being as before taken = sn (w, k\ we have z^sn {n% k)\ 
and the relation between z, x then gives sn {nu, A?) as a function 
of sn (u, k)y viz, the expression is a fraction, the numerator being 
an odd function of the order n* and the denominator an even 
function of the order n' — 1 ; this is in fact the expression of 
sn {nUy k) in terms of sn {u, k) given by the multiplication- 
equation. Observe that for obtaining in this manner the trans- 
formation a? to 2^ (or sn {u, k) to sn (nu, k)\ the transformation 
X to y may be any one at pleasure of the different trans- 
formations, but that (regarding it as given) we must combine 
with it a determinate transformation y to z, the resulting 
transformation x to z being of course independent of the 
selected xtoy transformation : there are thus as many ways of 
obtaining the final ^ to ^r transformation as there are trans- 
formations X to y. In the case n an odd-prime, this may be 
considered more in detail. 

243. Selecting the root X of the modular equation we 

have a real transformation ( Jacobi's first transformation) y = ^ 

giving (M real) 

Mdy _ dx 

Vl - yM - Xy "" Vl - a;« . 1 - ifc^a^' 

and selecting the root Xi of the modular equation we have 

a real transformation (Jacobi's second transformation) y = ^^ 

giving (Ml real) 

Midy dx 

Vl -y«. 1 -XiY " VI -a^ . 1 -'Id'd'' 

Now X is in fact the same function of k that A; is of Xi : this 
at once appears fi:om the before-mentioned relations 

A' K' K' A/ 

A=^T' F=^a;- 

Hence taking z such a function of y, X as ^^ is of x, k, the 

differential relation between z, y is 

Ndz __ dy 

Vl --0M "kfz^ "" Vl - yM - Xy ' 



VII.] TRANSFORMATION. GENERAL OUTLINE. 177 

and consequently, MN being = - , we have 

n 

dz ndx 



244. Or again, taking z such a function of y, \i as ■«. 

is of X, k, the differential equation between z, y is 

Nidz _ dy 

VI - 2:M - A;^^« ~ VT^2 , 1 _ x^y ' 

and consequently, JfiiVi being = - , we have in this case also 

IV 

dz ndx 



Vl -2:^ 1 - A;*^' Vl "O^. l-J(^a^' 

so that in each case, x being =sn(?t, A;), we obtain the same 
value ^ = sn (nu, k) ; viz. in the first case we pass by a first and 
then a second transformation from k through X to A? ; and in the 
second case by a second and then a first transformation from k 
through Xi to k. 

245. As regards the equations MN=-, M-^Ni = -, these 
follow from the before-mentioned equations 

n A Ai 

viz. N being what Mi becomes on changing therein &, Xi into 
X, k, and N^ what Jf becomes on changing i, X into Xi, A;, we 
derive from these 

and thence the equations in question. 

A' K' 
Jacobi in connexion with the equations "T""^^ *^^ 

A ' 1 jK^' 

^ = - ^> remarks, Fundamenta Nova, p. 59, that if w be a 

Ai n K ^ 

composite number =:n'n^\ then, in the transformation of the 

order w, there is' corresponding to each real root of the modular 

c. VI 
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A' n' TT^ 

equation a relation of the form x ~ ~^ ~^ ' ^^®^^ ^ particular 

if n be a square number, the equation is -r- = -^ , viz. we then 

have X = i, showing that in the case where n is a square number 
there is among the transformations of the order n one which 
gives the multiplication by Vn. 

He further remarks, p. 75, that X being any root whatever of 
the modular equation there exist equations of the form 

.^.^., aK+ibK' 
a A + tjSA = - 



a'A' + ii8'A = 



nM ' 

a'K' + iVK 
nM 



where a, a\ a, a' are odd numbers, 6, h\ jS, ^ even numbers, 
such that aa' + 66' = 1, aa' -I- ^^ = 1 : and (same page in a foot- 
note) as follows: " Accuratior numerorum a, a\ 6, h\ &c. determi- 
natio pro singulis ejusdem ordinis transformationibus gravibus 
laborare difficultatibus videtur. Immo hsec determinatio, nisi 
egregie fallimur, maxime a limitibus pendet, inter quos modulus 
k versatur, ita ut pro limitibus diversis plane alia evadat. Id 
quod quam intricatam reddat quaestionem, expertus cognoscet. 
Ante omnia autem accuratius in naturam modulorum imagina- 
riorum inquirendum esse videtur, quae adhuc tota jacet quaestio." 
That some such equations exist may be inferred without difficulty 
from the general formulae of transformation, but the strict proof, 
and certainly the determination in question, would depend upon 
investigations out of the field of the Fundamenta Nova. The 
property is used by Jacobi to show that the proof which he 

1 XX'^ dk 
gives of the equation M^ =- -rp:^ -^ , where X denotes in the 

first instance the real root, applies to the case of any root what- 
ever. 
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CHAPTER VIIL 

THE QUADRIC TRANSFORMATION, n = 2 ; AND THE ODD-PRIME 

TRANSFORMATIONS 71 = 3, 5, 7. PROPERTIES OF THE 

MODULAR EQUATION AND THE MULTIPLIER. 

246. The case n = 2, although very analogous to the case 
n an odd prime, presents, as remarked in the preceding 
Chapter, some essential diflferences ; there are analytically dis- 
tinct transformations relating to the two new moduli X and 7 
respectively, viz. these are not roots of one and the same 
irreducible modular equation: and it is an irrational trans- 
formation which in some sort corresponds to one of the real 
transformations in the other case. There is an d priori 
necessity for this : viz. as sn 2u is not a i:ational function of 
sn u, we cannot have here two rational transformations leading 
to the duplication: the duplication must arise from the com- 
bination of a rational and an irrational transformation. It 
should be noticed that the case may be studied quite inde- 
pendently of, and in fact previous to, the general theory ex- 
plainied in the preceding Chapter. 

The Qaadric Transformation. Art. Nos. 247 to 262. 

247. It has been shown geometrically that, considering 

1 — A' 
a new modulus X connected with k by the equation X = ., , 

and establishing between 0, the relation X sin ^ = sin (2^ — 0\ 
or, what' is the same thing, 

. . i(l + A;')sin26 
sin ^= ^ , — ^ , 

Vl-Ar'sin^c^ 
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we have between ^, the differential equation 

(1 ■\-k')d4 dd 
A {k, it>) A (\, e) ' 

Writing herein aiaift^x, sin 6'^y, the relation between y, snia 

^ '/l-k'ai' 

this is in &ct the first form of quadric transformation, and 
(as is about to be shown) it is connected with a second 

f 

Modular relations, 

248. From the original modulus k we derive two moduli 
7, X; these form a decreasing series 7, A?, X, the relations 
between them being 

2 Vfc 2 Vx 

1 +7 1 +fc 

and the corresponding complete functions F, F', K, K', A, A', 
are connected by the equations 

(l + X)A = K = jl^r. 

i(l+X)A' = K'=jA^r'. . 

whence also i -r- = i:f = 2 ^^ . 

^ A K F 

First and Second Transformations. 

249. We pass by a quadric transformation from the 

diflferential expression , to , , ^ or 

Vl-^.l-A'a^ V 1 - yM - Xy 
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dy 



, viz. in the former case the transformation is 



Vl - yM - tY 

from (ic, k) to (y, \), in the latter case from (a?, k) to (y, 7). 

ThQ first form is 



^ (l+A?')a;Vl-a^ 

Here, taking throughout, denom. = 1 — A'a^, we have 

1-Xy = {l-(1-A;')a;«}« 
Vl-yM-\y= 1 - 2d?» + A:»a?* 



/, .x^ 2(l-2a^ + A;V)da? 
(14-X)<£y=. Vl-...1-A.x» 



(-), 



2(^ 



and therefore 

(1+X)dy 
Vl-y«.l-Xy Vl-a;».l-jfc»a;»' 

As X passes from to . ^ , y passes from to 1, and as 

T I "T" iC 

X continues to increase to 1, y diminishes from 1 to ; we thus 
obtain the relation 2(1+X)A = 2K, that is (1+\)A=K, 
which is one of the above-mentioned integral relations. 

250. The second form is 

(1+*)^?" 



Taking here denom. = 1 + fcu", we have 



1- y = {l^x){l-'kx) 
1+ y = (l+^)(l+A;a?) 
l-7y = (l -x\/ky 

l + yy = (l.^X*Jky 

consequently 

Vl-3^.1~7»y2 = (l-fcBa)Vl-a;«.l-fc«a^ (-h), 
and dy = (l +A;)(l-.fcr*)da? (-r), 



(-), 
(-), 
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in which two formulsB 

denom. = (1 + kx% 

and we have therefore 

dy _ {l+k)dx 

Here x and y increase simultaneously from to 1 : hence 
taking the integrals between these limits we have another of 
the above-mentioned integral relations, F = (1 + &) K. 

Complementary Transformations. 
251. If in the first form we eflfect Jacobi's imaginary trans- 
formation, that is write a?= , and v= , =, then 

dy idY 



and 



Vl-yM-Xy Vl- 7M-V«r«' 
dx idX 



and the differential relation is therefore changed into 
_ (1+X) d7 ^ 2dX 

vr^FCr^v^^ vi - ZM - A'^z* ' 

the integral equation is changed into 

Y {l + k')X 



Vl-7« V 1 - ZM - ifc'«Z« ' 

viz. this is F=(i±|;^, 

which integral form gives therefore the last-mentioned differ- 
ential relation: observe that this integral form is what the 
second form becomes on writing therein Z, Y for x, y, and for 
k the complementary modulus k'. 

Moreover since Z, Y increase simultaneously from to 1, 
the differential equation leads to (1 + X) A' = 2K', which is 
another of the above-mentioned integral relations. 
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252. Similarly, if in the second form we eflfect Jacobi's 
imaginary transformation, then the diflferential equation is 
changed into 

d7 ^ (l + fc)dZ 

the integral relation between x, y is changed into 



leading to F= 



F (1+A?)X\/1-Z« 



Vi - y^X' 



which integral form gives rise therefore to the last-mentioned 
diflferential relation: observe that this integral form is what 
the first form becomes on writing therein X, Y for x, y, and 
for k the complementary modulus k\ Moreover as X passes 

from to , , F passes from to 1, and as X, continuing 

vl+A; 

to increase, passes to 1, F passes from 1 to : the diflferential 

equation gives therefore 2T' = (!+&) K', which completes the 

set of integral relations. 

The Duplication Theory. 

253. We may in two diflferent ways combine the two 
transformations, and thus in two diflferent ways obtain a 
"Duplication by two quadric transformations." 

First duplication (through \). Writing 



we have by what precedes 

dy _ 2 dx ^ 1 dz 

and therefore 

dz 2dx 



^l^zKl-k^s^ 'Jl^a^.l-h^a^' 
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where, from the assumed integral equations, 

2x Vl-a^ . Vl3^ 



Z=i 



l-k'a' 



254. Second duplication (through 7). Writing 

VI-tY l + ka^ ' 

we have by what precedes 

(1 + k) dz 2dy 



^ {l+k)dx 

and therefore 

d^r ^ 2cfc» 

and the two integral equations give, as in the first duplication, 






255. In the first duplication, assuming a? = sn {uy k\ 
y = sn (v, X), 2r = sn (w, i), and observing that w, v, w vanish 
together, we obtain v=^{\+k')u, w = 2w, and the formulae are 

a5 = sn(w, k\ 

.z — jj ^ V (1 + k') sn (u, i) en (u, k) 



. = 8n(2«,Jk), ^a + X)8n(l+^«.X) 

^ '^ l+\8n>(l + A'«, X) 



viil] 
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and similarly in the second duplication the formulsB are 
x=Bn(u, k), 

(1 + k) sn (u, k) 



2'=^<i+*"''y>=TTifci^0^ 



dn (1 + An^, 7) 

Transformations of the Elliptic Functions sn, en, dn. 

256. Take the first and second y-formulae as they stand. 
In the first -^-formula change k, X into X', k', and for u write 
^ (1 + k') u. In the second -^-formula change k, 7 into 7', k', 
and for u write ^ (1 + A?) u, observing that ^ (1 + 7') (1 + A?) = 1. 
We thus obtain the formulae : 

sn (1 + ku, X) = ^^ A ( k\ ^ y-formula), 

(1 + k) sn {u, k) 



sn (1 + ku, 7) = \^fcgp2(^/jfc) (^^^ second y-formula), 

sn(T+Fw, X') = i^j^s^yV) ^^^^"^ ^^®* ^-formula), 

,- — =- ,. (1+A?)sn(i^, A?')cn(w,Ar') ,« , « , . 

sn (1 + ku, 7 ) =^^ ^ , ' i,. ^— — ^ (from second ^^-formula), 

and we may complete the system by adding the values of the 
functions en, dn. 



257. We have thus the formulae : 



sns 



cn = 



dn = 



(1 + k% X) 



(T+ku,y) 



(1 + k% W) 



(1 + ku, y) 



(l + y)snuonu 


l-(l + i')8nau 


l-{l-k')8n^u 


(1 + A;)8nu 


onudnu 


l-ksn^u 


{l + k^)«DiU 


oniudn^u 


1 - A;' sDi^ u 


{l + h)BnjUcniU 


l-(l+ife)8ni>it 


l-(l-k)an^^u 



-T-dnw 



•^(l + ksn^u) 



-T-il + k'sn^^u) 



-=-dnjM 
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where in the first and second lines sn u, &c. denote (as usual) 
sn(u, k\ &c. : and in the third and fourth lines sHiU, &c. de- 
note sn (w, J(f)y &c. 

TTiird and Fourth Transformations. 

258. In what precedes we have a complete theory, or say 
" the standard theory," of the quadric transformation, but we 
may add a third aud fourth form. 

The third form is : 

Here, denom. = 1 + X — 2\a^, we have 

1-y =2(1-X)aj« (-4-), 

1+y =2(1+X)(1-^) (■^), 

l-\y = X'» (-), 

1 + Xy = (l+X)ni-A;»^) (-), 

and thence, denom.= CI -h X — 2Xa^)", we have 

7i-y2 i_xy= 2x'« (1 + X) a? Vi - ^ . 1 - ^^, 

dy = — 4X'*a?da?, 
and consequently 

(1 + X) dy 2dx 

259. To connect with the standard form, observe that 

2 

writing a; = sn (u, k), y = sn (v, X), we have di; = — ^ dw, 

= -(1 + A:')du, that is, v= (7--(l +A?')i^, or (since for aj = we 
have 2/=l, that is for w = we have t;=A) the value is 
i; = A — (1 + A;') i^, and the integral equation is 

/A TZTT? ^^ 1 + X- 2 sn^(u, A?) 

or, what is the same thing, 

^ 1 - (1 -f jy) sn^ {u, k) 
"1-(1-A?')sn2('w, A;)' 
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but the left-hand side is = en (1 + k'u, \) -f- dn (1 -|- Icfu, X), and 
substituting herein the values of the two terms from the table 
No. 257 the formula is verified. 

260. The Fourth form is 







* 




Here 


1- y = _ {l-xVkf 


(-), 






1+ y= (l + x-^y 


(-), 






l-yy = -y(l-x)(l-ka!) 


(-). 






l + yy= y (1 + x) (1 + ka;) 


(-). 




where 


denoin.= 2 Vfcc, 






and hence 






• 


vr 


-2/». 1 -7^>= - 7 (1 - jb!») VI -a? , 


1-A»a!' 


(-), 




dy = - 2 VA (1 - ifcB") da; 




(-), 



where 



denom. = 4ikx\ 



Consequently 
dy 



(l + k)da) 



261. To connect with the standard form, putting a? = sn (tc, k\ 
y = sn (v, 7), we find i; = (7 -|- (1 -I- A;) t^, and then, since a? = 1 gives 

1 + A? 1 

y = — ;=., = - , we have T + iP = (7 + (1 + A?) K, or since 

2vA? 7 • 
(1 + A?) K = r, this gives (7= iF, and therefore v =ir'+ l-j-Aa 
and y = sn {iV + 1-1- Art^, 7) : wherefore the equation is 

1 + A; sn* {u, k) 



8n(tT'+l + A^,7)=2VJfc8n(u,ifc)- 

The left-hand side is 

1 _ 1 + A; sn^ (u, k) 

7 sn (TTfai, 7) ' "7(1 + Aj)sn(w, A?)' 
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or, what is the same thincf, = ~ — / \J , which is right. 

^ 2Vifcsn(w, A?) 

262. Making in the third form Jacobi's imaginary trans- 

. ,. iX iY .,, iT 1+A/Z' 

formation x = _ , y = , it becomes , = = — irvi, 

1 +)k'Z* 
giving F= . - , viz. this is t\ie fourth form, writing therein 

X, Y for aj, y, and for A? the complementary modulus k\ 

And similarly making in t\iQ fourth form Jacobi's imaginary 

— F 1 — 1 + JkZ* 
transformation, it becomes , = — ; , , giving 

1 + V — 2Z' 
F= , ^ — Q ;y , viz. this is what the ^Aird form becomes 

on substituting therein Z, F for a?, y, and for X the comple- 
mentary modulus V. 

263. The cases n = 3, 5, 7 are worked out in accordance 
with the general algebraical theory explained in the preceding 
Chapter. In the case n = 3, it is to be observed, that the 
process introduces a single indeterminate quantity a, in terms 
of which the moduli k, \ are expressed; the resulting form, 
containing only this parameter, is an interesting and valuable 
one, but it is nevertheless proper to obtain the modular equa- 
tion, and express the formula in terms of the two quantities 
Uy V connected by this modular equation. 1 have in regard to 
this same case 7i = 3 gone into some details to connect the 
formulse with the transcendental ones depending on the trisec- 
tion of the complete functions, as obtained from the general 
theory for the case of an odd-prime. 

The Cubic Transformation. Art. Nos. 264 to 266. 

264. We write 

1 ~y __ / I - ax V 1-a? 
1 + 2/ " \1 + aa;/ 1+aj' 

a; {2a + 1 + aW} 



givmg \ y = 



1 -ha (a 4-2)0!* 
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and then the conditions in order to the change a?, y into 
1 1 
Kx Xy 

It is moreover clear that 57: = 2a + 1. 

265. We have at once everything expressed in terms of a, 
viz. we have first ft = a', and thence 



a»(2 + tt) ,^ /l+aV 
^~ 2a+l ' ^"''Ua+lJ ' 



and then 



l-y = (l-a^)Hl-/r) (-), 

H-y = (l +0^)^(1 + ^) (-), 

l-Xy=(l-^^)\l-A;^) (-), 

l+Xy = fl + ^^y(l + A:^) (-), 

where denom. = 1 + a (a + 2) a?*, 

and thence 

dy _ (2g + l)da? 

Vr-2/3. 1 -xy " Vl - ar» . 1 - A^a;^ ' 

the factor 2a + 1 being obtained directly from the consideration 
that, X and y being small, y = (2a + 1) x. The modular equa- 
tion is here replaced by the two equations 

"- 2a + l ' ^-"Ua + lj ' 

which in fact determine X in terms of h. We obtain 

,/»_ (!- «)(! + «)• ,„_ (l+a)(l-a)' 
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and thence 



^K^^^±S, VFV=l-«' 



2o + l 



2a + l' 



hence \kX + »/kf\' = 1, which is a form of the modular equation. 

k' ... 4 — 

We have — = a*, that is writing Vk = u, Vx = v, we have 

a = — . Moreover V^X = -^^ :r^ , that is wV — -^r ^ , or 

v 2a + 1 2a + 1 

(substituting herein for a its value), 

t;(2tA» + t;) ' 

or w (i^» + 2t;) = ?;» (2m'^ + v), 

that is 1^*- v*+ 2wt;(l -'mV) = 0, 

which is the modular equation, expressed as an equation be- 
tween u = i/k, and v = \/X. 

266. Introducing into the equations w, t; in place of a we 
have 

1 -\-y = {v + u^xf {1 + x) 

1 — y = (V — u*i»)* (1 — x) 
1 + V^ = i^* (1 + t^Va?)^ (1 -h U^x) 

\-^ify^i^{\^ uvxf (I — u^x) 

where the denominator is in the first instance obtained in the 
form i;2 + w' {u^ + 2i;) a^ ; or, altering this by means of the 
modular equation, we have 

denom. = v* {1 -h w^ (i; + 2u^) af^] ; 
and then 



vdy 



_ (t; -f 2u^) dx 



VlT^y^in^^vy ^l-af.l-uW* 
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The Quintic Transformation, Art. Nos. 267 to 271. 

267. We write 

l~y ^ (l ~a?)(l-aa?4-^a;^y 
1 +y ~ (1 + a?) (1 +flw; +/3a^)2' 

^ a? |(2a + 1) + (2a)84- 2)8 + a') a?'\-^af] 
giving y- l+(2/3 + 2a + a0a?^ + (/32+2a/3)a?* * 

And then the conditions in order to the change a? into 
^, y into 1^, are 

*« (2a/3 + 2^ + a«) = n (2a + 2;3 + a*), 

Ar*(2a + 1) =n(^«+2a/3), 

jfc" . 1 

where II* = — . It is moreover clear that ir=^= 2a + 1. 

268. Assuming A; = w*, X = t;*, we have fl*^ = — , and thence 

yS = Vfi = — . Substituting these values the last equation be- 
comes (2a -\-l)uV^=^u^ •\' 2av, that is 

2av (\-uv^)==u{^--u% or 2a ^ ^y^ ^'2 - 

The second equation becomes 

{v^ - u") (2/3 + aO = w^l - ^^'v) 2a, 

_u ^v*- u^) (1 ~ ^«i;) 
V 1 — uv^ ' 

that IS 25 + a* = — -^^ -, ^ , 

whence ,, ^ ^ ((t^' + u») (1 - «H,) _ ^ J 

v ( 1 — wt;* J 

" V 1 — uv^ 
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And dividing this value by the value first obtained for 2a, 
we have 

^ _ 4t^* (1 + uH) ^u(v*'- 1**) 

whence — (v" + u^) (v* — w*) + 4iuv (1 — uv^) (1 + t^*i?) = 0, 
or, what is the same thing, 

t^«- v«H- 5wV» (t^* - 1;») + 4ut; (1 -t4V) = 0, 

the modular equation between u = v^A? and t; = v^X. 
269. We then have 



2a + l = 



i;(l — 'Mt;')* 

v* (1 — -mi;*) ' '^ 1 — wt;* 



and hence 

_v(v — u^)x + u^ (v^ + y?) {v — w*) a?" + u^^ (1 — lAv') af^ 

or if we please 

1-y^l-a? / 2(l-^i/t;»)- ^y 

V^2(l-ut;»)^^t; "^ 

leading to 

t; (1 — uv^) dy __ (t; — u^) dx 
V 1 - y M - t;8y 2 "" ^ 1 _ ^ 1 _ ^8a;3 • 

270. If from the original equations we eliminate A?, II, we 
obtain 

(a2 + 2ay8 + 2^8)^ (2a + ^) - (a^ + 2a + 2/3)» (2a + 1) ^ = 0, 

viz. this is 

2aHl-^)K-2)8(l + a + ^)} = 0. 
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But a = gives simply y = x\ 1— ^8 = corresponds to 
A? = X = 1, and does not give a transformation ; rejecting these 
factors, we have 

a«-2/3(l+a + ;3) = 0, 

viz. if a, yS are connected by this equation, and 



1 +y~l+«\l + oui? + itfW ' 



y 

then there exist values of M^ k, X, such that 

Mdy dx 



VIZ. we have -^= 2a+ 1, ^ = ( 2^^ 4, 2 /3 +lt^ ' ^^' ^^^^ ^ *^^ 
same thmg, k^ = — ^^ , — - and ^ = oi • *"is is of course only 
another form of the theorem. 

271. It is worth while to consider the case y9 = l: as 
already mentioned this gives A;^ = X^ = 1 : we have 

1-y _ 1-x / I - aa? + x^V 
l + y~H-a?\l + flw? + ^/ ' 
. . ^ x {2a+l + (a!'+ 2a-\- 2) a^ + a^} 

giving y 1 ^(^2^ 2a+ 2)^ + (2a+ 1)^;* ' 

and calling the denominator D, we have thence 

l-y^ = ;^(l-a^){l+(2-a0^ + ^}l 

Moreover dy = jy^ (1, af^ydx, but the numerator (1, sd^y con- 
tains, not the square, but only the first power of 1 + (2 — a*) ai* + a?* ; 
we in fact find 

dy = -^{2a-l-l-l-(-a2-4a+2)a;«+(2a+l)ic*}{l+(2-aV+«^}<^^. 

and consequently 

dy ^ 2a4' 1 + (~ ft'- 4a + 2)a^ + (2a + 1) a?* dx 
1-3/3 l-|-(2-fl?)a^-|-ic* 'l-flj"' 

c. \^ 
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dsc 
viz. the factor which multiplies ^ — — is not a mere constant; 

and we have thus no quintic transformation. 

The Septic Transformation, Art. Nos. 272 and 273. 

272. We write 

1 — y_l — a?/l — awc + Pa^ - 7^* 

and thence the conditions in order to the change Xy y into 

Jl L 
kx '\y 

A» (/8« + 2)87 + 2a7) = 11(2^8 + 27 + a*), 
¥ (2)8 + 2a)8 + 27 -f a«) = H ()8* + 2a)8 + 27 + 207), 

A:«(l+2a) = Il(72 + 2/37), 

k^ 
where II* = . Writing as before k = u\ \ = v*, we have 



t(}* , ., r^ V? 



fl = - , and thence 7, = vfl, = — . Moreover, by taking x and 

y each indefinitely small we obtain at once 1 + 2a = ^^^ , and 

substituting these results in the last of the four equations we 

find 2)8 = wV ( ^ — -\: and the second and third equations 

become 

i;^ ()8* + 2)87 + 2a7) = i^« (2)8 + 27 + a*), 

itV^(2)8 + 2a)8+ 27 + a*) = )8* + 2a/3 4- 27+ 2a7, 

in which equations a, )8, 7 are to be considered as given 
functions of u, v, M : the equations therefore determine the 
relation between u and v (the modular equation); and they 
also determine the multiplier jlf as a function of w, v. 

273. The final results are simple : but it is by no means 
easy to deduce them fi-om the equations, or even to verify 
them, when known : we have 

(l-2*«)(l-t;«) = (l-?iv)«. 
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or, as this may also be written, 

(v - vF)(u - v^) + 7uv (1 - uvy (1 - w + u^y = 0, 

for the modular equation : and then M is given in either of the 
two forms 

values which are identical in virtue of the last-mentioned form 
of the modular equation. And then as above 

which are the values of the coefficients a, fi, 7, 

Fo7*ms of the Modular Eqimtion in the Cubic and Qidntic 
Transformations, Art. Nos. 274 to 277. 

274. In the cubic transformation, the modular equation is 
originally given as an equation of the fourth order between 
(tc, v): but we thence easily derive equations of the same order, 
4, between (v^^ t^) (u\ v*), and (u\ 1^): the forms are 



I. 



1 

V 



u 



u* 



M« 



U* 











+ 1 




+ 2 
























-2 




-1 











0, 



11. 1 
1 

j;8 



tt" 



u* 



w" 



tt" 











+ 1 




-4 












+ 6 












-4 




+1 











=0, 



\^— ^ 
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m. 





1 


tt* 


m8 


tt" 


tt" 


1 










+ 1 


V* 




-16 




+ 12 




»« 






+ 6 






v" 




+ 12 




-16 




v» 


+1 











=0, 



IV. 





1 


t*8 


uw 


tt« 


u^ 


1 










+ 1 


ffi 




-266 


+ 384 


-182 




t;l« 




+ 384 


-762 


+ 384 




t;»* 




-132 


+ 384 


-266 




v» 


+ 1 




1 





=0. 



275. Here I. is the original form u* — v* + 2uv (1 — ttV) = 0. 

II. may be written (1 — u^) (1 — t;^) = (1 — u^y. Jacobi ob- 
tains this, Fund. Nova, p. 68, as follows : we have 

(1 ''U')(l+v*)=l-u^ + 2uv (1 - i^V) 

= (1 - wV) (1 + uvy, = (1 - uv) (1 + icvf, 
(l+u*) (l-'V') = l'-u^- 2iw (1- ?6V) 

= (1 - vhP) (1 - im)\ = (1 + iiv) (1 - tiv^^, 
whence the form. Writing 

the equation is A;'^'- = (1 - V^)*, 

or, what is the same thing, 

the irrational form obtained ante. No. 265. 

III. may be written (u* - 1;*)* - 16wV (1 - ii«) (1 - 2;^) = : 
which form can be at once derived from II. under the form 
(1 — u^) (1 — t;*) = (1 — itVy, by writing therein 

1 — u^}P = — (i^* — !;*)•+ 2uv, 
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IV. may be written 

(w8- 1;8)*= 1282^^(1 -w8)(l - v8)(2 -1^8 - t;8-f- 2u^): 

or say 

(t-Xy-^USi^X' (1 - )fc^) (1 - XO (2-)fc«- X«+ 2Ar»X0, 

J\t%d JVova, p. 67, viz. this is the modular equation expressed 
rationally in terms of A:^, X^ Writing, with Jacobi, 5 = 1 — 2A^, 

1 = 1 — 2X*, it becomes 

. 

(g-i)*=64(l-g^)(l-«0(3 + ?0. 

276. In the quintic transformation the modular equation 
is originally given as an equation of the order 6 between u, v : 
this may be expressed as an equation of the same order 6 
between (t^*, tf^), (t^*, t;*), (tt®, tf)y viz. the four form* are 



I. 





1 


u 


m2 


tt3 


U* 


m8 


tt« 


1 














+1 


V 




+4 












t?a 










+ 5 






I7» 
















c* 






-5 










t?5 












-4 




t?« 


-1 















=0, 



n. 





1 


«2 


u* 


u« 


u8 


ttio 


u" 


1 














+ 1 


1?2 




-16 








+ 10 




V* 










+ 16 






t?« 








-20 








t;8 






+ 16 










„10 




+ 10 








-16 




1713 


+ 1 















=0, 
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1 


u* 


W8 


m12 


m1« 


u^ 


,t*8* 


1 












+ 1 


1?* 




-266 




+ 320 




- 70 




v^ 






-640 




+ 666 






t;i2 




+320 




-660 




+ 320 




VM 






+ 666 




-640 






v» 




- 70 




+ 320 




-266 




v^ 


+1 






• 









=0. 



IV. 





1 


m8 


wW 


u^ 


m32 


«» 


tt« 


1 














+ 1 


t;8 




- 65536 


+ 163840 


138240 


+ 43520 


- 3690 




^16 




+ 163840 


-133120 


- 207360 


+ 133135 


+ 43620 




^24 




- 138240 


- 207360 


+ 691180 


- 207360 


- 138240 




t;82 




+ 43520 


+ 133136 


-207360 


- 133120 


+ 163840 




V40 




- 3690 


+ 43620 


- 138240 


+ 163840 


- 65636 




i;48 


+ 1 















=0. 



277. Here I. is the original form 

u^^if+ bu^iu^-v^) + 4^uv (1 - ti^) = 0. 



II. may be written (u^ - v'f - 16i^V (1 - u^) (1 - v«) = 0. 
This Jacobi obtains, Fund. Nova, p. 69, directly as follows: 
writing the modular equation in the form 

(u^ - ^) (u* + 6w^2 + ^) = _ 4j^i; (1 - u^X 

from this we deduce 
0^2 - ^) (h + vy, =^(u-v) (u + v)\ = - ^uv (1 - i*0 (1 + ^)» 
{vr-v'){u'-vy, ={u-vfiu-^v), ^-4i^t;(l+t*0(l-^)» 

and thence the form in question. 
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The form IV. may be transformed into : 

{u^ — 'tfy = 512u^ into 





1 


1*8 


Wl6 


u^ 


vP 


1 


+ 128 


-320 


+ 270 


- 86 


+ 7 


t;8 


-320 


+ 260 


+ 406 


-260 


- 85 


ylS 


+270 


+406 


-1360 


+405 


+ 270 


v^ 


- 86 


-260 


+ 406 


+ 260 


-320 


v^ 


+ 7 


- 86 


+ 270 


-320 


+ 128 
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and thence into : 



(u^ — v^y = ol2u^ (1 — it^) (1 — ij^) into 



as 



V 



24 



W« 



U 



16 



U' 



24 



+ 128 


-192 


+ 78 


- 7 


-192 


-262 


+ 423 


+ 78 


+ 78 


+ 423 


-252 


-192 


- 7 


+ 78 


-192 


+ 128 



which is the modular equation expressed rationally in terms of 
u^, ^8, = A;2, \\ If we herein write g = 1 - 2A;2 i = 1 - 2X\ this 
becomes : 

{q - If = 256 (1 - q") (1 - V) into 





1 


« 


9« 


gs 


1 






+ 406 




I 




+486 




- 9 


l» 


+406 




-270 




p 




- 9 




+ 16 



which is equivalent to the form given Fund. Nova, p. 67. 
equation may also be written 

{q-iy = 266 (1 - q') (1 - I') {16ql (9 - ql)^ + 9 (45 - ql) (q 



The 



-m- 
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Properties of the Modular Equation for n an odd prime. 

Art. Nos. 278 to 281. 

278. The cubic, quintic and septic transformations supply 
illustrations of certain properties of the modular equation for 
any odd prime value of w. It may be convenient to mention 
here that the equation has been further calculated for the odd 
prime values 11, 13, 17 and 19, by Sohnke, in the Memoir, 
Equationes modulares pro transformatione functionum ellipti- 
carum, Crelle, t. xvi (1836), pp. 97 — 130 ; the results are given 
in a tabular form in my Memoir on the transformation of 
elliptic functions, Phil Trans, t. 164 (1874), pp. 397—456. 

The degree in u, v respectively is = n + 1. 

279. The equation remains unaltered if for u, v we write 
therein — t*, — i; respectively. 

Connected herewith we have an important property not 
explicitly noticed by Jacobi. In general an equation F (u, v) = Q 
of the order v m u and v respectively can be transformed into 
an equation of the order 2i/, in u^^ v- respectively; viz. the 
transformed equation is 

F{u, v) F{- u, v)F(u, -v)F(-' u,-v) = 0, 

where the left-hand side is a rational and integral function 
of u^, v^ of the order 2v in these quantities respectively. But 
as regards the modular equation, since F(—Uj'-v)=^F (u, v), and 
therefore also F('-UyV)= F(Uy ^v), the transformed equation 
may be written F(Uy v)F{u, — 1;) = 0, and it is thus an equa- 
tion in u^, v^ of the order v, =w-|-l, only. It has just been 
seen how in the cases n = 3 and w = 5, we obtain equations 
not only in (u\ if), but also in (t^*, v*) and in {u^, if), of the 
same order, 4, 6, in these quantities respectively : and the same 
thing might easily be shown in the case ti = 7. 

280. The modular equation remains unaltered when for 

Uy V we write therein v, (— ) u; viz. n = 3 or 5, {v, — u), but 

w = 7, (v, u) in place of {u, v). Taking the equation in 
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(u\ v^) {u\ V*) or (u\ ^) this merely means that the equation 
is symmetrical as regards the two variables, but as regards 
the original form as an equation between {u, v), we have, as just 
stated, n = 3 or 5 (mod. 8) a skew symmetry, but n = 1 or 7 
(mod. 8) a complete symmetry. 

The above change u, v into {v, (— )* w} changes the 

multiplier M into nr — > ^^^ it thus appears that, given 

the expression of the multiplier in terms of (u, v), we can 
deduce the modular equation: thus, |i = 3, 

v + 2u^' 3M -u + 2v'' 
whence (2u^ 4- v) {2v^ — u) — Suv = 0, 

the modular equation. And so also, n = 5, 

T^_v(l —uv^) 1 _ — w(l+w^) 

whence ouv (1 — uv^) (1 + u^) — (t; — u^) ('if + u) = 0, 
the modular equation. 

281. The modular equation remains unaltered on changing 
therein u, v into - , - respectively. 

The modular equation also remains unaltered on changing 
therein k, \ into k\ V respectively, that is u^, i^ into 1 — u^, 
1 — v^ ; this appears from the equations expressed in terms of 
q = l—2J(^ and Z = 1 — 2\^ ; viz. by the change in question q, I 
are changed into — (?, — ^ ; and the equation remains unaltered. 



Two Transformations leading to MultipUcation, Art. No. 282. 

282. It appears from the property stated in No. 280 that 
we can by a twice-repeated transformation obtain a multiplica- 
tion, thus, n = 3, 



202 TRANSFORMATIONS LEADING TO MULTIPLICATION. [VT 

^ " -y^ + i;»w2 (v + 2w«) a?'- 

gives 

dy t; + 2m^ (iz? 



and writing (v, — w) for (ia, v\ and («, y) for (y, a?), 

gives 

d^ U'-2v^ dy 






= -3 



VI - ar^ . 1 - t^W ' 



283. Similarly, n = 5, 



gives 

dy V'-vF dec 



Vl-yM-t;8y2 t; (l - t6t;8) Vl -ar^.l -i^^ic^ 
and 

gives 

d£ u-\-x^ dy 

Vl-^M-i*«^2~i^(l + t^^v) VT^^TT^^ ' 

whence 

= 5 



Vl - ^M - -mV Vl - ar^. 1 -ii^cx^ ' 
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The Multiplier M. Art. Nos. 284 to 288. 

284. The above-mentioned values of M, ir=; lead to con- 

M 

venient expressions of nM^ ; thus 

. = 3. 3Jf« = ??|^> 

u {2v? + v) 

71 = 5, bM^ = -^ :i T-, 

It will be shown that we have in general 

or, what is the same thing, if = be the modular equation, 
then 

a formula which is here to be verified in the three cases n = S, 
71 = 5 and w = 7. 



285. In the case w = 3, we have 

,, V 2'i:^ — u 

also 

du^ 2v^-u + SuV 
dv" 2u^ + v- 32/V ' 

and the equation becomes 

2v^-u _ l'-tfi 2v^'-u + Su^^ 
2u^ + v "" l-w« ' 2u^-\-v- Svhf ' 

But writing 3 = — , then in the last fraction 

the numerator becomes = (2v^ — w) (1 -h wV -h 2vJh))y and th^ 



204 

denominator 
thus is 
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[vra. 



= (2w* + v) (1 + vh^ — .2wt;«) : and the equation 



1 = 






But we have 

1 -ii« = (1 +14^) {1 -1;*+ 2wt; (1 -i^V)}, 

= 1 - wV + lA* - V* + 2i^i; (1 + 1^*) (1 - 2^2^), 
= 1 - t^VH- 2M»t;(l - wV*), 
= (1 - vhf) (1 + i^V + 2w«t;), 

and similarly 

1 - 1;8 = (1 _ i^V)(l +i^V - 2'Mt;«), 

which proves the theorem. 

286. In the case n = 5 we have 

^_ y (1 — U7f) __ w + v^ 
"" V — i6* "" 5w (1 + «^^) ' 

and the equation becomes 

(1 — uv^) {u + if) _\--v^ du 
(v — ^t^)(l 4- u^v) l-'U^ dv' 

The modular equation may be written (by No. 277) 
{u^ - vy = 16 tiV (1 - u^) (1 - v«), 

whence differentiating and multiplying by u^ — i?^, and reducing, 
we have 

Guv (1 — u^) (1 — t;®) (i^w — vdv) 

^uiw'-v^) (1-1^8) (1 - 5v^) dv + v (u^ - iP) (1 - i;«) (1 - oz^s) dw, 

or, as this may be written, 

t; (1 - ^) (Su^-u^'' + !/» - 5wV) du 

= u(l- u^) (bv^ -v^^' + u^'- 5u^) dv, 
that is 



V du 1 —v^ ov^ — v^^ + w* — 5tA^ 
lidv 1 — u^ 5u^ — u^^ + v^'-5u^^ 
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or, observing that, from the modular equation we obtain 

5u^-v}^ + 1;2 - 5w»y2 = (1 - wH;*) {vf + Sw^ + 4w«t;), 

this is 

udvi-^u^ ij^ '\- 5u^ + isu^ ' 

and the equation to be verified is 

t; (1 — wj^) (u + v^) _^u^ -\- 5v^ -- 4suv^ 
u(v — u^) (1 + vh)) *" -y^ + bu^ + 4t**i; * 

287. Write 

then we have 

u^ + oiP — 4iuv^ = uA + 5vD, 

and the equation becomes 

AD _ i*4^H- 5vi) 

or, what is the same thing, 

vACD + buABD = uABG + 5!;ajBi) : 

but from the modular equation bBD^AC, and substituting 
this value and throwing out the factor ACy the equation 
becomes vD + uA =uB + vC, which is true since each side is 
^vJ' + iP, 

288. In the case n = 7, we have 

^ _ V (1 - uv) ( 1 — ^i; 4- ^V) t^-y^ 

and the formula is 

u — v^ ^1"'^ du 
v — u^^l — u^dv' 
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Starting from the modular equation 

0, = (1 - u') (1 - i;«) -(1 - uvy, = 0, 



we have 



i^ = -v^l--u') + u(l'-uvy; 



dv 
and thence 

= — v' (1 — uvy + (1 — v^) u (1 — uvjy 

= (1 — uvy (u — v'). 

And similarly 

whence 

1-u^dv'^ ^ Uv ' ^ Uu' v-v?' 

the formula in question. 



Further theory of the Cubic Transformation. 
Art. Nos. 289 to 298. 

289. The cubic transformation may be considered from 
a converse point of view. Writing a? = sn (u, k), ^ = sn (&m, k), 
we have 

^('-3(V-g)(^-g)('-g) • 



where 



4>K ^ UK' 

a=^8n-g-, )9 = sn-g-, 

7 = sn ^ , d = sn g 
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these being the roots of 

3-4(1+ A^)ar^-l-6A2a?*-A?*^=0; 

and it is to be shown that this relation between z, x may be 
decomposed into two transformation equations between (y, x) 
and {Zy y) respectively. 

290. We take these to be 

giving respectively 

Mdy dx 



and 

dz _ SMdy 

where observe that a, which enters into the relation between 

y, X, being as above the real root sn —^ , the equation between 

o 

y, xisa first transformation, and consequently that the relation 

between z, y ought to come out a second transformation. 

291. Writing 

Vr:T2 = cn^, Vl-A;«a2=dn^, 

we have 

SK /,„ 4Z\ 4ir 

sn -^^ = sn ( 4a — s- = — sn 



iK /^„ 4iC\ 



3 ' 
that is 

2 Vl-aa Vl - ifc«a« = - (1 - A^^a*), 
and similarly 

2 vr^ vr=jy^ = - (1 - A?2y3*). 
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Also 

7« = sn s sn 5 



1 - ¥a^^ ' 



and thence 

^ + (7 + 8)- i_;fc.„,^ . 

that is 

or, what is the same thing, 

111 0= 



fi y B /37S ' 
and, moreover, since 



H'-?)(-J)(-?)('-S 

= 3 -. 4(1 + A;2)^ + SA^ar* - Ar* 



we have 



^ =-ik*, or 02/327282 = -!. 



02^927282 "' ' '^ ' ft* 



JIf V a2/ 
292. Determination of y— . _ju 2 o » leading to 



Mdy dx 



Jl^y\l-^\y 71 -a?, l-*'^^* 
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We determine M so that a7 = l, y = l shall be correspond- 
ing values, viz. we have 






or ilf = — 



and then (denom. = 1 — Jt^a^a^), writing 

l-y = (l-A?«W)-;|(l-^;) (-), 

= (l-.)|l-.(^-l)-j£,| W; 

the term in { } is taken to be a perfect square, = M — -^ J 
suppose, viz. this being so we have 

2 _ 1 - Ar^g* / 1 _ Vl - A^^g^ 

which agree ; and then 

l-y = (l-ar)(l-^)' (-e-), 

whence also 

l+y=(l + a;)(n-|y (^). 

We next determine \, so that a? being changed into r- 



Ara? 



y shall be changed into — : we thus have 

if 

1 1 1 - h^a^x' 



\y Mk^a^x * ^ _ ^ ' 



c. 14 
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or, multiplying by y, 

1 1 



that is 

Observe that, a being real, we have 1 — a* < 1 — k^a\ and henc€ 
X < A;*, viz. we pass from a modulus A; to a smaller modulus X 

And then. the expressions for 1 — y and 1+y lead to 

l^\y^(l^kx){l^kfxy (-), 

l+\y={l'\-kx){l + kfxy (-), 

so that we have the required equation 

Mdy _ do) 

293. Modular equation. 

Next, for finding the modular equation, we have 



X = 



" (1 - Ar'a^)^ ' or VAA:- ^_ 



jfc^a^ ' 



where the term in { } is 

1 - ^Ic'a^ + Q¥x' - 4A;«a« + kf'o^ 
- i:« + 4A;«a2 - 6^«a* + 4A;«a« - jfc^o^, 
= (1 - A:^) {1+ A;2 + j[;4 _ 4 (;[j2 + j[;4) ^2 + 6Jfc*a* - A;«a8}, 
= (1 - i^) {(1 -)fc2)« + A;2[3 -4(1 + A;2)a2+ 6A;^a*-&*a8]j, 
= (1-Ar^)»; 

that is 

i'' — k'^ 

^' = (1 - kfaj ' ""^ ^^'^' = r^A^^' ■' 
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and hence 



Vx^4-VvF = ^"t^?-''> 



1 - Jfc«a« 



that is 



the required equation. 



= 1, 



294. We have next {0 being arbitrary) 

(denom. as before = 1 — Ic^a^af). 
And taking 



then 



^ 1 l3yS ^. .. 1 a^ 



and similarly 

also, changing x, y into ^ i ^ > 

1 -X% = (1 -.A)S«)(1 - fcya?) (1 - JfcSa;) 
1 +X^y = (1 + A:/3a;)(H-A7a?)(l +A;&z?) 

consequently 

K'-g) ^('-s)('-g)(^-;)('-g) 

1 - A.2^2 (1 - Ar»aW)(l - k'fiYXl - A:V'^)(1 " *'^'^) * 
We have 

= .L^y^ hence ^ = i^^^ - "? • 
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Q 

but \ = M^k'tx^, hence X^ = - , , and X«^ = - 3ilf*a*: whence, 
putting for shortness Jf, = - ^j, ,^ _ j^^^^) ' "^ "" a«J? ' ^® ^^^^ 

295. It is to be shown that 6 is connected with \ as a is 
with h ; viz. that we have 

3 - 4 (1 4- X«) ^ -h 6X2^ - X*^ = 0. 

Substituting for ^, X*^ and X^ their values, the expression on 
the left-hand side is 

(il = 1 - a^ £ = 1 - ya% viz. the term in { } is a function (I, a«)» 
the coefficients of which are 

27, 

- 54 - 54A:2^ 

27 + 90A^ + 27Jfc*, 

- 4 - 18A^ - 18i* - 4ifc«, 

- 2A:2_46^_ 2A«, 

14Jfc* + 14A;«, 
- A;* + 10A;« - h^, 
- 2i« - 2A«, 

and this is equal to the product of 3 - 4 (1 + A:*) o^ + Gfc^a* — k^a^ 
by a function (1, a^)*, the coefficients of which are 

9, 

- 6 - 6Jfc», 

1 - 4Jfc» + ifc«, 

2*" + 2Jfc*, 
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viz. this other factor is = {3 -(1 +Ar»)a»-A;^a*}l The first 
fector vanishes and we have thus the required relation 

3 - 4 (1 + V) ^+ 6\'^ - V^= 0. 

We have ^ = — -Trr^T-> where M, a, yB are all real but iS is a 

pure imaginary, hence also ^ is a pure imaginary. Now the 
equation in z,y corresponds with the diflferential relation 

dz SMdy 

Vl- z^ . l^V "* Vl-yM-Xy ' 

and we thence see that 6 must denote one of the quantities 

4A 4iA' 4A + 4iA' -4A + 4tA' 
sn -g- , sn -g- , sn g , sn ^ ; 

and, being as just shown, a pure imaginary, it clearly denotes 

4'iA 
sn — ^- , viz. the transformation from ^ to y is a second trans- 
o 

formation. 



Writing now 



^ 1 - X^^t/2 



T 

we may determine N so that corresponding values shall be 
z = l,y = '-l (or <? = — 1, y = 1), viz. this will be the case if 

and the value of N thus determined will be = ,jt>. To verify 

this we have to prove the equation 

^(1-X»^)=3il/(1-.^). 

Substituting for ^, X^ and M their values, the equation is 
_^ {_ a^ (£» _ ^^3) + 2AB(B- k^A )} = 0, 

(A = l-a',B=>l-liW,aa before). 
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We have B — if^A = 1 — A:*, and the term B^ — k^A^ contains 
this same factor. Omitting the factor in question, 1 — A;^, the 
term in { } is 

viz. this is 

= 3 - 4 (1 + i^) a" + 6k^a^ - ta^ 

which is = 0, and the theorem is thus proved. 
296. Starting from the equation 

where 1,-1 are corresponding values of z, y, and 

3-4 (1 + X.2) ^ + 6V^- V^ = 0, 
we have 

l-z = (l + y){l+^J (-), 

l+kz = il-\y)(l-\gyy (-), 

l-kz = (l+\y)il+Xgyy (-), 

where denom. = 1 — X'&Y, 

viz. in obtaining the above we have 



= (l-y)(l-iy (^), 



that is 



9 1 — x.2/94 
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which agree. We have therefore 

dz SMdy 



and the proof is thus completed. 

297. The investigation would have been very similar if, in 
the formula 

a had denoted any other root of the modular equation, or, what 
is the same thing, if a were replaced by any other root 13, y or 8: 
there would have been in each case a corresponding equation 
^ {^> y) giving by its combination with the assumed equation 
the triplication. In particular if the root had been )8, then the 
equation in x, y would have been a second transformation and 
the corresponding equation in {z, y) a first transformation. But 
if the root had been 7 or S, then in either case the equation in 
{Xy y) and the corresponding equation in (y, z) would have been 
each an imaginary transformation. 

298. Returning to the quantities a, ^8, 7, S, which denote 
sn -g- , sn -^, sn ^ , sn ^ , 

respectively the two equations obtained in No. 291 belong to 
a system which may be written 



a- = . . . —^y — ^8 — yS, 
/3^= , ^ay + aB . . +78, 



i^a^/3yB= .-/3-7-S, 
Ar'a/37S2 = a + ;3-7 . . 



3 — 

But a*)8*7*8* ~ "" i^ ' ^^ ^^ ^^^ shortness s = i V3, then we may 

write a^yi = — — or k^aj3yS = — 5, and the last set of equations 
becomes 
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sa- yS- 7- 8=0, 
a + «)8+ 7- S=0, 
a- fi + sy+ S=0, 
a+ i8- 7 + 5S = 0, 

which must be equivalent to two equations only: in fact the 
equations may also be written 

2a . +(5-l)7 + (5+l)S = 0, 

2/S-(« + l)7 + (s-l)S = 0, 

-.(8-l)a + {s+l)l3+ 27 . =0, 

-(5 + l)a-(s-l)/9 . +2S = a, 

which linearly determine any two of the quantities in terms of 
the remaining two, for instance a and yS in terms of 7 and 8: 
but then, substituting for a and ^ their values, the third and 
fourth equations are satisfied identically. 

A General Form of the Cubic Transformation. 

Art. Nos. 299, 300. 

299. Consider the two quartic functions 

X = (a, 6, c, d, e) (x, \)\ X' = (a , h\ c\ d\ e') {x\ l)^ 

we may imagine the variables x, x' connected by a cubic 
transformation so as to give rise to a differential relatioij 

Mdos dx 



v^ ' 



VZ' vz 

and this being so the modular equation will be given as a 
relation between the absolute invariants of these two quartic 
functions, viz. writing as usual /, J 

(= oe — 46d + 3c^ ace — ad^ — ¥e + 2bcd — c*, respectively) 

for the invariants of X, and similarly /', J' for those of 

X\ then the absolute invariants are fl = 1 — 27 y^ , and 

fa 
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Supposing the function U linearly transformed into 
1 — a;^ . 1 — A^ar*, and similarly IT linearly transformed into 
1 — y^ . 1 — \y : then it has been seen that the relation be- 
tween A^, \^ can be obtained by the elimination of a from the 
equations 

l + 2a ' ^ "(l + 2a)s' . 

2 -4- ff 

or, what is the same thing, writing — )8 = = — x— , we have a, )8 

connected by the equation 

2a^ + a + ^+2 = 0, 
and then h^^- a'^, \» = - a^S^ 

The theory of linear transformations gives 

108^(l-v^* _ 108\^ (1 - \^y 

the question therefore is between these equations to eliminate 
a, )8, A:^, X* so as to obtain a relation between fl, fl'. 

300. By considerations which I cannot now recall I was 
led to assume 



(1 + 2«) (2 + g) (1 ^ g)^ «'_ i(i+M(2 + /3)(l 



The equation between g, yS gives 

1 + 2/8= _3^(l + 2a), 

2 + /3= 3a + (l + 2a), 

1-/3= 3(l + g)-(l + 2g), 

l + 4/8 + /8» = -3(l + 4a + g'')--(l + 2g>'; 

and we thence have 

B' = 27g(l + gy 
'^ . 2(l + 4o + o»)»' 

viz. in virtue of the identity 

(l+2g)(2 + g)(l-gy+27g(l+ay = 2(l + 4g + a')», 
we find a' + /5' = 1, 



218 THE MULTIPLIER RESUMED. [VOL 

We then have 

A!» = a»(2 + a)^(l + 2a), 

A?- 1 =(a - l)(a + 1)»H- (1 + 2a), 

A;* + l^i'+l = a«(2+a)»+14a»(2+a)(2a+l)+(2o+l)M _ 

= (a»+.4a+l)(a« + 3a« + 16a' + 3o»+l)j •^^'^^>' 

and consequently 

108a'a + 2a)(2 + a)(a-iy(a + iy 
(a» + 4a + !)• (a« + 3a< + 16a» + 3o' + ly ■ 

But 

a' = i(l + 2a)(2 + o)(l-a)* ^(a>+4afl)», 

and thence 

l-a' = (l+4a + a»)'-i(H-2a)(2 + a)(l-o)«] . 



= y.a(l + ay 



h 



» 



l + 8a' = (l + 4a + a«)» + 4(l + 2a)(2+a)(l-a)*( 
= 9(a« + 3a* + 16a»+3a* + l) J ' 

. whence 

64a- (1- ay 
(l + 8o')» ' 
and similarly 

_ 64)8- (1 - y87 
(1 + 8/3')' ' 

where a' + ^ = 1. Writing a' = i + ^, and therefore ff ^\^0, 
we have 

(5 + Sey fl = 4 (1 + 2^) (1 - 20f, 

(5 - SOf fl' = 4 (1 + 25)5 (1 _ 25), 

and the elimination of 6 from these equations gives the required 
relation between fl, ft'. 

\X'^ dib 
-P^oq/* of the Equation nM^= jr,^ -jz . Art. Nos. 301 to 303. 

301. The proof depends on the formulae for the differen- 
tiation of the complete functions referred to at the end of 
Chap. IV. 
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We deduce 

d K \ir 

and similarly, if A, A' are the complete functions in the first 
transformation, we have 

d a: ^ ^TT 

dk A A^XX' • 
T^ f A' iT' 

But T- = ^ rr I 

A K 

and we thus obtain 

dX _ ndk dX K^ _ dk 

XX^^^&F^* ^"^ ^^^^ XiC^'nA'^kk''' 

K K^ 

But we have also A = -^ , that is — rr = nM^, and conse- 

quently 

or writing k = v^,\ = v^, this is 

u{l— u^) dv 

302. M is given as a rational function of (u, v), the same 

function in the first and in every other transformation; and if we 

du 
imagine -j- expressed firom the modular equation as a rational 

du 
function of (u, v), and substitute these values of M and -r- , the 

resulting equation must be true in virtue of the modular equa- 
tion, viz. it must contain as a factor the modular equation. 
And this being so, it follows conversely that the expression of 
M^, viz. 

holds good, not for the first transformation only, but for every 
transformation of the order n. 
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303. Jacobi, Fwnd. Nova, p. 74, eflfects the generalisation 

from different considerations. Writing in the first instance 

Q=^aK + bK\ (^ = a'K + VK\ where a, 6, a', 6' are constants, 

he finds 

d Q" _ JTT j ab' " a'b) 

and similarly if i = aA + /3A', L' = a' A + /3'A', where a, yS, a', ff 
are constants, then 

dXL D^\'^ 

viz. these correspond to the formulae of the last No. with only 

Q, Q', Z, i' in place of K^ K\ A, A' respectively. But then 

using the equations 

aK + ihK 



aA. +i^M^ 



a' A' + i/S'A = 



nM ' 
a'K' + iVK' 



nM 

where oa' + 66' = 1, aa' + /8^' = 1, (see end of Chap. VII.), the 
equations become 

or since yr = y > y = ^-^, we have as before nM^ = , ..^ , . 

Differential Equation satisfied by the multiplier M, 

Art. No. 304. 

304 We have, No. 77, writing K instead of F, 

and similarly if X, A belong to the first transformation, 

These equations may be written 

d [kk'^dK\ , ,^ ,, d f\\'^dA\ ^ . ^ 

dk[-dk-r^^-'^> 5xl^r-j-^^="- 



Vni.] THE MULTIPLIER RESUBCED. 221 

K . 

But M = -jr-, that is -K" = MA, or substituting in the first 

equation 



"'"difc 



which multiplied by M may be written 

But ilf * = ,,,^^ , whence the second term is 

1 d f\\'^dA.\ ^ld\ d^ / XXf^dA \ 
ndk\ dX )' ndk dk\ d\ ) ' 

viz. this is = - ;7T XA : the whole equation thus divides by A, and 
it becomes 






d¥ ^ ^ dk 



n dk 



W'^dk 
We have M^ = —TTf^-fZ > and if we use this equation to eliminate 

dX. , ^ . 

^ , we obtam 

a diflferential equation of the second order satisfied by the mul- 
tiplier M considered as a function of k. {Fund. Nova, p. 77.) 
Observe that this equation contains n, viz. it depends on the 
order of the transformation. 

It is in the proof assumed that X belongs to the first 
transformation : but it may be seen as in No. 302, (or we may 
as in No. 303 by using Q, L in place of K, A respectively 
show) that the theorem is true for any root whatever of the 
modular equation. 
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Differential Equaiion of ike third order satisfied by the modvlus X. 

Art. Nos. 305 to 308. 

XK'^dk 
305. If we use the same equation M^ = hl/^tTx ^ elimi- 
nate M from the foregoing diflferential equation, then since the 
terms of 

all contain the factor -, which occurs also in the remaining 

term - ,,- of the equation, this factor divides out, and we ob- 
Yi ate 

tain an equation involving A, X, but independent of n: viz. 

observing that the equation in M may be written 

1 XdX 



, , f d (kkHM\ , „1 1 



= 0, 



dk 
and putting for convenience M^ = - fl', that is 

V kK'dX ' 
the equation in question is 

or, what is the same thing, 

where ft is a given function of k, X, and X is any root whatever 
of the modular equation. 

306. In this form dk is taken to be constant (that is, k 
to be the independent variable), but taking dk, dX to be each 
variable (in eflfect k, X to be functions of a new variable), the 
equation may be written 
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and after all reductions we arrive at Jacobi's form 
3 \(dkf (cP\y - (d\y (d^ky} - 2dk dX (dk d^X - dX d%) 

307. It may be remarked that if 

j^ = d;),thati8;) = log^,, 

and therefore ifc2 = r-^ , k'^=.-±-^ kk' = 



^2 = dq, that is j = log^ , 
and therefore X^ = q-^„ , V^ ^ —L^ , XV = 



we have 






and the equation then is 

dp^ X12 

which is readily converted into 

2jt> V (qy - j?y ") - 3 (qy - /^ Q 

4 (p'qy 






where p\ p'\ p'" and 5^', j", g'", are the derived functions of p, q 
with respect to the independent variable. 

308. The equation in No. 305 is easily verified in the case 

1 - A?' 
of the quadric transformation: we have here X = : . ,, ; and we 

/o fj\ 2 CI — k'^ 

thence find fl = ,-^, , ^ = -^^ {-. , and the equation takes 

1+k* dk k'{l-¥k'f 

the form 

1 + k' \k' dk' L dk' \\ + &'>( J 1 + *'J ^ k' (1 + fc')i ' 
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viz. dividing by 2, and reducing, this is 

1 + k'\k' dk' \ 1+ U ) i + ^j jfc' (1 + ;fc')» 

But the first term is 

1 J.k_ -1+2A;'+A?'' k_\ 

\+k'\k'- (1 + A')» l+A')' 

-Ar'a + Ar').^ ' ^ ^' ~ if (1 + ifcO* ' 
and the equation is verified. 

In the case of the cubic transformation, the equation in 
Jacobi's form No. 306 might be verified (although not without 
some diflBculty) by means of the expressions, No. 265, 

a^(2 + a) /2 + ay 

of the moduli k, \ in terms of a parameter a : but the verifica- 
tion in the next following case of the quintic equation would 
apparently be very difficult. Jacobi remarks that if a method 
existed for finding the algebraical solutions of a diflferential 
equation, then, by means of the foregoing diflferential equation 
alone, it would be possible to obtain the modular equation in 
the transformation of any order n whatever: but, the mere 
verifications being so difficult, it does not appear that anything 
can be done in this manner in regard to the modular equations. 



A relation involving M^K, A, E, 0. Art. No. 309. 

309. Immediately connected with what precedes we have 
a result which will be useful in the sequel : we have 

f=.^^^(E-k'^K), 

that is 

dk E ^^_n 

k kl^'^'^'^ir''^' 



I 
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and similarly if A, G are the complete functions to the modulus 
X ( A = FiXy as before, G = E^X), then 

dX (? ,, dA ^ 

T'-xx^^^-'a^^- 

Hence establishing the equation 

dX GdX dA _ dk Edk dK 
X XXf^'^A^k kk'^K'^'K' 

and observinff that M=- -r and therefore -irr = -^TP- — -i- , vve 

® n A M K A 

obtain 

dX_ GdX dM _dk Edk 

X XX'' A M " k kk'^K' 

viz. this is 

XX'^X^ A M dX]^kk''\C^ KJ' 
or, eliminating dk, dX by the relation —7^ = —^r^-^ , , ,3 , this is 

nM'X A M dXj K' 

which is the result in question. Observe that -7— is the total 

differential coeflScient, viz. if M is taken to be a function of A?, X, 
then in the differentiation, k must be treated as a function 
of X. The equation, as involving not only K, A but also E, (?, 
is in its actual form only true for the first transformation, and 
it does not readily appear how it should be modified in the 
case where X is any root whatever. 



C. 15 
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CHAPTER IX. 

JACOBl'S PARTIAL DIFFERENTIAL EQUATIONS FOR THE FUNCTIONS 
H, 0, AND FOR THE NUMERATORS AND DENOMINATORS IN 
THE MULTIPLICATION AND TRANSFORMATION OF THE ELLIP- 
TIC FUNCTIONS sn U, CD U, dn U. 

Outline of the Results, Art. Nos. 310 to 313. 

310. The fdnctions ©w, Hu have an important application 
to the theory of multiplication, and theoretically a like one to 
the theory of transformation. To explain this, recalling the 
formulae 

VT sn w = Hu (-5-), 

^ j^,ci:iu = H{u-\-K) (-5-), 

}=;AiLU = %{u-\-K) (-=-); 



Vifc' 

where denom. = %u, 

and considering first the case of multiplication, it has already 
been seen that considering the expressions of 

— lie 1 

VA? sn nu, a/ y en nu, -^ dn nu, 

in terms of sn u, the three numerators and the denominator of 
these functions are respectively 

= Hnu e^^-^O, H{nu + K) ©'^'-^O, @{nu-hK) ©^^^-^O, &nu &^^^0, 

each divided by @^u: where for shortness 00 is written instead 

of its value 
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311. The corresponding formulae in the transformation of 
the order n are that considering the expressions of 

Vxsn(J,x), Vl''°(l'^)' h^^^iji'^)' 

in terms of sn u, the three numerators and the denominator are 
respectively = 

5^ ( J , x) 0i«-' 0, ^ (1^ + A, x) 0,«-^O, ( J + A, x) 0,»-^O, 

and ( J , x) 0,»'-^O, 
each divided by ^^u] where for shortness 0iO is written in- 
stead of its value = a/ : the proof need not be at present 

considered. Observe that for i* = the denominator is 






Now the functions 0w, Hu, ^(u + K), H(u+K\ each 
satisfy as will be shown a certain partial diflferential equation 

which in its most simple form is -j— — 4 j- = 0, where the 

air cLg) 

*irJx. fTU 

variables are cd, = -^ , and v, = ^^ , Jacobi, Grelle, t. ill. (1828) 

p. 306. And we hence deduce a partial diflferential equation 
satisfied by the foregoing numerator- and denominator-functions, 
as well in the case of transformation as in that of multiplica- 
tion : viz. if, in the case of multiplication by n, we write v = n^, 
but in the case of the transformation of the n^^ order v = n, 
then (in one of several forma) this equation is (Jacobi, Crelle, 
t. IV. (1829) p. 185) 

(l-a^.h^)g+(.~l)(a^-2^)g 

in which equation the variables are a?, = Vi sn u, and a,=k-\-T, 

15— ^ 



^ 
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312. The form is specially applicable to the denominatoi 
of the three functions of nu^ for this is a rational and integral 
function of k and sn* u^ which when we introduce therein «, 

= V^8nw, becomes a function of a? and A;, which is unaltered 
when h is changed into -r, and is therefore a rational and 

integral function of x and a: and it is for the like reason 

specially applicable to the numerator of 4k sn nu when n is 
an odd number. But the form is not in other cases the most 
convenient one ; for instance as regards the numerators of 

k 1 

77 en u, -7= dn u, these do not thus become rational in 

k vA?' 

regard to a, and it would be better to have A; as a variable 
in place of a; and in the case where the numerator contains 
as a factor an irrational function en u, dn t^ or en i^ dn t^ of 
sni^, it is proper instead of z to consider z divided by such 
irrational factor, that is the other factor, rational in regard to 
sn u. But making the suitable modifications the formula is for 
multiplication a very convenient one: viz. we can by means 
of it actually determine the numerator- and denominator- 
functions. 

313. But for transformation the formula is practically use- 
less ; for observe that X is therein regarded as a function of k, that 
is of a ; viz. the modular equation must be taken to be known. 
Supposing that it is known, we cannot even then determine by 
means of it the numerator- and denominator-functions ; for in 
seeking a solution by the method of indeterminate coeflScients 
the coefficients of the several powers of x would be functions of 
(u, v) not only unknown, but in form indeterminate (as admit- 
ting of modification by means of the modular equation) : — and 
even when the actual expression of ^ as a function of (a?, w, v) 
is known, as of course it is for the cubic, quintic, &c. transforma- 
tions, it is, from the complexity of the modular equations, by no 
means easy to verify the formula : the process is. in fact one of 
difficulty even in the case of the cubic transformation n = 3. 
This of course in no wise diminishes the interest of the result ; 
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and the investigation of it being substantially identical in the 
two cases of transformation and multiplication, it is proper not 
to separate them. 

PaHial Differential Eqvxition satisfied hy 0u. 

Art. Nos. 314 to 316. 

314. It is to be shown that the function 

du dn' u 



,=0„, =y?^e-*i»'-/o<'»/. 



satisfies the diflferential equation 

d 



diH 
We have 



?-^"(^'-S^>^^^"S=«- 



= JM ( A;'* — -^1 + ^ /odtt en* uVa, 



^ = fdn' M - ^ + L {k'^ - 2 + *" ^' ^" *'°° "F"l "' 
d<r ri d.Kk' ^ ^d E ^., f, d , ^ ~\ 

315. The success of the process depends on a transfor- 
mation of the double integral 

/odu/odtt -^dn^w. 
We have, see No. 131, 

"77 dn 1^ = TTT sn w en 2/ fo en* udu — 77^ sn* w dn u, 

dk k^ '' k^ 

whence 

d 2k { ) 

~jT dn* tt = — p^ -^sn* w dn* u — A^ sn m en 1^ dn ufo du en* uY , 



2k 
&'* 



iA^(|^cn*i.)/odt. 



sn* w dn* w + A A?^ U- en* w fo dt^ en* w k 
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and thence 

d 2Jfc f 

/o du Jo du -TT dn* u^ — j-r^JjoduJodu sn* u dn'' u 

+ i^/o du (cn^ u/o du en' u—Jodu en* w) 

= - T^ j/odtt/odM (2 sn'u da^u — k^cji^u) 

+ ild'(Joducn^uy\. 
But we have 

-T-g sn' w = 2 (en'' t^ d^' t^ — sn* w dn' w — A;* sn' u en' t^), 

= 2 (A;'2 - 2 sn' ti dn« t4 + ifc" en* It), 
or multiplying by du^ and integrating twice 

sn' u = A;V - 2/o du/o dw (2 sn' u dn' w - A;* en* u), 
whence at lensrth 



d k k^ 

Jodufodu ^ dn^'u = - ^ku^ + ^ ^ sn' w - ^p (/o ^^ cn'it)^, 

the required value of the integral. 

316. Resuming the investigation, we have 

iKk'-i^ ^l-'L{k'^C^-E-l\-^% 

dk kkf ' dkK'kk'^Y \K J K']' 



dk^ 


A/ ■ 


kk' 


hence 






da 
dk" 


1 

2kk'' 


{E 



Substituting the foregoing values of -r-^ , -v- , -77^ in the 

differential equation, the several terms destroy each other, and 
we thus have the equation in question. 
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Same Equation satisfied by Hu, ^{u + K), H(u'\'K), 

Art. Nos. 317, 318. 

317. The equation 

is satisfied by <r = 0u ; write for a moment « + i^' = v, then the 
equation 

d^-'^^y" -K) dv^^"" dk-^ 

is satisfied by cti = %v, = (t^ + iK') ; and transforming to the 
variable w, we have 

dai ^ dci d^Ci __ d^ai do'i _ dcr, cJcti dv 
du '^ dv ' dv? "" dt;' ' dk" dk dv dk ' 

that is 

dv ^ du * dv^ "" du' ' dk^ dk dv dk ' 
whence the equation is 

which is at once reduced to 

du' ^ ^ 

It is easy to show that this equation is satisfied by cti = e *^ 
= Q suppose. 

Hence, assuming a-i = Qa; we find 



i-H--i)-^Y£-'^'^-''- 



du' 



+ 



[IS-^H^-D-?]^^^^!-"^ 



or observing that ;^ ^ = ~ ^ > *^is i'^ *^® original equation 
in a : hence this equation is satisfied by 

n (2iu-K') 

a = -ie *" (« + iK'), 
that is by <r = Hu. 
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318. Write for a moment u-\- K=^v, the equation 

is satisfied by ctj = Ot; or Hvy that is = 8 (u + K) or J5r(u + Z). 
But transforming to the new variable u, we have 

du ~ dv ' du* " dv* ' dk ~ dk dv dk' 

that is 

dci __ dci dVi _ d^Ci dci __ dci d<ri dK 
dv " du * dv*~ dv? ' dk " dk du dk 



_da\ 
dk^kk'^ 



:k'^ V K) du 



as the values to be substituted in the differential equation: 
viz. this becomes • . 



~dAJij 



the original equation with a^ for <r. We thus see that the 
equation in o- is satisfied not only by thfe values 8w, Hu, but 
also by the values %{u-\-K\ H(u-\-K), or, what is the 
same thing, by the denominator (0m) and the numerators of 

/jfc 1 

*Jk sn.u, a/ 77 en u and -j^ dnu. 

Differential Equation satisfied by ^ (irf> ^). &c. 

Art. Nos. 319, 320. 

319. Considering now the new modulus X and the multi- 

u 
plier M in the first trajisformation (of order n) write ^ = t? > 

and consider the equation 

^'_2t,(x''-?)^-2\\"$i=0, 
dv^ \ AJ dv dX 

(G = Ei (\), the same function of X that E is of A?) satisfied of 
course by 

0-1 = e (v, X), JT(v, X), e (t; + A, X), H(v + A, X). 
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Transforming to the new variables u, k, we have 

dci __ 1 da-i cPa-i __ 1 d^ai dci __ u dM da^ da^ dk 
du^'E'di)' ~di^^M^di^' dk ''^Wdk ~d^ '^dk dk' 

and thence 

dci _ ^ dci d^a-i _ ^^ dVi dci __ /tfo-i i^ dM dcrA dA? 

_ (fo-i dk u dM da-i 
^~dk dx'^MdK du ' 
and the equation thus becomes 
d'a-i 2u 



du^ M^ 



\U^,_G\ >X'^dM)d<T, 
\r a) M dkj du"^ 



XX'« dM) d<T^ . 2XX'2 dkdcr^_ 



M dk\ du M^ dX dk 



320. We have 



M^XV' a) it dKl'-^'V KJ' 

WdK ""** ' 

and the equation thus is 

^^2nu(k^^-f]^^2nkk'^^=^0, 
dvj" \ K) du dk 

Hence, writing a for o-i, the equation 
is satisfied by 

.=e(^, x). h[^, x). «(^+a, x). ^(J+a, x). 

New form of the two Differential Equations, 
Art. Nos. 321, 322. 

321. The connexion of the two equations 
and 
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may be established in a different manner thus : writing in the 
first equation 

ttK' iru 



« = -^-. v = ^, _ 



then observing that 



^ -^ _ •*• (W VI?' V'T!\ -~ *''' 



we have 



du^Wdi;' d^~W^di^' 

and the equation becomes 

— -4 — -0 
d\^ d(o 

satisfied by o- = ©w, &c. 

322. Writing in the second equation 

uttK^ mru 

this is in like manner transformed into the same equation 

rl^^ da . u K' 

— 4 ^i- = 0. Hence whatever function of tf and -^^ satisfies 



dv" d(D K K 

YL1L YlIv 

the first equation, the same function of -^ and -^ satisfies 

the second equation. Let X be the modulus in the first trans- 
formation of the fi^ order, and A, A' the complete functions, 

M nK' , ^ iT ,, , . nK' M .nu u . 

-T- = ^7^ and A = - ,,, that is -^^ = -r- and -ft = tf 5 or the 
A K nM K A KM' 

u A! 
second equation is satisfied by the same function of -^ , -j- , 

Hence the first equation being satisfied by o- = ©m, &c., the 
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second equation is satisfied by 

o- = e(^, \j,&c. 

Partial Differential Equations satisfied by the Numerators 
and Denominator. Art. Nos. 323 to 331. 

323. Start now with the equation 

satisfied by S = 8 (-r^ , \j , &c. 

And assume 

2 = (i'irf^'"^\Kky^^'''^^&^u . z, 

ft 

say for shortness this is 

= Cficr~ . z, 

(where a- denotes &u and consequently satisfies the equation 



We find 









dz V ^ 

+ 



l[»-^-"S-^««(*"-f)H 



dH ^ 

dz 
dk 



d^a- 



where in the coeflBcient of z we write for -r-;: its value 

dv^ 
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thereby changing this coefficient into 

ilaJc 

or in the tenn -^ -jj- substituting for fl its- value = (Ki^y^^*'\ 

this is 

fl /dcrV ^ /w. ^\ Ida- 

• _ 

Hence dividing the whole equation by ila^ it becomes 
d^ 



=«,..„<„-i)a©--.»(^-|)ig 



-■»("-»lMS"-^«('--l)i 



j&\ 1 do- 
du 

cr aA? K dk 



324. Recurring to the investigation in regard to the func- 
tion cr, = %u, we have 



whence 

l_fday ^ /,,« j&\ 1 do- ,/,.,, £^^ 

a^\ 

Also 



:r:)'-^«(*'-f)il-»*(^"-i)'*''<w»»-«)'- 



2A;i!;''' 



i ^ = ^ - dn^ M + «= (k'^ -§)'-** (/»<^« <^ii' ")"' 



kk' d „,, _ , ^ 
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Adding these several quantities, the coeflScient oin{n—l)z 

» dz 

ds 1— dn^w, =A;"sn^w: the coefficient of 3- has also been 

au 

found ; and the equation thus becomes 

^^ + ^nk^ (Jocn^ u dw) g- + n(n - 1) k^ sn% . z + 2nkk'^ ^ = 0' 
which equation is consequently satisfied by 



z 






325. It is to be further remarked that if we had started 
with 

d'2 „. /„„ E\dl . „ ,,,„dS 



du' 



-'H'k)2^'^'''"§-'' 



which equation is obviously satisfied by S = (nu), &c., and had 
then assumed 

2 = (iTT)*^""-'^ (KkT^^'''-'^ 0^ (u) . z, 

we should at every step of the investigation have had n^ in 
place of w, and should finally have arrived at the equation 



^2 4- 2n^k^ (/ocn^ u du) ,- + n^Cw'' -V^h'sn^u.z 



which equation is consequently satisfied by 

-2^= ( ^^, . . (nu), &c. 

326. It will be convenient to include the two equations in 
the common form 

d^z d z dz 

j-^ + 2vl(^ (/ocn^ udu)^ + V {w-V^k^m^u . z + 2vkk'' dJfc " ^' 
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where for the transformation equation i/ = w, and for the multi- 
plication equation v = n\ 



n 



327. Write in this equation x^Jksn u. 



We have 



if for a moment 



dx = Jk GauAiiudU'\-Cl dk. 



il=:^(Jk sn u), 

1 1 

= — j^ sn u + V& 772 {A; sn w cn'^w — kcnudau /oCn'w du], 



k'' 



1 /^ 2A;2 , \ k*Jk , r , . 

= — ^snw(l + 7^ en* wl — 7/^ en won w/^cn^t^ au, 

1 k *Jk 

= = sni^(l + A;* — 2A;" sn*t^) nr- ent^dn m /.cn*ii du, 

2Jfc'*Vifc ^ ^ k^ '^^ 



and hence 



-— sr vA; en uanu-T- , 
an ax 

dz _dz ^ dz 
dk" dk dx' 



dz . 
die 



where on the right-hand side ^ is the new value of this 

differential coeflScient, viz. that belonging to the assumption 
-3^ = a function of x, k, or (as we may express this) z^z{x, k). 
And thence also 



d 



d^z 



dz d 



V^ = k cvi^u AiL^u ^ + VA? -T- -7- (en I* dn u) 
du^ da^ dxdu^ ^ 



^kcvL^udm^u 



d^ 
dx" 



^^ksuu(l + k^^2k^sn^u/£. 
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Substituting, the equation becomes 



da? 



.kcv^u An^ u 



+ ^ . - VAsni^a + A;»- 2A:«sn2 It) 

4- -7- . ^vk^ V& en t* dn w /« cn^ udu 
dx •' 

dz 



+ 



-T- {i' v^ sn It (1 + A;^.— 2A" sn'^ it) — 2i/A?* V^ en it dn it/o cn^ itrfw} 



^~.2vkk'' = 0, 
dk 

where the term involving the integral disappears, and two other 
terms combine together ; viz. the result is 

T-; . i en'' It dn* it 
da? 

+ j-{v-l)^^nu{l^-J^''2k^Bn^u) 

+ ^.i/(i/— l)A;*sn*it 

+ $.2i/A;ifc'^ = 
dk 

ai 
in which equation sn u should be replaced by its value —j=z . 

vA; 
Introducing at the same time in place of k the quantity 

a, = A; + T , the equation becomes 

dz 
+ i/(i;-l)A-«^-2i;(a2-4)^=0, 

where I recall that the variables are ^ = VAr sn it and a = A: + t . 

k 
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The equation is satisfied by the numerators and the denomi- 1 ^ 
natorof VX8n(^, x), ^J^^n[^, x) , ;^dn(^. x) 
in the transformation of the order w, or {v = n^) by the nume- 
rators and denominator of 's/k sn n% \/ jj en nUy —j= dn nu. 

V k v>fc' 

328. As abeady remarked, the formula is not practically 
useful in the transformation-theory, but it is so for multipli- 
cation. As regards this last theory it has been observed that 
although with respect to the denominator-fiinction, and the 
numerator of snni* when n is an odd number, there is great 

elegance in taking as above the variable to be sfk sn u^ and 
in introducing a in place of i, yet that for the other functions, 
this is not the case, and it seems better to have as the variables 
f , == sn u, and k. The transformation is of course easily effected, 

viz. writing f =-^ , we find 

dz __\ dz^ 
dx " ^Jkd^' 

dz^dz^^dz 
dk'dk 2kd^' 

dz 
where on the right-hand side -jr is the value belonging to 

d^z 1 d^z 
the assumption z = z (^, k). Hence also -^ = t -t^ , and 

the equation, finally restoring therein x in place of ^, becomes 
(1 - ar'. 1 -ifc^a^) + ^[(2i;ifc2- 1 ^ A?») a? - 2 (i;- 1) Jfc«a;»] 



dx^ ' dx 



dz 

-\-z.v{v-l)l(?a^ + 2,vk{l-'k?)^ = 0] 



viz. X is here = sn u, and the equation is satisfied by the 
numerators and denominator of *Jk sn nUy a/ r? en nu, -j=i dn nu. 
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We may of course get rid of the exterior factors, and thus obtain 
a system of four equations, viz. 

dz 

where J. = i/ (1 — h?)^ equation satisfied by numerator of sn nu, 
A = v , „ „ „ cnnw, 

A—vlc^ , „ „ „ dn nu, 

-4=0 , >, }; denom. of each function. 

329. For instance w = 2, i; = 4, the equations are 



4 



dz 

4A:* A dk ^ 





satisfied by z = x's/l—a^.l — hf^oF^ 

= 1- 2a;2^^^^ 

1 - 2A;2^ + A^^iz^, 
= 1 — 1(^0^, respectively. 

As to the first equation, observe that writing for the moment 

X = (1 — a^ . 1 — l^a^)t we have z^x VX, and thence 

rf^_ l~2(l + A;')a:' + 3A?^a?* 
dx VX 

i--^(-«».+fa.). 

c. \^ 
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331. But we may further develope the system of formulae. 
When n is even the numerator of sn nu contains the factor 

sJl—af^.l—J^a^'y and when n is odd the numerator of cnnw 

contains the factor Vl — a^, and that of dn nu the factor 

Vi — h^a^ : and we may in the several cases find the diflFerential 
equation satisfied by the other, or rational, factor. There is no 
difficulty in the investigation : the results are, n even, 

satisfied by numerator of sn nu omitting the factor 



for example, n = 2 (i/ = 4) the equation is 

dz 

+ ^{(3-5ifc») + 2Ar'a;»} + 8(ifc-A:»)^ = 0, 

satisfied by ^ = aj : 
and, n odd, 

^(l-^.l-A:2^) + ^{(-3 + (2i;-l)A;2)a: + (-2i; + 4)Ar»^} 

dz 
+ -^(i/-l){l4-(i'-2)ifc«;z;2}^2i;(ik~A;«)^ = 0, 

satisfied by numerator of cnnw omitting the factor ^l\^(c^\ for 
example, n = 1 (i/ = 1) the equation is satisfied by ^ = 1 ; 

^ (1 - ar" . 1 - A»a;») + 2 {(- 1+ (2i' - 3) A») a; + (- 2i' + 4) Ar'a?} 

Hz 

I 

satisfied by numerator of dnwu omitting the factor sl\ ^l(?a?\ 
for example, n = 1 (i/ = 1) the equation is satisfied by 2? = 1. 
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Verification for the CvMc Transformation, 
'^Aji;. Nos. 332 to 339. 

332. To show how the formulaB apply to the case of trans- 
formation, suppose n = 3 ; then writing 



a; = VA; sn (w, Ar), y = V\snf^, 



we have y= ^ 



Hence multiplying numerator and denominator by a factor Ay 
the denominator is 

writing a? = 0, and observing that in this case the denominator 
should be = a/ rr^ , or what is the same thing = a/ ,, ^ ; 

we find ^ = V 33^, or say A = /y/ j^. 

333. We have 

or observing that the modular equation may be written 

(v* — w) (t; + 2vF) = t* (v — t*'), 
this is 

X'2 _1-|;8 ^2 (y _ ^3)2 _ (1 + ^2y2 - 2u2;8) ^2 (y -. 'ufj 

^'2jtf a "" 1 « 1^8 • t;2 (^ _ ^)2 ' " (1 + 2*2t;a ^ 221*^) V^ (v^ - w)^ ' 

but from the same equation we have 

(1 + t*V» - 2uv^) u^=z{f^ u)\ 
(1 + vh^ + 2u^v) v^ = (v + u% 



(y — |^8\2 
; > 
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or we have 



\' v — u^ 



h'M 2; + i^? 



, and therefore A 



^vl 



— V? 



+ v; 



8' 



It thus appears that we have the fdnetito 



'■'-\/T4{^^>^^M' 



satisfying the equation 
60!*^ + 2 (aaj - 2^) ^ + (1 - oa^ + a^) g - 6 (a« - 4)g 



= 0, 



or, what is the same thing, the equation 



%*'"'%-'■ 



Writing the foregoing value of z in the form A + Ba^, the 
equations to be satisfied by the coefficients A, B are 

dB 



3^ + (fe + ^)5 + 3A'2^ = 0. 



334. We have k = li*, A;'* = 1 — u^, and in general, for any 
function ft of {u, v) 

7/2 dil ^ l-u^ idil dil\'-x^2u^'¥v \ 
dk^ 4iA^ \du dv l—u^2v^-'U 



(1 - u'){2v' - 14) ^ + (1 - v')(2u' + v) ^" 



4iU^ (2'v^ — ia) 



dt^ 



dv r 



dil 



(1 + t^V + 2u''v){2v^ ■" '^^ ^ 



+ 



dill 



(1 4. ^2^2 _ 2t*2;5)(2tA8 + v) -^ 
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or if, as will be convenient, we write 

w* = a, v* = )8, uv = 0, then 



S=s^l<i+2«'+*')<'«-')» 



du 



(l^2fi0 + e^)(2a + 0)v^y 



335. In particular if XI, = J., = ^^ ^ , 

then log -4 = ^ log (v — -m*) — ^ log (v + u^), 

and thence 

1 rf^ _ -^ f ^° f u^ _-3t^ 



id^^_i i_ 



ti^ 



A dv v — u^ v-^-u^^ v^ — u^' 
Hence 

+ (1 - 2/3^ + ^) (2a + ^)} A. 
B^* "5 s= :: nr= 5 is;> ^i^d the modular equation 

is a-/3 + 2^-2^ = 0; whence /3-a^ = (a + 2^)(l -^): hence 

l-g^ J^_ ^ 

4a(2^-d)t;»-w«"4a(2/3-^)(a + 2^)' 

and consequently 

+ (l-2/3^ + ^)(2a + ^)} A 
Also 

336. Hence the first equation to be verified is 
4(2« + ^ + ^g^_^^^^g^) {-3(l + 2«^ + g')(2y3-g) 

+ (1 - 2/3^ + ^) (2a + ^)] = 0. 
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We have 

by the modular equation ; hence the equation is 
4(a + 2d)-3(l + 2a^ + ^)(2^-d) + (l-2i8^+^)(2a + fl), 

viz. this is 

6a-6i8 + (12~16a^)^ + (8a-8^)^ + 4^ = 0. 

But from the modular equation )8 = a + 2d — 2^, on substi- 
tuting for ^ this value the equation becomes 

- IMO - 32a^ + 82a^ + 16^ = 0, 

viz. this is -a«- 2ad+ 2a^+ ^ = 0, 

which is in fact the equation d^ = ayS, = a (a + 2d — 2d*). 

337. For the second equation, writing for convenience 
B = QA, this is 

dA 

or if for the term 3A/^ ' Q^r ^^ substitute its value from the 

ale 

first equation, = — QjB, that is = — Q^A, then throwing out the 

factor A, the equation becomes 

which should therefore be satisfied by Q = — + 2uv: viz. this is 

+ (1 - 2/3^ + ^) (2a + d) t) ^^1 = 0, 
or, what is the same thing, it is 
3 + (..+i,)Q-Q»+|g^^{(l+2«^+^)(2/3-^)(-§ + ^) 



+ 



(l-2^^ + ^)(2a + ^)(^+d)l = 0. 
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We have Q = ^ + 2^, and then 



3 + (^H^)Q-«^ = ^.(l-^)^(2a+^)^ 
viz. this will be the case if 

or since a ^~ + 2d) = ^ + 2ad it is 

3a« + (a* + 1) (^ + 2ad) - (^ + ^ad)^ = (1 - ^)2 (2a + e)\ 
which is to be verified. 

338. The equation ^ + 2a^ - 2ad - a^ = gives 

3a» = (- ^ + 2a) (d + 2a), 

thereby reducing the identity to 

- ^+ 2a + (a^ + 1) d-^(2a + d) = (1-^2)2 (2a +d), 
that is 

d(a»-^) + (l-^)(2a + d) = (l-^)H2a + d), 
or aa - ^ = (- d + ^) (2a + d), 

viz. this is a^ = — 2a0 + 2a^ + ^, the equation in question. 
The equation is thus 

(1 - ^)(2a + d)» + ^^^^^|(l + 2ad+ ^)(2)S - ^) (- 1 + ^ 

(l-2^^ + ^)(2a+^)(|+d] 

or multiplying by 2 (2^ — 0) and observing as before that 
(2a + 0) (2/3 -0) = 3^, this is 

2^(l-^)(2lx + tf) + a|(l + 2a^ + ^)(2/3-d)(-^+^) 

or, what is the same thing, it is 

20 (1 - ^) (2a + ^) + {(1 + 2a0 + ^) (2^ - 0){a-0) 

+ (1-2/30 + ^) (2a + e)(a+0)} = O. 



+ 



= 0, 
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Multipl)diig out, this is 

(2a« + 2a^) + d (6a - 2^) + ^ (4 - 8a/8) - 4/9^ = 0, 
or, what is the same thing, 

a« + 3a^ + 2^ + )8 (a - d - 4a^ - 2^) = 0, 
viz. substituting for ^ its value, this is 

a2 + 32^+2^ + (a-d-4a^-2^)(a + 2^-2^) = 0, 
or working out it is 

2a» + 4a^ -4a2^- 12a^- 2^+ 8a^+ 4^ = 0, 

viz. this is 

(a2 + iad - 2a^- ^)(2 - 4^) = 0, 

which is right. 

339. The foregoing diflferential equation, written in the form 

is further considered in my two papers "On a differential equa- 
tion in the theory of Elliptic Functions," Messenger of Mathe- 
matics, vol. IV. (1874) pp. 69 and 110, and in the last of them 
it is shown that the equation can be integrated generally : the 
process is, by the assumption 

to transform the equation into a linear equation of the second 
order 

we have a particular solution of the original equation in Q, 
and therefore a particular solution of this equation in z\ whence 
by a known method, the general solution can be obtained. 

The result is expressed in terms of a variable 

7, = -p j2 + a. l4-2a, 

where a is given in terms of k by the equation, ante No. 265, 

a'(2 + «) 
* ~ l + 2a • 
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CHAPTER X. 

TRANSFORMATION FOR AN ODD AND IN PARTICULAR AN ODD- 
PRIME ORDER: DEVELOPMENT OF THE THEORY BY MEANS 
OF THE n-DIVISION OF THE COMPLETE FUNCTIONS. 

The algebraical theory of the transformation has been 
explained : in the present Chapter it is shown how, by means 
of formulae depending on the w- division of the complete 
functions, the prescribed algebraical conditions are satisfied; 
and that we thus obtain the actual expressions of the trans- 
formed functions sn ( tt , X 1 . &c. 



(J.-). 



The general Theory. Art. Nos. 340 to 345. 

340. We have n an odd number; m, m' any positive 
integers having no common divisor which also divides n ; 



c» = 



n 



s a positive integer extending from 1 to J(n — 1); and when 
any expression depending on s is enclosed within [ ], this 
signifies that the product of the ^ (n — 1) terms is to be taken. 
The formulae for the new modulus \ and multiplier M are 
assumed to be 

\ = k"" [sn (K - 456))]*, 

M = (-)**-" [sn (K - 4«co)P -r [sn 4«a>P, 

and we then assume between y and x a relation expressed in 
the several forms : 
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1 +\y = (1 +A;a?)[l + Aja? sn (iT - -fe(»)p (h-), 

where denom. = [1 — ^^ sn* 45a) . aj»]. 

It has of course to be shown that the diflferent expressions of 
y as a function of x are consistent with each other : but as- 
suming that this is so, it at once follows that 

dy 1 dx 

and consequently that, writing a? = sn {u, k), we have 

341. We start from the equation 

^(^ + ">[^+ 8n(/-4^a>J ' 

and show that, \ and M being assumed as above, this value of 
y leads to the other equations of the system. 

In the firat place, it is clear that the assumed expression of 

- — - gives for y a value of the form 

^x(h_^^^ 

y (1^ ^)i(n-l)^ 
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and if we show that y is =0 for a? = ± sn 4^c», and = oo for 

x = , "" . , {t any integer from 1 to ^(n — 1),) then writing s 
fc sn %Z(o 

in place of ty clearly the actual value will be 

Moreover, if in the assumed expression of , we write 

a; = 1, we find y = 1 : hence the last-mentioned value of y must 
for a? = 1 reduce itself to y = 1 ; and we thus find 

viz. C = (-)* ^**"^^ [en . 4sa)]2 4- [sn 45© . dn 45c»p; 

or, what is the same thing, 

C = (-)* ^**"^^ [sn (K - 4«a>)y 4- [sn 45ft>P; 
viz. C = M; and the required expression of y is thus shown to 
be true. Combining it with the assumed expression of ^ — -, 
we at once obtain the required expressions of 1 — y and 1 + y. 

342. It then appears that the change of x into j— changes 
y into — : viz. writing jr for x the expression for y becomes 

Mkxl k^x^8n^4isa)j * [ a?' J ' 

viz. this is 

^ _1_ r i-A^sn^4ga).^ 1 [ ^ 1 . 
iffcc L A;*a?2 sn^ 45© J [sn^ 45© - a^] ' 

or, what is the same thing, 

^ JL_ [1-A^8n^45©.ar>] 1 

Mkx [kf^ sn^ 45©] [sn" 45©] 



Fi— ^r 

L sn" 45© J 
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or finally it is 

viz. observing that X = M^Tt?^ [sn 4*©]*; 
this is = r— . 

Lastly, in the expressions for 1 — y and 1 + y, making the 

above changes x into t- and y into — , and combining with 

the value of y, we obtain the required expressions for 1 — Xy, 
1 + \y; and the sjrstem of formulae is thus completed. 

343. We have to prove the subsidiary theorem, viz. that, 

1 — V 
starting with the assumed value of ^i — ^ , the values of x for 

^ 1+y 

which y becomes = and = op respectively are as stated above. 
And for this purpose it is to be shown that, x being taken 
= sn u, the fopnula may be written 

1 - y _ [1 - sn (i^ H- 4g'co)] ^ 
1 + y "" [1 + sn (t* + 45 ©)] ' 

s' being any positive integer from to n — 1, and the [ ] s de- 
noting the product of the n — 1 terms accordingly. 

For suppose this proved, then changing u into u + 4g>, each 
factor is changed into that which immediately follows it; except 
only the last factor 1 + sn (w + 4 (n — 1) w), which is changed into 
1 + sn(t^-l-4nc»); but, © being as above, we have sn(t*+4na))=sni*; 
or the last factor becomes 1 + sn i^, viz. this is the first factor : 
hence the value of the product is unaltered. 

344. Now for t* = we have a? = 0, and therefore (fi-om the 

original assumed value of .j — - ), y = : hence also y = for 

%/ 

u = 4a), 8ft) ... 4 (n — 1) ft), that is for a? = sn 4ft), sn 8ft), ... 
sn 4 (n — 1) ft) : or since in general sn 4 (n - f) ft) = — sn 4te), we 
have y = for a? = + sn 4ft), ± sn 8ft), . . ± sn 2 (ti — 1) ft). 
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Similarly for u = iK' we have a? = oo , and therefore y = oo: 

hence also y=oo for u = iK'+4ia>, iK' + S(o ...iir^+4(w— l)c», 

that is a? = sn (i^' + 4ft)), ... sn(iir'+ 4(n — l)ft)); or. what is 

the same thing, a? = sn (iK^ ± 4ft)) . . . sn (iK' + 2 (n — 1) o)) say 

+ 1 
for a? = sn (iK^ ± 4tsa>), which is = j- — 7 — : hence y = 0, and 

fc sn 4oft) 

y = X , respectively for the required series of values. 

345. To, prove the formula 

1 — y _ [1 — sn (tA + 45'ft))] 
l+y^[l + sn(u + 4is'o))] ' 

we have in general 

, \9 



{1+ sn (m + o)} {1 + sn (m - a)} -r- cn» a = {l + ^^^ZTaj] 



axxu 



{1 - 8n(u + a)] {1 - sn(M - a)} -=-cn»a= |1 - gp (^ _ „) | (-^X 

where denom. = 1 — A^ sn' u sn' a. 

Hence 

{1 — sn (t^ + a)} {1 — sn (lA - a)} ___ 
{1 + sn (t* + a)} {IH- sn (t^ + a)} "~ 



J - snu Y {■! sn t* P 

r'"sn(Z'-a)J "f + sn(ir~a)r 



Write herein successively a = 4ft), So), ... 2 (w — 1) ft): take on each 
side the product of all the terms^ and multiply each side of the 

resulting equation by y— : then observing that 

sn (u — 45ft)) = sn (i^ + 4 (n — s) ft)), 

and supposing as before that s' has every integer value from 
to w — 1, the equation becomes 

[1 - sn (w + 45'ft))] ^ [1 + sn (i^ + 45'ft))] 

=(1 -8n«)|^l - gp(^_^^) J ^ (1 + sn «) 1^1 + gp^^_^^) J . 

viz. writing sn i^ = a?, the right-hand side is (1 — y) -r (1 + y): and 
the equation in question is thus proved. 
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Additional Formulce. Art. Nos. 846 to 351. 
346. We may in addition to the foregoing formulae write 

Jl - \y = Jl-k'a? [1 - h?a^ sn« {K - 45®)] (-^), 

where as before 

denom. = [1 — h^a^ sn^ 45©]. 
And of course writing a? = sn z^, the values of y, >/l — y^ ^ 1 — fc^' 

aresn(^,x),cn(j,x),dn(J.\). 



347. The expressions for y, Vl - y^ Vl — A;®yS writing 
therein a? = sntA, may be transformed in the same manner as 
the expression for (1 — y) -?■ (1 + y). We have for instance 

sn (i^ + a) sn (i^ - a) = — sn^ a 1 1 r— j 4- (1 — &* sn^ a sn* u), 

and hence writing successively a =4©, 8®, ... 2 (n — 1) a>, and 
proceeding as before we find (s' = to n — 1 as before, or, what 
is the same thing but is rather more convenient, 5' = — ^ (/i — 1) 
to-f i(n-l),) 

, a(n-i) 
y = ^ [sn (t^ -f 4s'ft))] -j- [sn 45a)]^ 

and similarly 



\/l^ y^= [en (t^ + 45'(ii))] -r [en 45©]*, 



Vl - \y = [dn (i^ + 45 ©)] -7- [dn 45©]*. 

348. From the former expression of Vl — xy pitting 
therein y = 1, we deduce a value of V, which (observing that 
dn (K-4>s<o) ^ k' ^^ ^^^^^^ 

dn 45© dn* 45© 

\' = i'n ^ [dn 45©]*, 
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and combining herewith the values of \, M we obtain various 
formulae in regard to the new modulus and the multiplier : 

^|r = [dn 4««?, 
^^ = [sn {K - 4aa,)r. 



VVifc'«-2 = [dn (^ - 4501)]-^. 

349. We may now write down the system of formulas 
\ = A;» [sn (iT - 45©)]^, 
V = yfc'« ^ [dn 450)]*, 
if = (-)i<"-^> [sn (Z - 45a>)P ^ [sn 45a>P, 



sn 



VE'^;"":r L sn^ 45a> J ^ * ^' 



=^ — [sn(ii + 45'a>)], 



en 






= V^'^°''^"'^**''"^^' 



dn^-^, x] = dn M [1 - P sn' (^ - 4ja>) sn" m] (h-), 



= y pi[dn(w + 4«'<»)], 



c. 



11 
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H-sn(j.x) = (l+ sn«)[n-^j^^^i^J(.). 

1 — Xsn(-jj>, Xj =(1 — fc sn tt) [1 - A? sn (iT - 4^0)) sn w]' (^), 

1+Xsn(-T|^, xj =(1 + A sn w) [1 + A? sn (-fir - 4««d) sn tt]^ (tt-). 
Denom. = [1 — A:* sn' 4fSa) an' i^]. 

350. To obtain a diflferent group of formulae, observe that 
the equation between y, x may be written 

.[^-snHH-;^y[^-;^^]=0, 

which is of the form x (^, 1)* ^**"^^- (a^, 1)*<*"^>= 0, where the co- 
efficient of the highest power ar** is = 1 ; 

and that the roots of this equation are 

a? = 8nt*, sn(i^ + 4a))..., sn(iA + 4 (n — 1)©); 

whence we have the identity 

= [a; — sn (« + 4i^<u)] ; 
and comparing the terms in «*"' we have 

2sn(tt + 4s'a>)= ^ en^J.Xj; 
and similarly 

2cn(tt + 4aa))= " ^^ cn(^-^,Xj, 
2tn(tt + 4s'»)= p^ ^"(e''^)' 
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in all which formulae fl extends from to n — 1, or, what is the 
same thing, from — J (w — 1) to + i (w — 1). 

In the first equation the left-hand side may be written' 

= sn u + 2 {sn (t£ + 45©) + sn (m — 4«©)} ; 5 = 1 to ^ (n — 1), 

viz. this is 

. ^ 2 en 45C0 dn 4«co . sn u 

= Sn t* + 2t-^ i-r r-i — , 

1 — A:" sn^ 45ft) . sn^ 1^ 
and making the like changes in the other equations we find 

X (u ^\ f, . ^^ cn45ft)dn4sft) 

sn 



kM 



/u ^\ f, . ftK* cn45ft)dn4sft) ] 



cn4aci> 






4«ft) sn' u 

M \M* J \ ^ 1 - *« sn» 4«ai sn' wj ' 

^' 4. /^^ ^^ 4. fi . o<' dn4«ft)cn'i^ ] 



351. The last formula, which is of a different form from 
the others, depends on 

tn in + «)+ to (u - «). = ^°^" -^ "^'^^^^ - ">+ ^°<^ - "l ^'^<'^ + «) , 
^ ^ ' cn (i^ + a) cn (i^ — a) 

where the numerator, = sin {am (u + a) + am (u — a)}, is 

= 2 sn u en t£ dn a, (-r) 

and the denominator is 

= en' a — dn' a sn' w, (h-) 

the common denominator, 

= 1 — A:" sn' a sn' w, disappearing. 

Vl—^ 
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The 2a)'formtdce. Art. Nos. 352 to 355. 

352. The above may be called 4fi)-formul8e: we may change 
them into 2o>-formulse. For this purpose observe that the 
series of values 



is in a different order 



=(-)'"sn(t4-2i»), 8n(u+4i(a), (-)'»sn (M-6i»)...±sn(t^±n-l®), 

where the last term is sn (i^ + n — 1©) or (— )"* sn (i* — n — 1©), 
according as n — 1 is evenly even or oddly even. 

To prove this, write 4tt + 2t* = 2n, then 

u+4ita>''(u- 2«'a)) = 2wi», = 2viK + 2m/iK\ 

whence sn (u + 4^©) = (— )'^ sn (u — 2fa)). If w — 1 be evenly 
even, = 4i/, then giving t every value from 1 to i{n — 1), 4^ is 
less than w, and the term is retained in its original form ; but 
giving t the remaining values from i (w + 3) to ^ (w — 1), the 
corresponding values of t' are from 1 to ^ (n — 3), and the term 
sn {u + 4ita}) is changed into (— )*" sn (u ~ 2^'©). So if ti — 1 be 
oddly even, =4i/ — 2, then giving t every value from 1 to 
i (n — 3), 4it is leas than n, and the term is retained in its original 
form; but giving t the remaining values from J(n + 1) to i(n--l) 
the corresponding values of t' are from 1 to J (n — 1), and the 
term sn (w.+ 4^©) is changed into (— )*" sn {u — 2t'oD). We have 
thus the theoi^m. 

353. Repeating the result, and writing down the analogous 
results for en and dn, 



series sn (w + 4®), sn (u + Sa>) ... 8n(u+2n — la}) 
is in a different order 

= (-)»" sn (u - 2®), sn {u + 4®), (-)'^ sn (i* - 6©) . . . 



+ sn (i* + n — lo>); , 
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series cn (1^ + 4©), cn(w+8i»)... en (1^ + 2n — 1©) 
is in a different order 

— (-)«+»»' en (i^ - 2c«), en (u + 4©), (-)»»+"*' en (t* - 6©). . . 



+ cn(t^ + w — lo)); 



series dn(w+4a)), dn(w + 8i»)... dn(w + 2n — 1©) 
is in a different order 

(-)"»' dn (w - 2®), dn (i^ + 4©), (-)«*' dn (1^-6©)... 



±dn(i^± w— 1©). 

354. It will be at once seen that these formulae, on writing 
therein u^O, give for the series of sn, en, dn of 4®, 8©, &c. 
the several values 

(-.)w+i sn 2a), sn 4®, (-)'»+i sn 6®. . . T sn (w - 1) ©, 

(_)m+m' en 2©, en 4q), (-)"*+*»' en 6©. . . + en (n - 1) ©, 

(-)"»' dn 2g), dn 4®, (-)«»' dn 6®. . . ± dn (7^ - 1) ®. 

The results are also required (or u = K: as to this, observe 
that in general 

sn(-K' + a) = - sn(-ir + a)= sn(-K'-a); 
cn(ir + a) = - cn(-ir + a) = -cn(ir-a); 
dn(ir + a)= dn(-ir + a)= dn(ir-a). 
Hence we see that 



series sn (K + 4®), sn (K + 8®). . . sn (^ + 2n — 1®) 

is in a different order . 

(-)"» sn (K + 2®), sn (K + 4®), (-)"» sn (K + 6®). . . 



±sn(^ + w — 1®); 



series en (K + 4®), en (K + 8®). . . en (^ + 2^1 — 1®) 
is in a different order 

(_)in+m'+icn(Z+2®), cn(Z+4®), (-)t»+m'+i en {K + 6®)... 

±cn(ir + w — 1®); 
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series dn (K + 4©), dn {K + 8©). . . dn (^ + 2n - lo) ^ 
is in a different order 

(-)«»' dn(ir+ 2©), dn(ir + 4®), (-)"»'dn(ir + 6©)... 

±dn(-ar + n-l©); 
in each of which formulse we may for © \mte — oo. 

355. It will be observed that in the formulae which con- 
tain only sn i^, en u, dn u (i.e. which do not contain sn (z^ + few) 
&c.) and squared functions such as 8n^4a©, &c., the change of 
form is effected simply by writing 2a> instead of 4a> : in the 
other formulsB there are signs to be changed, and it is safer to 
retain the 4a)-formul», making the change of form only if and 
when it is required. 

We have thus : 

X = *» [sn (Z - 25a))]^ 

V = A;'« -h [dn 2«©]*, 

M= [sn {K - 28(o)Y -^ [sn 25o)]^ 

/u \ snuV sn^'u 1 . . 



(J. x)=cn«[l- 



sn*w 
en 



(-), 



sn2(ir-2sa)) 
dn(^,X^ = dnu[l-k^sn^(K-2sci))8n^u] (-?-), 

denom. = [1 — A;^ sn^ 28a) sn%] ; 

but I do not write down the other formulae in their 2c(>-form. 

The change from the 4©- to the 2©-formula3 is, as will 
appear, a very essential one, and it is important to take notice 
of it. 
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n an odd-prime; the Real Transformations^ First and 
Second. Art. Nos. 366 to 363. 

356. We have a> = , where m and m' are 

n 

positive and negative integers having no common divisor which 

also divides n. It is convenient to take n an odd-prime : there 

are here n+1 distinct transformations corresponding to n+1 

values of o) which may be taken to be 

K iK;_ K+iK ' K + 2iK' K + {n-'l)iK\ 
n n n n n 

or to be 

K iK K + iK' 2K+iK ' (n^l)K + iK\ 
n V n n n 

or again to be 

K iK^ K±iK' K±^(n^l)iK' 

n n n n 

Two of these transformations are real : the former of them 
corresponding to the value © = — , and called the first trans- 
formation, is a transformation to a modulus \ which is less 
than k; the latter of them corresponding to the value 

iK' 
to = — , and called the second transformation, is a transfor- 
n 

mation to a modulus Xi which is greater than k. 



First Transformation, © = — (to a smaller modulus X). 

357. The general formulae apply at once to this case, but 
it is convenient to slightly alter them by omitting the factor 
(— )J(w--i) which presents itself in M. This comes to writing 
(— )i(»-i) y in place of y : so that in the new formulae a?= 1, in 
place of giving y = 1, gives y = (—)*<»-*> 1, or say y = ± 1, the 
upper sign answering to an evenly even value of w — 1 and the 
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lower sign to an oddly even vtflue of n — 1. It will be convenient 
to give the formulae as well in the 4a>- as in the 2a»-form. 

In the formulae which contain ± or T the upper sign is to 
be taken when w — 1 is evenly even, the lower sign when it is 
oddly even. 

358. For the conversion of 4®- into 2€ii-formulae, observe 
that the series 

snft^H 1, sn(t4+ — j... snlt^H — ^ — 1 

is in a dififerent order 

/ 2K\ ( ^^K\ ( 6K\ ^ 

[u^-j, sn(..+ — j,-sn(u-— j... 

±sn 
the series 

(«+— j. cn(«+— j... cn(«+ ) 



== — sn 



(„,0i^). 



en 
is in a different order 



= _cn^«-— j, cn^«+— j.-cn(«-— j... 



/ . (n-l)g ^ 



+ cn [i^ ± 

and the series 

, / 4Z\ , / , 8Z\ ' / , 2(n-l)£'\ 

is in a different order 

= ii(«-^). d«(«+^). di.(»-^)... 

In all the formulae s has the different integer values from 
1 to J (n — 1), and s' the different integer values from — ^ (n — 1) 
to + i (w — 1) ; or as regards the 4a)-formulae, we may consider 
8* as having the different integer values from to (n — 1). 
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Second Transformation, w = — {to a larger modulus X,). 

360. Write in the general fonnulse co = — : the formulae 

° n 

in the first instance present themselves in an imaginary form : 
these are given as well in the 4a)- as in the 2i»-form. For the 
conversion observe that the series 

/ . 4dir\ [ SiK\ ( 2(n-l)iir\ 
snIwH j, snft^H 1... snIwH — ^ — = 1 

is in a different order 

/ 2iK\ ( 4dK\ ( 6iK'\ 

=^r--^j' ^^r+-irj' ^r^-irj- 

/ ^(n-l)iZ'\ 
sn(u±^—^y, 

the series 

/ ■ 4rtZ'\ / . 8iK'\ ( . %(.n-X)iK\ 
cn(«+ 1, cii(m-< 1... cnltt+— i^ — j 

is in a different order 

/ %K'\ I , ^K'\ ( 6iK'\ 

+ cn(u± -A_j; 

and the series 

is in a different order 
= _dn(u-?^), dn(« + *^),-dn(«-^')... 

±dn(«±<^Lzi)i^'). 

361. There is a further change of form to be made in some 

of the formulae. We have & sn v = — 7 rr^^ , and thence 

sn{v + iK) 

, 2siK' 1 1 

— A: sn = ■ 



n 

sn 



\ n / n 
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Putting for a moment n — 2« = 2^ — 1, we see that s having 
the positive integer values 1 to J (w — 1), ^ has the same series 
of values in a reverse order ; whence finally writing s instead 

of ^, — A? sn has the same values as .^ ,v i j m , or say 



sn 



n 



the series 

, 2iK , UK' , {n-\)iK 

— A?8n , — A:sn ,... — fcsn^^ — 

n n n 

is in the reverse order 

sn — sn sn ^^ ■- 

n n n 

and similarly A?sn iK j has the same values as 

1 



We have moreover 

, 2siK' . , {n-2s)iK' (n^2s)iK' 

k en = ^ dn ^^ r sn ^ — 

n n n 

, 2dK' (n--2s)iK' (n--2s)iK' 

dn = en ^^ r sn , 

n n n 

which may be similarly transformed by putting therein 

w-2s = 2«-l, 

and finally 8 instead of t, as above. 

In all the formulae 8 has the different integer values from 
1 to |(7^ — 1), and »' the different integer values from — J (n — 1) 
to +J(n— 1): or we may in the 4ft)-formulse consider s' as 
having the different integer values from to (w — 1). 
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The Second Transformation vmder a real form. 

363. The formulae may be presented in a real form by 
means of the transformations, 

. . , . i sn (Uy k') 
sn {%u, k) = — Y — jTz- , 
^ ^ en (u, A? ) 

en {iu, k) = 



en (i^, A? ) ' 

sn (K %u, ic) -^^ ^^^ ky~dn (M, k') • 

Writing for shortness sn', en', dn', to denote the functions 
to the modulus if, we. have for instance 

x,.i.*[d,'Mr|', 

x,...[„.(/-M.)J, 

*.-[»'(-^)]'^[»'^T' 

/ u ^ \ sn i^ f- sn" w "1 



n 



^ Tl + ^^tn''^^sn^u\ , &c.; 



but I do not think it worth while to give the entire series of 
equations. 

Two relations of the Complete Functions. 
Art. Nos. 364, 365. 

364. In the first transformation, taken in the 2co-form, 
(observe that this is essential) 

•— ana -J 



n 
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On the left-hand side the least real and positive value for 
which sn(^, \) vanishes is 7j^ = 2A, and on the right-hand 

side it is 2A = — : hence we have MA = — or -^rr = A. 

n n nm 

365. In the second transformation 

fu ^ \ sn w r sn^^ " I , . 

n 
On the left-hand side the least real and positive value for 

which sn f -jT^ , \ij vanishes is ^ = 2Ai, and on the right-hand 

side (since here the only factor which can vanish is sn u) it is 

K 
u=2K: hence -JfiAi = -K" or -i;p- = Ai. 

if 1 

K K 

Observe these equations, — t> = A and ^ = Ai. 

The Complementary and Supplementary Transformations. 

Art. Nos. 366 to 371. 

The first complementary transformation. 

366. Start from the first transformation : this may be pre- 
sented in the form 

-(j.-)=<->"-'x/F[-(«-^)]- t;t;::;;. 

Writing herein iu instead of u, and recollecting that 

tn {iu, k) = i sn {u, k'), 
the equation becomes 



sn 



.= y ^ sn (m, AT) sn \u + —^ , kfj sn ( « — ,kj\, 



« = 1 to i(ra — 1); 
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- fl - Jfc'»8n» (^, ifc'j 8n«(t^, Jkol; 



or, since clearly the outside multiplier must be = ^,* 
this is 

sn 



fu A _ sn (u, k') r sn'(^, A?^) 1 



This is the first complementary transformation giving 
8nf-j^,\'j in terms of sn(t(, A?'). Observe that its form is 
analogous to the second transformation. 

The second complementary transformation. 
367. Start from the second transformation ; this is 

* The formula is Tr=( - )*^^~^) sn' . / -„ which of course may be 

verified directly : we have sn' ( j = , and thence 

^ ' en — 



n 



[„.?^-]-.,_,.,.-> t3„ ^„ yf .[^^-f , 



whence the formula becomes 



M 
which is right. 



•-^[-^•.-["W<»(-¥)j. 
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Writing herein iu instead of Uy and recollecting that, as 

before, 

tn (iw, k) = i sn (u, A?'), 

the equation becomes 



sn 



(i.v)=<-)'-^^:h(-^■.^)] 



A.1 



r / 2sK' ,A / ^K' .Al 

s=l to J(»- 1); 

H- fl - A;'» 8n» i~- , A') sn" (a, k')\ ; 
where the outside multipUer must he = -jr . The formula 



is therefore 



sn 



/ M - A _ sn {u, k') r sn' (u, k') "| 



- Tl - k'^ sn^ (^' , Jfc') sn^ {u, Jfcol ; 
which is the second complementary transformation giving 
^,\/j in terms of sn(t^, k'): observe that its form is 
analogous to the first transformation. 

368. Writing the first complementary transformation in 
the form 



u 
sn 



sn 



(u ^,\_ 9>n{u,k') [^ . sn»(^, A;0 "] 



) 



tnM — ,* 



and considering the least real positive value of u for which the 
two sides respectively vanish : these are on the left-hand side 



278 



TRANSFOBMATIOK VOR AN ODD ORDER. 



[X. 



r^=2A', and on the right-hand side u = 2K^: hence we have 

M 
Similarly from the second complementary transformation, 
( u ^ A sn (w, A?') f- sn' (Uy A?') 1 , v 

the least real positive values for which the two sides vanish are 

-^r^ = 2A/ and u = , whence Jfi A/ = — or A/ = — ^rsr . 

Ml n n nMi 

369. We have thus obtained the equations 



A' = 



K' 



A/ = 



K 



M' ' nM,' 

to be taken along with the foregoing equations, No. 365, 

nM Ml 

Eliminating M and M^, we obtain 

A'_ K' K_ A/ 

the first of which is an equation between \ and A?, and the 
second is the same equation between k and \i: and it thus 
appears that \ is the same function of k that A; is of Xj. The 
equations show that \ is less than k, and Xy greater than k. 

The first supplementary transformation. 

370. In the second transformation 

sn^t^ 



u _ \ snt* 



1- 



sn^^ 
"2^tF 



sn^ 



1- 



sn^ 



(2^ - 1) iK'\ ' 



n n 

change k into \, and therefore \i into k : writing for a moment 
Ni as the new value of Mi the formula becomes 



sn I ^ , a; ] — 






sn^ {Uy X) 



sn^ 



25tA' 



n 



,xH 
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^ r sn' ju, X) "I 



sa^r—-^,X 



u 



Change also u into -^; then observing that 
Jfi = -T- , and therefore JVi = -~ = -^jrv or n = 



the equation becomes 



sn {nUy k) = nMBu l-r^, \ J 






snM^, X 






sn2[v ^ ^x 



which is the first supplementary transformation. 
Combining herewith the first transformation, 



, u \ sn w 



^ sn* -■ ^ -■ 



n 
we see that the two together lead to an expression of sn (nu, k) 
in terms of sn (u, k). 

The second supplementary transformation, 
371. In the first transformation 



,u \ snu 

sn Urj., \ = 



M' J M 

sn 
n 



[■-55r]-['-''-^H' 



change A; into X,, and therefore \ into k: writing for a 
moment N as the new value of M, the formula becomes 

gQ I ** i\ _ sn («, \) [-, sn' (m, 7Ci) 



. \ _ sn (m, \,) r 



N' N \ ,/2sA 



«^'iV'^' 



H- Tl - V 8n» (?^> , \,) 8n» («, X.)j ; 
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[l |i 



U 



change also u into j^ ; then observing that 

1 



-^ = T7 > aiJd therefore JV" = ^ , = -=7- 
A K nMi 



, that is n = 



M,N' 



the equation becomes 

\ r ®^ vF"' ^) n 

which is the second supplementary transformation. 
Combining herewith the second transformation, 



sn 



( u ^\ BiL(Uy k) r sn'i^ "I 

^ ^ sn» -■ 

n 

f- sn^ «^ 1 

n 

we see that the two together lead to an expression of sn (nu, k) 
in terms of sn (u, k). 

The Multiplication-formulce. Art. No. 372. 

372. For the actual determination of the multiplication- 
formulae, observe that the first supplementary transformation 
may be written in the form 

8' i(n-l) 






or, what is the same thing, 

u 2ni 
n 

But the first transformation gives 

2s 



sn (nu 



■*>=\/f[ 



-ri»i5+ 



^■.^)]. 



sn g.x) = (-).«- V?[ 



sn 2^ + 



?)]. 



m'=-i(«-l) 
to+l(n-l). 

s' — H»-i) 

to + i(n-l); 
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or sav 



.n(J,x).<-).»-.^ 



2mK\l m = — i(n — 1) 



')]■ 



and writing herein u H ;; — for u, -^ becomes 



n )\' to + ^(m-l); 

2miK' „ u 

n 



u 2m! iK' u 2mtA 



+ ^rir-,=Tir + 



M^ nM ' M ' n ' 
and the formula is 

where on the right-hand side m has the last-mentioned values. 

Giving herein to m' the different values from — ^(n — 1) to 
-h i (w — 1) and multiplying the results together, observing that 

(-_)in(n-i) _ (_)i(»-i)^ 

we obtain 



, 2mK 2miK' 

sn U-] 1 

n n 



or, the left-hand side being = (— )*<'*~^)^ — sn(n2*, A?), the 

formula is 

2mK 2m'iK'' 



sn nw = (-)* <"-^> M (''^i) ] sn ( w + — — f- 



n 



where on the right-hand side the { } denote the double product 
obtained by giving to m, mf respectively the values - J (n — 1) 
to +i(n- 1), or say the values 0, ± 1, ± 2, ... + J (m - 1). 

And in the same wav 



en 711*= (pj -^cnft^H 1 



)}■ 



and dn nw = [j-,] 



l\i(na-i) 



dn t* -I h 



2mK 2miK\) 



n n 

which are the formulae obtained Chap. IV. 



} 
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CHAPTER XI. 



in terms of an f -^ , X j : writing first - for n, we make n = oo , 



THE {-FUNCTIONS: FURTHER THEORY OF THE 

FUNCTIONS H, ©. 

373. In the present Chapter we start with the transforma- 
tion of the order n in the form of the first supplementary 
transformation, whereby the functions sn (nu, k), &c. are given 

u 

M 

and (as will appear) we thus obtain the elliptic functions sn {u, k), 
&c., as fiiictions, the numerators and denominators being re- 

spectively obtained in terms of the circular functions of ^^, 

viz. as products depending on these functions, and involving 

irK' 

also the quantity e ^ , which is put = q : the elliptic func- 
tions have been already in Chapter vi. expressed as fractions 
by means of the functions H, © : and identifying the two ex- 
pressions, we obtain the expressions of these functions as series 
involving powers of j, or say as j-series. 

Derivation of the q-formidce. Art. Nos. 374 to 382. 

374. The first supplementary transformation is 



sn (nu, k) = nM sn ( -jj^^, \ 



sn" 



1- 



sn^ 



/2siA' 



I 



n 



1- 






snM<^^-;>^'^\x)J 
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we write herein - for n, and make n infinite. This rives 

n 

X = 0, sn (5, X) = sin tf, A = \ir\ whence f in virtue of A = — rv 



„ ^K A' irK 



and the equation becomes 



2ir . im 



sm^ 



1- 



2Z 



sm' 



T 



SMT 



K 



sin' 



1- 



2K 



. J2s-l)iirK' 

""^' 2e: 



This is one of a group of formulae obtained in the same 
manner. 



375. The formulae are 



2K . iru 
8iiu= — sm 



IT 



2K 



sm'' 



1- 



2K 



sm= 



miir. 



^j;^ 



en 1^ = 



cos 



2K 



sin' 



1- 



K 

ITU 

2K 



cos' 



trdirK' 



K 



dnt^ = 



sm'' 



iru 



1- 



cos-* 



2K 
{2m'-\)%irK' 



2K 



1 - sn w = 1 1 — sn 



2K 



) 



sn 



1- 



iru 
2K 



cos 



miir. 



^^ 



l+8nM = (l + sn 



2K) 



sn 



1 + 



K 

iru 
2K 



cos 



mF 



miTT 



(-). 



(-). 



(-). 



(-). 



(-). 
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1 — A;8nt* = 



sn 



1- 






cos 



{2m-l)%irK' 



2K 



(-X 



1 + )k sn u = 



sn 



1 + 



2K 



cos 



(2m-l)i'irK' 



2K 



(-). 



denom. = 



sn'' 



1- 



TTU 

2K 



sn' 



2K 



376. We obtain in like manner another group of formulae, 
in which also m has the values 1, 2, 3... to infinity, 

(2m-l)»7rZ' 



TT TTU ^ 



cos 



2K 



. ,(2m—l)i'irK . , iru 
sin' i ^ fnrfl 



2K 



sin' 



2K, 



cn«= gcosgsIC-) 



iin— 1 



. (2m-\)iirK' 

^'^- — M 



sm' 



(2m — 1) iirK' T~iru 
2K ^^° 2K. 



,^..„.(2m-l)tV^' 



an t* = 1 + -^ sm^^^ 2 



(-)m-icot 



K 



sm-- 



{2m-\)iirlC 
K 



— sin' 



ITU 

2K, 



The deduction of this last formula presents some peculiarity: 
writing ± instead of (^y^'^~'^\ the formula originally presents 
itself in the form 



±^^^=&±i^l 



(— )w sm ^^ ^ cos ^ ^ 



K 



K 



. {2m—l)iTrK' , iru 



sm 



K 



-sm^ 



2ir 
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viz. the upper or lower sign must here be taken according as 
the number of terms in the series is even or odd. To get rid 
of this variable sign, Write in the equation w = 0, the equation 
becomes 

, ,^ . {2m-l)iirK' (2m-l)i7r 

+ 1 =;^-n^±TT>2 




and subtracting this from the general formula, each side of the 
equation is affected with the same sign +, which sign may 
therefore be omitted : whence, observing that in general 

sin a cos a sin a cos a 



sin^ a — sin* x ' sin* a 

sin* X cot a sin* x 



=» sm a cos a — 



sin* a (sin* a — sin* x) sin* a — sin* x * 

it is at once seen that we thus obtain the result first written 
down. 

All the formulae assume a more convenient form by writing 

^r • 2KX . 1 xi • TTiA • 1 

tnerem u = , viz. we have thus sm ^-^ = sm x, and conse- 

quently the elliptic functions sn , &c. expressed in terms 

TT 

of sin a?. 

377. Introducing now the quantity 



we have 






miirK' 1 , ^ _^. 1 + a*^ 

., sin' a; , 4g*"sin'a;_ 1— 25'*"cos2a!+g*'" . 

. ^ miirK ~ "^ (1 - f^f (1 - q^f ' *®-' 

sin — g^ 
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and in the resulting formulsB the right-hand sides contain SiS 
factors certain functions of q, which functions are affcerwards 
determined as will presently appear. Supposing this done, the 
formulae of the first group are 



2Kso ^ 1 4/- . 
sn =2 — = V 3 sin a? 



en 



dn 



IT 
TT 
IT 

2Kx 



[1 — 2q^ cos 2a? + 5*"*], 



= 2A/jr v^cosa? [1 + 2}*^ cos 2a? + 5***], 



= Jk' 



[1 + 22*^1 cos 2a7 + q*"^l 



1 — sn =2a/j-^(1 -sina;)[l — 25*" siax + q^y, 



TT 

2ira? 



2Xx lie 4- 

1+sn = 2a/^ V5'(l+sina?)[l +2^'" sinar + j^^p, 



1— isn 



TT 

2Kx 

TT 

2ira? 



= JV 



1+A?sn = Jk' 

IT 



[1 - 25^-* sin a? + 5»»»-i]2, 
[1 + 25^-* sin X + 5'*»»-i]2, 



where 

denom. = [1 — 25*"*-^ cos 2a? + (f^^'\ ; 
and the formulae of the second group are 

2ira? 27r . ^ f g*^* (1 + (f^-^) 



sn 



en 



-— sm a?S 

TT hK (1 — 25''"^^cos2a? + g*»^* 

2Za? 27r 



TT 



= ^ cos a;2 lc->»»-' g"*"* (1 - g^O 



(f^ 



h 



- , 2Za? 47r . , ^ f ^ ^ 
1-dn = — r sm* a?z ^ --— - 

TT K (1 - 2i 



m— 1 /v2w— 1 



l-jam-i 



2 jsm-i cos 2a? + g^- 



-2 > 



2ira? 



and to these Jacobi has joined an expression for am zizil ^ \\^^\^ 

IT 



• • 



IS sm ^ sn : viz. the equation is 



TT 



sm^ sn ' = 



IT 



) = ±a?+22(-)"*-itan 



_^ (1 + q^-^) tan a? 

1 _ 2»n-i 
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where the sign is — or +, according as in the calculation of 
the series the number of terms taken is odd or even. Writing 
herein A? = 0, the formula becomes 

^ = ± a? + 22 (-)"*-i tan~^ (tan a?), 

where the sign is — or + as before, a particular formula, the 
truth of which is evident at sight : and subtracting this from 
the general formula, we convert it into 

sin-^sn — -==a?H-22 j(--)'^^tan-M ^^^_^ tana;j~tan-^tana? 

or, what is the same thing. 



sin-^ (sn ?^) = a; + 22 C-)"^^ tan"^ (^ 



qVnr-\ COS 2Xj 

a form of the formula, free from the discontinuity, and in which 
the series is convergent. Differentiating in regard to x and 

using a formula — = 1 + 42 -. _ ^^r-i > which will be proved 

further on, we obtain the foregoing expression for 1 — dn ; 

w 

and conversely by the integration of this we obtain the last- 



mentioned formula for sin~^ ( sn 



. _ / ^lKx\ 
m^^sn— j. 



378. In completion of the investigation of the formulae 
of No. 376, observe that writing 

1 = [1 - j-p, (-) 

5 = [1 + 9^?, (-) 

i = [1 + J— ^P, (-) 

where denom. = [1 — if^^J ; 

the formulae obtained in the first instance are 

sn = sina; [1 — 2o^cos 2x + q^\ (■^) 

IT It 

2Kx 

en = £ cos a? [1 + 2g^ cos 2a? + a*"*], (-r) 

IT 
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dn — = C[l+2o»»->cos2a; + g'«»-«]. (-;-) 

where denom. = [1 - 2^-^ cos 2a! + g*""*]. 

Writing in the first and third of these x = Jtt, we find 

IT JS 

whence (7 = VF, and 5 = ?^^^^. 

TT 

379. To determine -4, write for a moment U in place • 
e'*, then we have 

which, observing that 

may be written 

2Kx _ AK U[l - q^U^^ [1 - ^^^^JJ-^] 
^° TT " Tri [1 - 5^«^ijr*] [1 - q^^^U-^-] ' 

r or a? write x + -^^f^ , sn becomes 



/2Kx .j^\ 1 



, 2Kx' 
ksn 

TT 

U is changed into 5*!/^ and taking the second formula we ha^ 

1 _ ^ AK 1^ [1 - q^^^ U^][l^q^^' U-^] 

, 2Kx'' In ^U [l-j2wij[^2-]|-i_^2m^2f7-2j • 
K sn 

TT 

Hence multipljdng, we find 

1 fAK\^ 1 . AK sTq 
r = ] ' -r-f whence = -^ ; 

k \ IT J Jq' TT v%' 
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and therefore 

and substituting we have the foregoing formulse for an, en, and 
dn of . 

TT 

380. We also obtain various other j-formulaB. 
Multipljdng the expressions for J?, C we have 

2v^ . A?' _ [1 - q^^"^^ 

Vi ^ [i+<r? ' 

and observing that 
we find 

and thence, using the foregoing value of -4, 

2A;Jfc'ir' 

which two formulae give 



[l-.j««-p[l-5^] = y?^, 



[1 - 5^]« 
and to these may be joined 

[1 + 3»»-i]« 

[1 + q^J 

[1 + <r? 



^sIlclc^K^ 



Ti^sfq 



*r- > 



A; 






C. V^ 
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381. If for shortness we write : 

a = [1 + g**-*], whence a^ = [1 + g^], 7S = [1 - g«], 

I3 = [l + q^l and 0^7 = 1*; 

7 = [l-g«-a 

then the foregoing formulae give 



*-v5(f)*. 






ey. 



2kK 



*^(D'. 



TT "* \a7> 



IT 

2\/k'K 






The equation A^ + fe'^ — i gives 7^ + 16g/8® = a®, or written 
at length 

{(1 - g) (1 - 9») (1 - s"). . .}• + 16g {(1 + g») (1 + 3«) (1 + g^)- • .}« 

= {(l + g)(H-g»)(l + 3»)...}»; 

a remarkable identity. 

* This is in fact the formula [1 + q^] = r-i _ gm-n pro^Q^ No. 380: it occurs 
in Euler's Memoir, De Partitione Numerorum (1760), Op. Min. Coll. p. 93. 
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382. It will be noticed that we have obtained expressions 
for sn , en , dn , as rational tractions having a 

IT IT IT 

common denominator, the three numerators and the denomi- 

nator being each of them a ^-function, \q — e ^ ) , involving 
circular functions of x respectively. Imagining x replaced by 

its value ^-^, we have sni/, cnt^, dnw expressed as rational 

fractions, the three numerators and the denominator being 

each of them a g-function involving circular functions of ^rr=,. 

We have already obtained for snw, cnw, dnw fractional ex- 
pressions having a common denominator 0u, and in their 
numerators Hu, H{u + K), %{u-\-K) respectively ; and it thus 
appears that these functions must be, to proper factors prfes, 

multiples of the ^-functions of ^^ respectively: viz. the 

factors to multiply the g-functions must be of the form 
AUy BU, CUy DU where U is an unknown function of u, 
but A, By G, D are known constants or exponential factors; 
and the theorem at once suggests itself, that the two sets 
of functions diflfer only by these factors -4, jB, C, D, or 
what is the same thing, that Z7 is a mere constant, which 
may be taken = 1. But Jacobi in fact directly identifies 

with a g-function of a? (that is, @u with a ^-function of 

^-^ J , by an investigation of some complexity but of very great 
interest. 



©, H expressed as q-f unctions. Art. Nos. 383 to 387. 
383. We have 



V 



ll-k 



sn 



IT _ [1 - 25™-* sin X + 3™-'] 



1 + jfcsn— [1 + 2^-' sin a; + ?«»-»]• 
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Taking the logarithm of each side, and expanding the loga- 
rithms of the £Eu;tors on the right-hand side, after some obvious 
reductions we obtain 

1 ~" 1c sn ^^"^~' 
\l l + km^~ (2m - 1) (1 - ?— ') • 

or, writing the series at full length, 

_ 4 s/g sin a? 4 J^ sin 3a? 4 J^ sin 5a? 

Differentiating each side in regard to x, we find without 
diflSculty 

2Kx 



UK'''' 



"^ dn 



TT ^4i*Jq cosa? ^ 4 Vg'cos 3a? 4 Vg^cos 5a? „ 



TT 

or, observing that the left hand is 



2kK (^ 2Kx\ 2kK 2K fir 

sn A , = sn — ' 

TT \ TT J TT TT 



f— ). 



and writing ^tt -- a; in place of a?, this is 

2kK 2Kx 4 Va sin a? 4 \/^ sin 3a; 4 Vg* sin 5a? „ 

— sn — = —s^ — + :f , — + — r — I — + &c. 

384. It is this formula which leads to the identification 
just spoken of; viz. squaring the two sides we obtain after all 
reductions 

sn« =--(K-E) 

IT ) IT IT 



(2q cos 2a? 4q^ cos 4a; 65^ cos 6a? ] 

■" 1 1-q^ ■*" 1-5* ■*■ l-.g« +--p 



or, multiplying by da? and integrating from a; = 0, 



. (q sin 2a! 5' sin 4a; ^ sin 6a! ) 
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whence, from the definition of Zu, ante, No. 138, 

2K „ f2Kx\ . {q sin 2x 5* sin 4i? 5* sin 6a? ) 

^ "^ l-^r j = * JT^^ + ^^r^r + -Tr^ + • • •} ' 

and if we again multiply by dx and integrate from co = 0, 

2K r (2Kx\ _ (l-2gcos2a; + g')(l-2g'co8 2a;+g»). . . . 

that is 

(1 - 2q cos 2a! + 5') (1 - 29* cos 2a! + <f)...; 
or say 

viz. we have obtained this value of © from the definition 

TT 

385. We have to prove the theorem for the squaring of the 
right-hand side of the equation 

2kK 2Kx _ 4 Vg' sin a? 4 Vy* sin 3a? 4 Vg* sin 5a? 

TT TT 1—5' l — (f l-if 

Forming the square and reducing by the substitution 
2 sin Tax sin nx = cos (m — n)x — cos (m + n) a?, 

the square is 

= J. + -4' cos 2a? + A" cos 4a; + A''' cos 6a? ... , 

where 

and moreover 

^<»'=8{2£<»»-C<»'}, 
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where 



J5<«> = 



,»H-1 



»n+8 



vfH-s 



(l-g)(l-g»»+i)"^l-28.1-3»^»"*"l-5».l-y«»+»"^'' 






?• 



1-5 



«Sf»+l 









l-g» 



y2n+8 



27H-6 



l-g>» 



^^ 1 _ gS»+l 1 _ g!«+» 1 _ ^ 



f g , g* , g*^' 1 



+ ... 



and 



(?») = 



g" 



kn 



w2n— 1 ' 



g" 
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9!_ 
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»2»— 1 



l-g»^M-g 
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l-gs 



...+ 
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1^ -« OM O • • • 1^ 



1- g»»-l 

9 



l_^2n-i l-jan-8" ' 1-g 
+ 1 +1 ...+ 1 



-T^Z^"*" 1 - gsn |l -g + 1 - g3 ••• + 1 - j2n-i| 5 



whence 






viz. each coefficient (except A, which is an infinite series) has 
this finite expression, and we have 



'2ifcZ\» . 2Kx 



IT 



■) 



sn" 



= ^-4- 



TT 



2g COS 2a: 4g* cos 4a? 6g cos 6x ) 

i-g» 1-g* ■*" i-g« ■^••y 



386. To find the value of 

9 



^, =8 



+ 



^ 



[(1 - qy (1 - g»)^ 



+ &c.[, 
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multiply by dx and integrate from to Jtt, we have 






or, what is the same thing, 



viz. from the equation 



A= — -HTi Bn^ udu: 



Z^=0 = ^(l-^)-ifc«J sn^udu, 

we have A-—^{K-E), 

and the proof is thus completed. 

387. Write for shortness 

IWk 

where, ante, No. 380, ' 

then the relation obtained is 

e (— j = G . [1 - 25«^^ cos 2a? + g*"*-*], 

which is the required expression for 0, leading as mentioned 
above to the corresponding expressions for the other functions. 
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or omitting the second and fourth equations which are in- 
cluded in the first and third respectively, 

H f — ) = G . 2\^^sin a? [1 - Zq"^ cos 2x + q*^l 
e /2iC^\ ^Q ^j _ 2j2m-i cos 2x + 3**^]. 

iV^iew developments of the functions H, ©. 
Art. Nos. 388 to 392. 
388. We have identically 

[1 - 2 j2m-^ cos 2a? + q"^ 

= jTj — :? {1 — 2q cos 2^7 + 2j* cos 4a? — 23^* cos 6a? +...}, 

2^7^ sin a? [1 — 2q^ cos 2a? + q*^] 

= =:j — -^^ {2Vg sin a? — 2\fq^ sin 3a? + 2\fq^ sin 5aj -. . .} ; 
and hence observing that 



V m 

[1 - q^] ' [1 _ jam-ip ^ ["1 _ ^amj 

we find 






] = 1—23 cos 2a? + 2q* cos 4a; — 25® cos 6a? + ... , 

jBT [ — ^ J = 2\/q sin a? - 2^g'' sin 3a; + 2\/q^ sin 5a; - &c., 

which are the expressions of these two functions developed in 
cosines and sines of multiples of a?. 

389. For the direct proof of the identities we require the 
development of [l+q'^^z], that is of (1 + qz) (1 + q^z) (1 + ^z). . . 
in Powersoft. Assuming it 

if for z we write q% and multiply by l+qZy the result is 
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=:l+qz into (1 + ^z) (1 + g*^)... ; viz. this is the original 
function. We thus have 

= (1 + qz) (1 + A^z + Bq'2i' + C^j^ + ...) ; 

thatis, ^(l-9») = g, 5(1 -g*) = 3»-4, C{l-^) = fB, ... 
and thence 

ri+a*-^^l=l+-21- + 2!?! + ^ :+ 

L^^3^^J^ + l-3» + l-g«.l-g*^l-S».l-5*.l-g'^- 

In a very similar manner it is shown that 

1 ^ a z q* z^ 



[l—q^z] l-ql—qz 1 — g.l— g*! — j-^.l — j^^r 

^ 1 -y. 1 -jM -3> 1- j^r, 1 -5»2r. 1 -g»a; 
390. Starting with the equation 

We have similarly 

and these two are to be multiplied together ; the product will 
be an infinite series of the form 

where 5o, B^ B^.,, are functions of q given in the first instance 
as infinite series, which however admit of summation by means 
of the last formula in No. 389, viz. 

1 =l+_2 £_ + t ^' 



[1 — ^z'\ l-ql-qz 1 " q ,1 - <]^ 1 - qz .1 — <fz 

(f ^» , 

"*"l-g.l-g*.l-g»l-52:.l-g*2r.l-g»2r' 

this, putting therein q^ instead of q and z = g^, becomes 
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1 ^, , g' <r , t ?^ 



[1 - g2n+2m] 1 _ g2i _ gan+2 1 - ^^ 1 - ^ 1 - g2n+2. 1 - ^2n+4 

where of course [1 - gi^n+jwuj denotes 1 - 5»* . 1 - g2n+2 . 1 - 5'**+*. . . 

391. Effecting the multiplication of the first-mentioned 
two expressions, we have 

where in general 



that is by the last formula 

^ 1 _ g«* 

and we have consequently 

392. This equation, writing therein — e^* for ^, becomes 
[1 - 2j»^^ cos 2a; + g"^*] 

= P ami U — 2(j COS 2a; + 2 J* cos 4r — 2g* COS 6a? + ...}; 

and if in the same equation we write qz for z it becomes 
(1 + sr") [1 + f^z\ [1 + g^^^r-i] 

viz. putting here — e*** for z^ or say 2* = - e**, we have 
sin a? [1 - 2g'2»» cos 2a? + q^l 

= jr- {sin a; — g'^ sin 3a; + g* sin 5a? — g" sin 5a? + ...}; 
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or, what is the same thing, 
2ifq sin a? [1 — 25"* cos 2a? + 3*^] 



[1-3^] 



{2v^g sin a? — 2 v^g* sin 3a: + 2\^ sin 5aj — . . . }. 



Double factorial expressions o/H, ©. General theory. 

Art. Nos. 393 to 399. 

393. Reverting to the expressions of © ( j , H {—^^) as 



\ ^ 



iru 



gr-products, and writing a:= ^^, the g-products thus identified 

with the functions Hu and %u respectively, presented them- 
selves at the commencement of this Chapter as mere constant 
multiples of the expressions 

. - ITU 



sm 



fru 



sm' 



1- 



2K 



sm^ 



:;nr 



OTTT. 



K 



1- 



. - ITU 

sm* ^^ ~ 



(» = 1 to 00 ), 
so that Huf Su, are constant multiples of these expressions 

respectively ; and since ©0 = a/ 
plete values are 



— , it follows that the com- 



Hu — Jhn. . 

V TT 






sm^ 



1- 



2K 



sin= 



siwK 



Su 



/ 2k'K 



sm^ 



1- 



iru 
2K 



. A28''l)iwK' 
^^" 2K 



It is important to examine the meaning of these formulae. 
Consider the function which enters into the expression of Hu ; 
or writing for greater convenience m in place of s, say 
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sm 



2K 



sin^ 



1- 



iru 
2K 



sin-' 



'i^rr 



ntiir 



K 



{rn = 1 to 00 ). 



394. Observing that in general 

sin' u — sin* a = sin (w + a) sin {u — a), 
this (disregarding for the moment a constant factor) is 

where m' has every positive or negative integer value (zero in- 
cluded) from — 00 to + 00 ; say from — /i' to + /i', /i' = oo . 



[. firu 



Now we have 



sm 



iru 



mx=^x\ 1-^ , (« = 1 to 00 ), 



which writing ^^ for x, becomes 



. iru IT 
"'"2^ = 2^" 



[l-^1 



4s>^>J' 



or disregarding a constant factor, 

sin 2^ = [w + 2mZ], 

where m has every positive or negative integer value, zero 
included, from — oo to + oo ; say from — fi to fi, fi= X). 

Assuming for a moment that it is allowable to write herein 
u + 2m iK in place of u, we have 

sin ^ (t* + 2m'iK') = [w + 2mK + 2m'iZ'], 

m as above, and consequently the numerator is 
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m, m each extending from — oo to + oo as above. As regards 
the omitted constant factor, it is clear that sn n -^ u reduces 
itself to unity for u indefinitely small, and the formula thus 
becomes 



2^ . iru 
-^^^2Z 



SID' 



1- 



2Z 



sin' 



K 



-A 



1 + 



U 



2mK + 2m iK' 



m, mf as before, excepting that the set of values m = 0, m' = 
(having been taken account of in the factor u) is to be omitted. 

395. But when in the sine-formula we write u -f 2miK' 
in place of w, we assume that u + 27nfiK' is indefinitely small in 
regard to the extreme values ±fi of m (viz. the infinite product 

f 1 — — j f 1 — j—a) ... taken to the term 1 — -^-^ approximates 



X 



X 



to sin X only on the assumption that — is indefinitely small) : 



STT 



of course this is so when mf is finite, but wf acquires the values 
+ /a'; in order to sustain the assumption we must suppose that 
fjL is indefinitely small as regards fju ; or say that fju -i- fjL = 0. 

Hence in the last-mentioned equation the limits of the 
doubly-infinite product are m = — ft to m = + /a ; m' = — /a' to 
m' = +fjL; fjL, fi each infinite; but fi-^fi — O, Putting for 
shortness 2mK -{■ 2m%K' =(m, m') the equation is 



2K . TTU 

lf''^2K 



1- 



• 9 'TW 

sittK' 



sin^ 



K 



u 



= 1* 1-h . , 

(^ (m, m)) . 



which is one of a group of four formulae. 

396. Writing for shortness as in Nos. 39 and 120, 
(m, m) = 2mK -f 2rn!iK\ 

(m, mf) =42m + 1) iT -H 2miK\ 
(m, m) = 2mK + {2m' + 1) iK\ 

(m, m ) ^{2m-\-l)K+ (2m' -h 1) iK\ 
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these are 



2K . iru 
— sin 



TT 



2K 



sin^ 



.1- 



2K 



sm^ 



i:;^ 



8i7r 



sin' 



K 

iru 
2k 



— Ui 



U 



1 + / /v 

(m, m ) 



/\i > 



cos'' 



!;;3r 



SITT 



K 



u 



" ''^^(m,m')[' 



sin= 



1- 



TTU 

2K 



cos" 



1- 



{2s-l)i'irK' 
K 

TTU 

2K 



-I 



1 + / /> 



(m, m X 



sin= 



sm« ^ ^ 



= 1 



1 + 



u 



(m, m)) ' 



where on the right-hand side the limits are to be taken so that 

{niy m'), &c. may have equal positive and negative values, or 

say, as regards 

m, from m = — fjL to + /a, 

^' „ „ =-/-! „ +/; 
viz. m, m' have all positive and negative integer values between 
these limits (both inclusive) respectively: but as regards (m.mf) 
the combination (0, 0), (which is separately taken account of in 
the exterior fector u), is to be omitted : fju, fi' are each infinite, 

but fl -r- fJL=0. 



397. The values of the Jacobian functions H, thus are, 
as mentioned No. 39, 



Su 






u 



TT 1 (m, m ) 



i 



u 



(m, m')j ' 
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limits as just mentioned. It is on account of the unsjmimetrical 
condition /i' -r- /i = in regard to the limits that jBT, have a 
perfect periodicity as regards 4-K', but only an imperfect 
periodicity as regards 4dK'; viz. as regards this quantity the 
functions are only periodic to an exponential factor pr^. The 
resulting expressions of the elliptic functions are, as mentioned 
No. 130, 

= ttll + ^^J, (-) 

( (m, m )j ' ^ ^ 



snu 



cnu= U + 7= — rJt, (-5-) 

I (m, m)j 

dnw= \l + j==X=A, (-f-) 



denom. = 



., m)) 



(m, 



where as regards 4dK\ although the numerators and denomi- 
nator are not separately periodic, they acquire by the change 
equal factors, and thus the quotients are periodic as well in re- 
gard to 4iir' as to 4ir. 

398. We may state the general theory thus : consider the 
doubly infinite product 



V'^a + mn+rnaj' 



where m, rn have within infinite limits every positive or negative 
integer value whatever. 

To avoid difficulties, it is assumed first that ft, ft' are in- 
commensurable, (for if they had a greatest common measure 
A the function would be an infinite power of the single product 

) ^ a positive or negative integer ; secondly y that 



[ 



1 + 



a + tA 

the ratio ft : ft' is imaginary, for if it were real there would be 
an infinity of factors for which mft = m'ft' is indefinitely near to 
any given real value whatever. The function a-hmft-f-m'fl' 
can at most vanish for a single set of values of m, m ; viz. it 
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will do this if a = — Xfl — \'fl', \, V being positive or negative 
integers ; and we must in this case replace the product by 



L^"*"a + mn + m'n'J' 



and exclude from the product the combination of values m = \, 
m' = X'; but this makes no real diflference in the theory, and we 
need only attend to the other case, that in which a+mft+m'ft' 
does not vanish for any integer values of w, m'. Thirdly , that 
the limits are such that to each given value of a + mft + m'fl' 
there corresponds an equal and opposite value ; or what is the 
same thing, regarding m, m' as rectangular co-ordinates, then 
that the product is extended to all integer values of m, m' lyimg 
within a closed curve having a centre at the real point given by 
the equation a + mfl+m'fl'=0, (viz. if a =—Xn — VII', then the 
co-ordinates of the centre are m = X, m' = V)- Say this is the 
" bounding curve," we may regard the linear magnitude of this 
curve as proportional to a parameter (7, in such wise that C 
being indefinitely large, each radius vector of the curve (mea- 
sured from the centre) is indefinitely large. Upon the foregoing 
suppositions, regarding the bounding curve as given in its form 
(for instance, if it be a circle, or a square, or again a rectangle 
with its sides in a given ratio, &c.), then as C increases and 
ultimately becomes infinite, the product in question 



[^ "^ a -1- mil + m'ft' J * 



tends to and ultimately attains a certain definite value; but 
this value is dependent on the form of the bounding curve. 

399. There is, however, a relation between the values of 
the product for diflferent forms of the bounding curve; viz. 
this is 

where Ai, A^ denote the values of the integral 

dm dm 



a. 



(a -h mfi -h m'ny 
taken for the two forms of the bounding curve respectively. 
C. 20 
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In particular let the bounding curve be the rectangle 
m = \±ft, m' = V±/tt', and let the product, when ft'-^/A=0, 
be called IIo, and when fi'-r fi= qo be called IIoo; then if 11 
be the product for any other given form of the bounding curve, 
we have 

where ^o* -Boo are constants depending on the form of the 
bounding curve ; and observing that IIo has the period 211, or 
say IIo (^ + 2X2) = IIoW, while Iloo has the period 211', or say 
IIoo (u -h 211') = H^u, we obtain 

niu + 2ft) = 6i^(«+^^* Ho = e^'-^^"-^") nu, 

n (u +2ft')= ei^'>^^^^ n« = e^^-^'^'^'^'-'^Uu', 

which shows that the function Ilt^ is not perfectly, but to an 
exponential factor prfes, periodic in regard to the two quantities 
2ft and 2ft' respectively. See as to this theory my papeis, 
Camb, and Dub, Math. Jour, t. IV. 1845, pp. 257 — 277, and 
Liouville, t. x. 1845, pp. 385 — 420. 

Transformation of the function H, 0. (Only the first trans- 
formation is here considered.) Art. No. 400. 

400. The equation 



@u 



'K 



IT 



U 



sm^ 



1- 



2K 



. ,(2m~l)i7rir' 
«^^'— 2Z 



(?7l = 1 to 00 ), 



putting therein -=^, X for u, k, and attending to the relations 



A = -^[^, A' = irp , becomes 

nM M 







(i.^) = v/f 



sm^ 



1- 



niru 
2K 



. (2m— l)niTrK' 



sm 



2K 



, (m = 1 to 00 ), 



and we may hence deduce an equation of the form 



u 



0(-^,X)=^[0(w + 2s'^]. (5'=-i(n-l)to+i(^-l).) 
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In fact, disregarding constant factors we have 
or, what is the same thing, 



(■|,x) = [8ing(«+2m-Hir')]. 



if m has now all positive or negative integer values from 
— 00 to 00 : and similarly 

6t^ = sin ^(w + 2m — UK') ; 

and if in this last equation, we write for u, u-\- ^'K, giving 
to s' all the values from — ^ (ti — 1) to + ^ (n — 1), and multiply 
the resulting expressions ; then by aid of a known trigonometri- 
cal formula, we see that ® (-i^*^) has a value of the form in 

question. Writing w = 0, we obtain at once the value of A, 
and the equation becomes 

and similarly 

which are formulae for the transformation of the functions 

400*. The theory of the transformation of the functions 
Hu, ^u might be derived from the double factorial expressions 
given in No. 397: it is, however, somewhat difficult to carry 
out the process, and I propose only to give a general idea of it. 
Disregarding a constant factor we have 

® W ' N " I "^ "*■ 2mJfA + (2m'H-l)iJfA'J ' 
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which, substituting for JIf A and MA! their values — and Z', 
and writing for convenience I in place of m, becomes 




u 



91 

n ^ ' ^ 



where on the right-hand side Z, m have every integer value 
whatever from — x to + oo : grouping these according to the 
remainder of the division I by n, we separate the right-hand 
side into n factors, each of which is a 0-fanction with the 
original periods K, K' ; thus writing I = mn + «', where s' has 
any one of the values 0, 1, ...n — 1, and m has any integer 
value whatever from — x to -h oo , the factor corresponding to 
a given value of 8 is 

28'K 



2miC+(2m'-hl)i^' 

viz. disregarding the constant divisor, the factor is 

25'ir^ 



= \u + 



n 



and we thus have ® [iji->'^) expressed as a constant multiple of 

the product of the n factors ( w H 1 : and in like manner 

jBTf -7>,Xj is a constant multiple of the product of the n factors 

Hiu H j ; 8 having in each case the values 0, 1, 2,...n-l, 

as above. 
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Numerator and Denominator functions. 
Art. Nos. 401 and 402. 
401. The results obtained No. 400 may be written 

e(^.x)-e„[e(..M)e(.-M)] 

into constant &ctor as above, 

into constant factor as above. 
We then have 

28K\ ^ ( 28K\ ^. 28K 



©U+ )©(tt -f®^ 

\ n J \ n I n 

e»ov 



n 

and 

28K\„/ 28K\ ( „.2sK' 



=h^^h^<-=-^) 






) 



n 



S^W \ 

am* . 



©«oV 

sn^ 
n 



and we thence obtain 






sn^ 
n 



1 
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402. Now in the function, see No. 359, 

r-r- 

sn'' 






n 



multiplying the original numerator and denominator each by 
e« (0, X) 



e~o 



, so that the denominator shall for i^ = reduce itself 



*^ — fiinn * ~ JK^r ' ^^^ numerator and denominator are 
e (-^ , \V JI (~ , X V each multiplied by e«-i (0, X) and divided 

by 0«^.; and in like manner the numerators of VXsn( J, x)', 

a/ — ,cnf-jj^,Xj,-^dn( Tj^,Xj , and the common denominator 
(constant factor as just mentioned) are 

each multiplied by 0^^ (0, X) and divided by &^u ; viz. writing 
©lO in place of (0, X) we have thus the theorem stated 
Chap. IX. No. 310. 
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CHAPTER XII. 

Rdx 

BEDUCTION OF A DIFFERENTIAL EXPRESSION -7=. 

vz 

403. In the present Chapter, working out the steps of the 
processes referred to, Art. Nos. 1 to 11, we show how the dif- 
ferential expression —j= is by the substitutions ^ — — for a?, 

and J-- for a^, reduced successively to the forms 

C + CUXj 

Rdx Rdx 



^J ±{l±7na^){l±na^y Vl - a^ . 1 - A:»ar^ ' 

but for greater clearness we consider the substitutions under 

the forms x=^\ — ^ , and a^ = ^ . 

1+y c+df 

Reduction to the form , ^ ^ — - . 

•^ V±(l ±maj2)(l ±n^) 

Art. Nos. 404 to 411. 

404. We start with an expression 

Rdx 

where i2 is a rational function of jc, X a quartic function with 
real coefficients, and which is therefore the product of two 
fiEu^tors ^+2r)X'\' 6x^, \ + 2/jlx + vx^, with real coefficients: the 

values of x are real, and such that X is positive or VZ real. 
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405, Writing x ^\ — ^ , we have 



and the two factors of X become respectively 

^j-^ {X (1 + y)« + 2,i (1 + y) (p + gry) + ,; (p + gry)*}, 

so that representing for a moment the functions in { } by if, jBT 
respectively, the differential expression becomes 

^ (g~p)iZdy 

where JOT is a quartic function of y. ^ 

406. To make the odd powers of y disappear in the func- 
tion MN, we write 

?+i7(p + g) + % = 0, 
X + ;A(p + g) + i^ = 0, 

for jo, g being thus determined, then 

ilf, = ?+2i7p+e;>« + (?H-2i7gr + eg«)y«, 

i^, =X + 2/Ap + i/p2 4.(x + 2/^ + i'g')y», 
will be functions of y' only. 

The two equations give 'p-^-q and jogr rationally, but in 
order that the resulting values of jo, g may be real, the values 
of p + g and pg must be such that {jp + g)^ — 4pg, = (p — })*, is 
positive. 

407. If the roots of the equation X = are not all real, 
that \&i if they are either all imaginary or else two real and two 
imaginary, we may take the equation X + 2/Aa? + I'a^ = to have 
its two roots imaginary, and write therefore \v > fi\ But this 
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being so, the second of the two equations in p, q written in the 
form 

-+^{p + q)+ip+qy-{p-qy = 0, 
gives 

so that p + q being real, (p — qY is positive, or p and q are real. 

408. If the roots of the equation Z = are all real, let 
their values be a, iS, 7, S ; then assuming 

^'{'2r)X+6x'=0(a)-a)(x-l3), and \ + 2fix + vaf'=v(x-y){x-h\ 
the equations in p, q become 

jB-^(y + B)(j) + q)+pq = 0; 



whence 



and thence 



2 (a/3 - 78) 

^ ^ a + p — 7 — 

„. «/3(7+8)-7g(« + ^) 
^" (a + /3-7-8) ' 

., (a-7)(«-g)(/3-7)0-g) 



which is positive if we take for a, /3 the greatest two roots or 
the least two roots, or the two extreme roots, or the two mean 
roots ; viz. we thus have (p — qY positive, and therefore p and 
q real 

409. The rational function It is the sum of an even fiinc- 
tion and an odd function of y : the diflferential expression is 
thus divided into two parts ; that containing the odd function 
may be integrated by circular and logarithmic functions (as at 

once appears by making therein the substitution ^/y in place of 
y), and there remains for consideration only the part depending 
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on the even function of y, or, what is the same thing, we may 
take R to be an even function of y, that is, a rational function 

410. [It may be remarked that in the case where the 
function X has four real factors, say that the value is 

CD ""* OL 

X = (a? — a)(a? — /8)(a? — 7)(aj — 8), then writing y^— . or, 

M? ■" P 

what is the same thing, oc = ^ ^ ^ , we have 

*/ 

where denominator is = 1 — y*; also da? = 2(a — /8)yrfy-r-(l — y*)*, 

and we thence find 

dx 2dy 

Jw — a.x — jS.X'-'y.x — S J a — 7— (fi-y) y* . a — 8 — ()8— S)y*' 

where the radical on the right-hand is in the required form; 

Rdx 
but in the case where the expression is -= , we have thus in 

place of iJ a function of y^, so that no part of the integral is 
directly reducible to circular or logarithmic functions, and the 
form of the result would appear to be more complicated than 
if we had begun by the linear substitution upon x.] 

411. Restoring x in place of y, the conclusion is that the 

original differential expression may be replaced by one of the 

form 

Rdx 

where £ is a rational function of a^, and M and N are each 
of them a real function of the form A + Ba^*, 

* The above is the investigation given in Legendre's Chap. 11., and the result 
is as stated : but Legendre in his following Chap. ni. only assumes that the radical 
is reduced to the form ija + ^x^ + yx^^ and he considers (as his first case) that in 
which the equation a +i3a;^+ 70^^=0 gives imaginary values of re*, thai is where 
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The fiinction MN may have the several forms 

±{\±7naf){l±nof), 

where m and n are positive ; but we may assume that the signs 
are not such as to make the function = — (1 + ma^) (1 + na^) ; 
in £Bict X assumed to be positive for at least some real value of 
the original x, cannot be by a real substitution transformed into 

an essentially negative function. 

t' 

Reduction to the standard form 



Art. Nos. 412 tp 415. 
412. Betaining for convenience MN to signify 

± (1 ± ma?) (1 ± na?\ 

we have to show that -7=== can by the substitution a? = r^ 

^MN c + dy' 

be transformed into , ^ , where S is a rational 

VI - y» . 1 - ifc^2 

function of y^ and A:^ is positive and < 1 : and since by the 
substitution in question R is changed into a rational function 
of y", the theorem will it is clear hold good if only we have 

\dx dy 



^MN Vl-yM-ifcy' 

where X is a constant. On account of the definite form 
of the expression on the right-hand side, it is rather more 

a+/S«»+7a^is of the form X"+2X/Lu;2ooB^+jLi*a?*, a case which he farther con- 
siders in Chap. xi. The idea seems to be, that $inoe in the case in question 

there are no odd powers of x, the transformation x=^^^ of Chap. n. is un- 

1 + y 

necessary; if, however, we do make this substitution, we obtain under the 

radical sign a new quartio function without odd powers : the substitution is 

found to be *=tx'!! \/~ (o^^ntioJied ^ Chap, xi.), and the radical is thereby 
xednoed to the form m" (1 -^-fy^ (1 + gV')> which is the fourth case of Chap. in. 
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convenient, writing the relation between aj", ^ in the form 
7*= -, — Tir > ^ transform this into the form , on the 

lefb-hand side. The last-mentioned equation gives 

(be — ad) xdx 



ydy^ 



(b - da^y 
^b-dx^ 



y ^/-a + caf^' 



1 'Jb-da^ 



Vl-A;y V6 + A;'a-(d+A:'c)a?»' 



and we thence have 



dy 



Vl - yM - A;y 

(be — ad) xdx 



'^b- d^ .- a+caf' , b + a- {d-\- c)o(f' .b -^-li^a- (d -¥ Jd'c) a^ 

Here in the denominator one of the four factors must reduce 
itself to a constant, and another of them to a multiple of a^, in 

\dx 

order that the second side may be of the required form ,— — . 

413. For instance, it b + a = 0, d + I(^c = 0, that is, 5 = - a, 
h^^ — , then the relation between y^ a^ is y^ = ^ ^^ , and 
the differential formula, after some easy reductions, becomes 

/a dy^ dx 

V a a 

or writing for greater convenience a = 1, then we have 
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1 "^ CflJ^ 

y^^\ — ^7^' leading to the diiferential formula 
1 dy dx 



where A;* = ; this implies c positive, d negative and in 

c 

absolute magnitude less than c; and we have thus a formula 

applicable to the case MN = (1 — m^)(l —ncE^)', viz. assuming 

m>n, we may write c^rrif d^^n, and the relation then is 

1 dy _ dx 

where A;* = — . A more simple formula giving this same rela- 

tion is a;® = ^ . 
m 

414. We. thus obtain transformations applicable to the 
several forms of MN, viz. numbering the cases as in Legendre*s 
Chap. III., but for the reason appearing in the foot-note p. 314, 
omitting his first case, we have 

2°. MN:= (1 + ma^) (1 - rwj«), a?<i, 

3°. Jfi\^=-(l+maj»)(l-nar»), x>-, 

TV 

4°. MN^ (l + ma^)(l-\-nof), m>n, 

6°. MN- (1 — Tnar^) (1 - 710^), m>7i, x from to -=, or 

Vm 

from -7= to X , 

VTl 

6**. MN s= — (1 — ina?) (1 — rw^), m > n, a? from -7= to —j= \ 

vm vn 



318 BEDUCnON OF A DIFFEBENTIAI. EXPRESSION. [XIL 

and writing for shortness Y-l-f.l- k^. the formute are 

«• da; ib dy 

or else ar= — — ^ 5, "Tw^" 1=~r^> 

m + » — my* VJIfA^ vm V F 

**• *^-m + n' "^ n(l-y«)' >JMN V^iVF' 

^- *^ m' '^ m' ^/MN 



6°. jfc.=!l::^. ^^ 

n 



dx 



1 


dy 

VF' 


1 

Vnt 


dy 

VF' 


1 


dy 



w-(w-n)y2' VifiV^. VrnvT* 



415. It is to be added that if in the expression -= we have 

y>Ty in which case writing F= (y* — 1) (fc'y^ — 1) the radical 
is still real, then assuming y = x" ' ^® have -^ = — = , where 

Z = (1 — 2^2) (1 — A:^^), and as y passes from t to oo , 2r passes 

from 1 to 0. Hence, replacing y or ^ by the original letter oj, 
the conclusion is that in every case the diflferential expression 

can by a real substitution -p= — =r-r 

V'±(l±rn^)(l ±rw^) C + Dx" 

place of or* be reduced to the form 

dx 



m 



where the variable x extends between the limits and 1. 
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Further investigations. Art. Nos. 416 to 421. 

416. Reverting to the investigation, Art. Nos. 404 — 411, 
but abandoning the condition that the transformation shall be 
real, it is clear that we can by such a transformation reduce the 
dififerential expression to the form 

Rdx 



Vl-a^.l-^aj»' 



where, however, A* is not of necessity real, or if real and positive 
not of necessity less than 1 : it is interesting to inquire further 
into this question, and to show how the modulus k of this in 
general abnormal form is determined. The process in fact 

was by a substitution ^ — — in place of a?, or say by a linear 

transformation performed upon a?, to transform the quartic 
function X into a quartic function T containing only the even 
powers of the variable ; the solution of this problem depends 
on a cubic equation which is solved rationally when we know 
any decomposition of the function X, Y into quadric factors ; 
and it was in order to have such rational solution of the cubic 
equation, and with a view to obtain real transformations, that 
we commenced by assuming the function X to be decom- 
posed into factors of the form (f + ^r^x + 6a?) (X H- 2/xa? 4- va?) or 
^ (a? — a) (a? — /8) {x — 7) (« — 8). But analytically it is more 
elegant to deal with the undecomposed quartic function, as 
was done by me in a paper in the Camb. and Dub. Math. 
Joumaly t. I. (1846), pp. 70 — 73, and I here reproduce the 
investigation. 

417. Let the two quartic functions 

P = (a, 6, c, d, e ) (x, y )*, 

F = (a', h\ c\ d\ O (x\ y')\ 

be linear transformations one of the other, say the second is 
derived from the first by the substitution 
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Then writing m = \fi^ — \i/a for the determinant of substitution, 
we have 

xdy — ydx ^ m (x'dy' — j/dx') 

or writing u^y, u^y-^ 



X oi* 



and therefore 

xdy — ydx __ du x'dy' — y dx ^ du 

where U = (a, 6, c, d, e ) (1, w )*, 

Tr^{a\h\c\d\e'){l,uy, 
the diflferential equation becomes 

du __ di*' 

viz. we have this from the transformation u = r — — > . 

Xi + jjuyu 

The functions P, P' are obtained the one from the other by 
the foregoing linear substitution ; viz. if /, J are the invariants 
of P, viz. 

/ = ae - 46d + 3c2, 

J =006" ad^ - b^e + 2bcd - c^, 

and by /', «/' the corresponding invariants of P'; then we have 
between the coefficients of the functions and the coefficients of 
transformation the relations 

T = 7M*/, /' = m*/, whence ^ft = r;: . 
418. Supposing now 

or 6' = 0, d' = 0, 6c' = a (p + q), e' = a'p^, 
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ye have T = ^^a'* (p" + j* + l^pj), 

and thence (j> + g)^ (3^g " P* ' g')' ^ 27J^ 
anatnence (p. + 5* + Up?)* /* ' 

or, as this may also be written, 

lO^pqip-qy 27 J' 

(;>" + g» + 14p5)» /» ' 



which determines the relation between p and q. Also 

m _ f p^ + ^ + 14pg y 

v^'V 127 ; ' 



so that the differential equation is 

du __ / j?» + g' + 14pg \* d^' 

Vir"V 12/ A Vl+im'M + gw'«' 

419. If in particular p = — l, then writing also — 5 in place 
of q, this is 

du _ / g' + 14g + 1 \^ du' 

VT-^V 12/ /• Vl-w'M-gw'«' 

where g is determined by the equation 

108g (1 -- q Y 27 J^ 

(g« + 143-hi)» /» • 

Writing for shortness 

27J» 27 



1- 



P ""4if' 



the equation in q becomes 

(q^+Uq + iy-imq(q-iy = 0, 
C. 21 
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or, as this may be written, 

(5+- + 14y-16if(9*-5-^)*=0; 

4 
viz. writing 5^ — gr-* = — , this is ^ - if (^ — 1) = 0, which 

determines 0, and then 



7 + ^ + 4\/^ + 3 

«= — r^ — • 

420. Suppose q = a is one of the values of q, the equation 
becomes 

( g* + 14g + 1)' ^ (g' + 14a + If 
q(q-iy ~ aia-iy 

Nowif 5 = (^^y,then 

which satisfy the equation: hence also identically 



x^q- 



1 - j8t\M f /I + iStVl . 



.1 + ^iJ j 
or the values of q take the form 



■<q- 



l-fii 



• M > 



/?4 1 A - /gy A + /gy / I - AY /i+/3iy 

(Compare Abel, (Euvres, t. I. p. 310); viz, when by a linear 
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substitution performed on the variable u, we reduce the ex- 
pression-^ to the form 



the squared modulus q of the resulting form is determined by 

a sextic equation depending upon -yr, the absolute invariant 

of the original quartic function Z7, and such that its several 
roots can be expressed in terms of any one of them in the 
manner just appearing. 

421. Jacobi, in the Fund, Nova, pp. 6 — 17, treats the 
question of reduction in a somewhat diflferent manner, giving 
it as an illustration of his general theory of transformation, ex- 
plained ante. Chap. vii. He proposes to transform the expression 

dy 



into the form 



^^±(y-a)(y-/3)(2/-7)(y-S)' 

dx 



by a substitution y = ^^y^^y,^ • 

« 

Writing for shortness U, V for the numerator and denomi- 
nator of this fraction respectively, it follows from the general 
theory that there will be such a transformation if only 

(Cr-a7)(Cr-)8F)(tr^7F)(tr-SF) 

= ^(1 -aj»)(l -ifc^a^^Xl +mxy(l+nxy, 

K, m, n being constants ; and he is thence led to assume 

J7-aF=^(l-^)(l-A:a?), 

U-yV^C(l+mxy, 
U-SV=D(l+nxy, 

where A, B, G, D are constants, one of which may be assumed 
at pleasure. Having found G -h- D equal to a fraction, he 

21—2 
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assumes C and D equal to the numerator and denominator of 
this fraction respectively, viz. 

and he then further finds 

.l=- '^""^-3°'"^ Va-7./3-8-Va-g.;8-7l, 

5= '^^~'y-f~^ {Va-7./3-g-Va-8.j8-Y}, 

if = |f^a-^./3-S-v^a-?./3-7}« 
which completes the system of values. 

Moreover, m = — w = v^, and consequently the expression of 
y in terms of x may be written 

y — 7 __ Vg — 7 . ff -- 7 / I + x's/k y 
y - S "" Va - S . )8 - S Vl - a? VA/ * 

The results, adapted to give real transformations, and for the 
different limits of the integrals, are given in the tables L, ii., 
III., IV., pp. 12 to 17. 

422. It is somewhat remarkable that Jacobi fails to re- 
mark, as commg under his form y = t — r? jir-^ , the before- 

mentioned transformation y = -^ — ^ , which in fact reduces 

X "^ x> 

the expression . ^ ^ to the form 

vy-a.y-)8.y-7.y-S 

Idx 



I 



V a - 7 - (^ - 7) iz^ . a - S - (/3 - S) aj2 ' 
which is = =^- ; and this is the more simnilar, 
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that the transformation at which he arrives may be separated 

into the two transformations - — \ = z\ that is y = -^ , which 

is a transformation of the form in question, and the further 

/I + »K V A\ 

linear transformation z = ml ^ ) , which is unnecessary; 

in so far as the quartic function of 2r is already a function 
without odd powers, at once reducible to the standard form 
1—^.1— k^2^. At the conclusion of his investigation Jacobi 

remarks that the inverse substitution a? = 7 — r^ — tjt^ leads 

6 + 6 y + 6 y^ 

also to very elegant results. I have not investigated the 

formulae. 

It may be added that, applying the transformation 

to a diflferential expression . of the standard 

form, so as to obtain a new expression of the like form with a 
different modulus, there are in all eighteen such transforma- 
tions, viz., six wherein the equation of transformation is of 
the form 

_ g + g' V 

four where it is of the form 

t __ a'x 

and eight where it is of the form 

_ a + ax^- a"a^ 
y "^ a-a'x + a!'a^ * 

See as to this Abel's letter to Legendre (1828), (Euvres, t. 11. 
p. 256. 
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CHAPTER XIII. 

QUADBIC TRANSFORMATION OF THE ELLIPTIC INTEGRALS OP 
THE FIRST AND SECOND KIND: THE ARITHMETICO-GEO- 
METBICAL MEAN. 

423. Writing for greater convenience <f>i in place of 0, and 

ki in place of \, it has already been shown, ante No. 247, that if 

1 — A?' 
A?i = z — r> and A?i sin <f>i = sin {2<f> — 0i), then 

or what is the same thing, F{kf <f>)==^(l -\'ki)F{ki, <^). 

But there is as regards this transformation a peculiar con- 
venience in adopting, instead of the standard form of radical 

Vl — A;" sin'* <f>, a new form Va^ cos* <^ + 6* sin'* (f> (where a is taken 
to be > 6) ; and I write in the present Chapter 

F{a, J, <f>) = [■^==JL=== , 



E (a, 6, <^) = /d0 Va* cos^ + 6« sin* <^, 
where the integrals are taken from zero. 

Obviously 



Va« cos*<^ + ¥ sin* <^ =Va* - (a* - 6*)sin*0, = a VI — A;*sin*^ 

if A;* == 1 T I whence also A:' = - ) ; and the two functions are 

a* V a/ ' 

thus =a~'^F(k, <f>) and a-&(A:, 0) respectively. 
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QUADBIC TRANSFORMATION. 



827 



Oeometrical Investigation of the formulcB of Transformation. 

Art. Nos. 424 to 427. 



424. I reproduce the original geometrical investigation of 
Lianden's transformation in the new notation, as follows : 

Taking in the figure P a point on the circle, the centre, 
Q any other point on the diameter AB, 



and therefore 



Z^OP = 20, 




we write 



ai = |(a-|-6), bi^'/ah, Ci = i(a-6); 



we have then 



and 



0^ = OjB = OP = ai; OQ = a^-b, =i(a-6), =Ci; 

Oi sin 2<^, 
Ci + Oi cos 2<^ ; 
Qpt, = Ci« + 2ciai cos 20 + ai«, 



QP sin <^i 
QP cos <^ 
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= J (a« + 6») (co8« <^ + sin« <^) + i (a« - 6») (cos« <^ - sin« <^), 

^, ^ . . . ai8m20 

that 18, sin 01 = . , "in~r~:~7 5 

Ci + Oi cos 26 
cos 61= , , T =^; 

y a* COS* <^ + 6' sin* 

and thence 

Oi' (a cos" <i + 6 sin* 6)* 

ai*cos*^ + &i*sin'^ = ^ T a^\_ - J - ,1 - 
^ 7-11 T-i a* COS* 9 + 6* sm" 9 

425. We hence find 

sin (26 — 0i) = ; , T . « r > 

^ ^ ^'^ Va* cos* <^ + 6* sin* <^ 

, . a cos* 6 + b sin* 6 
cos (20 - 00 = , ^ , . . ; 

^ ^ ^^ Va* cos* + 6* sin* 

and then further 



cos (20 - 0i) = - Vtti* cos* + 61* sin* 0. 

di 

Considering the point P' consecutive to P, we have 

PQd0i = PP' sin P'PQ, = 2aid0 cos (20 - 0i) ; 

viz. substituting for PQ its value, we have 

2d0 Voi* cos* + 61* sin* = Va*cos*0 + 6*sin* 0d0i ; 
that is, 

2c20 (201 

Va* cos* + 6* sin*"0 " Voi* cos* 0i + 61* sin* 0i ' 

the required diflferential relation : and by integration 

^(a,6,0) = iP(ai,6i,0i). 
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426. Moreover 

. - . 401^ sin* 6 cos' 6 
^ a* cos* + 6* sin» <^ 

Write for a moment 

Z = a* cos* (f> + b^ sin* <f>, 
then Z-a« = (6«-a*)sin*0, 

Z-6* = (a*-6«)cos*<^, 
(Z - a«) (Z - 6«) = - 4 (a - 6)2 Oi* sin« <^ cos« <^ ; 
and therefore 

(X-a^) (Z- 6*) + X(a-by sin*<^ = 0, that is 
X^-hXl- (a* + 6«) (sin* 01 + cos* <^) + (a - 6)* sin* <^] + a*6* = 0, 

or, what is the same thing, 

(Z - {i (a* + 6*) cos* <^ + aft sin* if>^]y 

= i (a' + l^y cos* ^ + (a* + 6^ a6 cos* <^i sin* <^ + a*6* sin* <^i 
- a*6* cos* 01 - 2a*6* cos* ^ sin* 0i - a*6* sin* 0i 

= i (a*-6*)* cos* 01 + aft (a- 6)*cos*0i sin*0i 

= 4ci* cos* 01 (oi* cos* 01 + 6i* sin* 0i) ; 

viz. restoring for Z its value, we have 
a* cos* + 6* sin* 
= J (a* + 6*) cos* 01 + oft sin* 0i + 2ci cos 0i \/ai*cos*0,+ 6i*sin*0i 



= 2 (Oi* cos*0i+ 6i* sin*0i) - 6i* + 2ci cos 0i Vai* cos*0i +6i* sin*0i, 
which is another form of the integral equation. 

427. Write this in the form 
(a* cos* + 6* sin* 0) -j- Voi* cos* 0i + 6i* sin* 0, = 

2|Vai*cos*0i + 6i*sin*0i- ^ ^' , +Cicos0i} ; 

I V Oi* cos* 01 + 6i* sm* 01 J 
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then combining with 

2d<l> d^ 

Va« cos* <^ + 6" sin^ <^ Voj' cos* ^ + 61* sin* 0i ' 

we have 

cUf> >/a' cos' + 6* sin' <f> = 

d<^ W'cos'^ + 6i'8in'<^,- ,j^'\, . ,^ -fcicosi^l; 

I Voi'cos'^ + fti'sm'^ ) 

and thence by integration 

E{a, b,<f>) = E(a,, 61, <^0 - ^1h*F((h, 61, <^) + c^ sin </>i, ' 

and ante, No. 425, we have 






which are the required transformation equations corresponding 
to the relation 

Oi sin 2<^ 



sin 01 = 



Va' cos' + 6' sin' * 



Reduction to Standard Form of Radical, 
Art. Nos. 428, 429. 
428. The two angles correspond to each other as follows, 

= 0, 01 = 0, 

= tan-^ -^ , 01 = ^TT, 

= i'T, 01 = TT, 

viz. passing from to ^tt, 0i passes from to tt ; and for 
= Jtt the functions of 0i are consequently the doubles of the 
complete functions ; we thus obtain 

E{a, 6)= 2^(01, 6i)-6i'i^(ai, 61), 

F(a, 6)= ^(oi, 61), 

where JS(a, 6), &c., denote the complete functions. 
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429. Recollecting that ^•^ = l — ^, whence A?' = -; and 
assuming also ifci' = 1 — \, we have 

1 — A' 

that is )k, = ^ — w as before, and the formulae become 

or, what is the same thing, 

where 

„. i(l + A:>in20 

^ Vl - ifc^ sin^ 

but it is convenient, in the first instance at any rate, to retain 
the formulae in their original form. 



Continued Repetition of the TransformcCtion. 
Art. Nos. 430 to 433. 

430. In the same manner as Oi, 6i, Ci were derived from 
a, b, we may from Oi, 61 derive Og, 62* Cz, and so on inde- 
finitely: viz. 

Oi = J (a + 6), 61 = \/a6, Ci = ^ (a — 6), 



Os = i («« + 62), 63 = ^^Oata, Cs = i (Oa - 6a); 
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it is easy to see that, as n increases, On and &« will approach 
(and that very rapidly) one and the same determinate limit, 
which from the mode of obtaining it from the two original 
quantities (a, 6), is said to be the " arithmetico-geometrical 
mean" of these quantities, and is represented by M {a, b): and 
of course Cn will rapidly approach the limiting value zero. 

But for On = 6n we have 
and in particular 

431. Considering first the complete frinction F(ay h), 
we have 

F(a, b) = F(a,, b,) ...^F{a^, bn)^\ir^M{a, 6), 

viz. the complete function is given as Jtt into the reciprocal 
of the arithmetico-geometrical mean of a, 6. 

432. Considering next the incomplete function F{a, 6,^), 
the equations 

. - Oi sin 2<& . . ttg sin 2<6 « 

sm 01 = , ^ T , sm 02 = , . , . = ,o5c 

V a^ cos* + 6^ sin* V Oi* sm* ^ + b^ sm* <^ 

show without difiSculty that as n increases, j>n continually 
approaches a value, =2^ into a determinate magnitude, say 
M {a^ 6, 0): in fact n being large and therefore dnr-i, 6»-i, ^ 
approximately equal, we have very nearly sin0n = sin2^n-i> 
that is ^n = 20»i_i: the limit in question M{a, 6, 0) is of course 
to be calculated from a, 6, <f> by means of the equation itself 
<^,j = 2^ilf(a, 6, 0): and it is to be remarked that for = i?r, 
the value of 0» is = 2^ . Jtt, so that M{a, 6, ^tt) = Jtt. 

The equations i^(a, 6, <^) = i-P(ai, 6i, 0i) = ... then give 
Jf (a, 6, 0)... -g;,/^ (an, 6n, <^n) - g^ • ^^'*~ Jlf(a,6) * 
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Or if we choose to combine this with 



then 



jP(a, 6, 6) = - if (a, 6, <f>) F (a, 6). 

TT 



433. Considering next the -^-formula, this may be written 
[E (a, 6, <^) - a« ^ (a, 6, <^)] = [E{a,,b,, <^0 - o^^ ^ (o^, 6„ <^)] 

where in the second line the coefficient of F(ai, bi, <^i) is 
— J (a* — 6^), == ~ OiCi, or the equation is 

[E (a, 6, 0) - a'F (a, 6, <^)] = [^ (a,, 6„ 00 - a,«^(ai, 6,, <^0] 

— aiCii^(ai, 6i, 0i) + Ci sin <^i. 

And hence observing that as n increases 

E(an, bn, <l>n) - a^^F {an, bn, <f>n) 

continually approaches to zero, we obtain 

E (a, b, <!>) - a^F(a, 6, 0) = - {2aiCi + 4a2C2 + SosCs . . . } i^ (a, 6, 0) 

H- Ci sin 01 + Ca sin 02 + Cs sin 03 + . . . 

Or substituting for F(a, b, <f>) its value 

^(a,6,0)={a«-2aA-4aA-...}^^^^^ 

+ (Ci sin 01 + Ca sin 02 + C3 sin 03 + . . . ), 
and in particular if = Jtt, then 0i = tt, 0a = 27r, &c., 

ilf(a, 6, i7r) = i7r 
as before, and the equation becomes 

E (a, b) = {a* — 2aiCi — 4a2C2 — . . .} ^tt -7- if (a, 6). 
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Redvction to Standard Form of Radical, 
Art No8. 434, 435. 

434. Introducing the modulus &, viz. writing h = ak, ainl 
ultimately a = 1, the formula for F{a, h) becomes 

^.W = 4T-i-ilf(l,ir'); 

viz. the complete function is given as = \ir into the reciprocal 
of the arithmetico-geometrical miean of 1 and the comple- 
mentary modulus. 

Gauss has given the formula 

1 1» 1» . 3» 

Writing this under the form 

1 1.^ P. 3% , 

j|f(H.j5^, l«jfc^)--^ + 2«^^ ■*"2^4»^ ■*■••• 

we at once connect it with the formula last obtained : viz. the 
right-hand side is 



ir^^ ttI+A;, ' (l+k,)M(l.k'y 
Or the equation is 

M(l + k„l-k,) = (l + k,)M(l,k') = {l+k{)M{l, [^); 
which is obviously true, since in general 

M(a,b) = 0M(^^, I). 
The formula for F(a, b, <f>) gives in like manner 



F(k <t)-^<i^'-l) 



which is a formula for the numerical calculation of the function 
F(k, <f>). 
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435. Proceeding next to the function E, we have 

jp ti. A\ ii 2^^ ^^2 { if (1, k\ (f)) 
^(A;,<A)=|l--^--^-...[ j^^^^^^ 

— sin 01 + - sm 02 + - sm<f>3 + . . . . 
a ^ a ^ a ^ I 

Hence forming the equations 

^1^—1 ZJ ^^2— iz. ^^8— iz. 
a* * ttiCi * OaCa * 

C2 '*'2 ^^ -'■ 



Oi 1 + A?2 ' ct 1 + fci ' 

C3 A(?8 Ct2 •'• ^ 



, &c. 



Oa l+Arg' Oi 1+^:2' fit 1 + A?i 
the equation becomes 

^ (&, .^) = {1 - i *» (1 + ifc, + iAr.^;, + ihhje, + ...)} ^^•^^^,^^ 
+ tI^ ^'""^^ (1+Jfc.)(l + Jfc.) ^^^+(l+A,)(l4)(l + it,) '^*' 

+ &C., 

or observing that 

1 A; ^, ^ . 1 k 

y that IS 



1+^1 2Vfc^' i-i-^i 2\/5fc;' 

1T^2 2\/3^' " 1 + fci. 1+^:2 WA2' 

1 ia 1 k's/kjcz 



l + *?8 2VT3' " l+A?!. 1+A;2.1+A:8 sVfca ' 
&c. 
the last line may be written 

+ A? {i VA?i sin ^ + J V^iAja sin ^ + ^'^kjcjc^ sin ^3 + . . . } . 
In particular, if ^ = Jtt, the equation becomes 

EJc = {1 - iA;»(l +iA:i + iA:A + iA?i*^A )} i^r H-if (1, A:') ; 

or if we please, 
EJc = {1 - iA;» (1 + \h + i*^A + ^kjcjc^ + ...)} i^iA?. 
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Application to Integrals of the third kind. 

Art. No. 436. 

436. The transformation is applicable to elliptic integrals 
of the third kind, but the results are not of any particular 
interest. Writing down the equations 

2t20 d(l>i 



Va* cos^ </> + 6* sin» <l> Vai»cos«<^ + 6i^ sin» ^ ' 

a^ cos* </> + 6* sin* <t> 
(a* cos* ^ + 6* sin* (f>) (cos* (f) + sin* ^) + 4niai* sin* ^ cos* ^ 

^ 1 

~ 1 + ni sin* ^ ' 

the expression on the left-hand of this last equation is 

A BX 



a cos* ^ + hX sin* aX cos* <jb + 6 sin* ^ ' 
where 

a* cos* </> + 6* sin* </> + (a* + 6* -^ 47iiai*) sin* </> cos* <^ 

= (a cos* <l> + bX sin* ^) [a cos* <t>+Y ®^^* ^) ' 
that is 

^ + ^=^(^' + ^ + "^^1(^1') 



whence 



16ai*,, . . „ 
= -^(l+wO(Ci* + rhai*); 



r 
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that is X^j-^ {ch« + Ci» -h 2n^a^^ + 2ai7(l +ni)(ci* + n,Oi»)}, 



61 



Y = r-2K-' + Ci»+ 2niai«- 2ai>/(i +wO(Ci« + niaiO} ; 



Z hi 



and then 



. _ {aX — b)X j^^ a — 6Z 

and we have 

{ (aX''b)X _1 (a--6Z)Z 1 ] 

( Z*-l aco8«</>+6Zsin«</> Z«-l aZcos^<^+6sin«</>j ^ 



Va« COS" </> + 6» sin* <^ 



(1 + Hi sin* ^i) *Ja^ cos*0i + 61* sin* <^i ' 
whence, integrating, the function 

( d<^i .„ 

i(l + 111 sin* </>i) Vtti* cos* <^ + 61* sin* </>i 

is expressed as the sum of the two elliptic integrals of the 
third kind having a common modulus but diflferent parameters. 

Numerical instance fo7' complete Functions Ei, Fu a^ 
for an incomplete F. Art. No. 437. 

437. As a numerical instance take (as in Legendre's 
example, t. I. p. 91), 

/ 7^ V2 

a=l, 6 = iv2 + v3=:cos75*(whenceA; = sin75<»), tan</> = -^7=; * 

v3 
we have 





a 


b 


c 


k 


k' 





(0) 


1000,0000 


0-258,8190 




0-966,9268 


0-258.8190 


470 3' 31" 


(1) 


0*629,4095 


0-608.7426 


-370,6905 


0-588,7908 


0-808.2856 


620 36' 3" 


(2) 


0-569,0761 


0-666,8688 


-060,3884 


0-106,0200 


0-994,3686 


1190 56' 48" 


(») 


0-667.4724 


0-667,4701 


-001,6037 


0002,8260 


0-999,9959 


240» 0' 0" 


(*) 


0-667,4713 


0-567.4713 


-000,0011 


0-000,0020 


0-999,9999 


4800 C 0" 



c. 



22 
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first as to the complete functions we have 

^1 = ^ . i = 2-768,064. 
2 a4 



*('-!■)- 



a,Ci = 



+ 80404 



233,2532 

068,6686 
003,6402 
000,0051 

= •305,6671 



agreeing with Legendre's values F^ = 2-768,0631, j&j = 1-076,4051, 
and thence i (l - ^') = -305,5671. 

Also, we have F(k,^)=a-—. <f>„ or since -sj ^4 = 30* = ^r, 

this is F(k, </>) = ^ i^i = 0*9226877 : it is in fact easily verified 
that the assumed value of ^ is such as to give exactly 

The notion of the arithmetico-geometrical mean was esta- 
blished by Gauss in the inemoir " Determinatio Attractionis 
&c." Comm. Gott. Rec. t. iv. (1818), but his later researches in 
relation to the subject were not published until after his death, 
Werke, t. iv. pp. 361 — 403 ; a table is given p. 403, of the values 
of the arithmetico-geometrical mean M (1, sin 0) and of its 
logarithm, ^ = OUo 90<> at intervals of 30'. 



^' 
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CHAPTER XIV. 

THE GENERAL DIFFERENTIAL EQUATION -7==-^. 

IntegraUon of the differential equation. 
Art. Nos. 438 to 440. 

438. In the present Chapter, writing 

Y-a + by + cy^'\-df'\'ey^, 
I consider the diflferential equation 

dx dy ^ 

439. A direct process for finding the algebraical integral 
as follows was given by Lagrange, 

Assume ^=7 = VX and therefore H? = — VF: 
at at 

then 2 jTr = 6 + 2ca? + 3da^ + 4ea;», 

dt^ 

2 J=6 + 2cy + 3dy« + 4ey»; 

and if 2) = ic + y, q^x-^y, then 

g g = Z - F= 69 + cpj + id? (3p-" + 9') + i«P? (P* + S*); 
whence jg_^g=|d9' + ep3«. 

or 2d^dp_2/^ydg_ ^ 

22—2 
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whi«h ii mtegrable as it stimd. and gi.e» 
or substituting for q^ -^ and p their values 

which is the general integral, C being the constant of integra- 
tion. 

440. To further develope this result observe that we have 
Z+F-2\/ZF = 

that is 

2V3T= 

2a + 6 (a? + y) + c (a^ + y") - (7(a?- y)« + day (a? + y)+ 2ea;y; 
or say 



VXF= 
tt + i6(a; + y)+ic(a^+y2)-iC'(a7-y)2 + i<%(a? + y) + ea;«y**: 
whence squaring and transposing 

{a + i6(a; + y) + ic(a^ + y«)-JC(a?-y)2 + i(%(a?-hy) + ea;^f 

* Writear=sin0, yrrsin^, (a,6, «,d, e) = (l, 0, - 1 - fc^, 0, A;2), the equation 
becomes 

cos cos ^ A0 A^ = 1 - 4 (1 + *;2) (sin V + sin V) - i C (sin - sin ^)2 + fc2 giii20 gins^ ; 

and to introduce ix instead of C we must write 

cos|AAA*=l-4(l + fc*)8inV-4C78inV, 
that is 4(7 sin2/t* = 1 - 4 (1 + fcs) sin V - cos Mm- 

The equation thus is 

1 - 4 (1 + A:2) (sin V + sin^^) + k^ sin^^ sin^^ - cos cos ^A0A^ 

(sin <b - sin ^\^ . 

this is of course a form of the addition equation, and could be verified as such 
by substituting for cos/*, sin ^, A/* their values in terms of 0, ^: but the fonn 
is not a convenient one. 
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viz. this is 

'-C(x-'yy{a+ib(x + y)'t^c(a^-\'y')-\'idxi/{x + y)+eaf'fl 

+ aM - 1 =0, 

-\-ah.x -\-y — x — y =0, 

-\-ac,a^ + f -a^-f =0, 

+ ad,xy{x + y) -a^-y^ = - (^-y)*(^ + y)> 

-\-(ie.2a?y^ -af^-yl^ --{x-yf(x-\-yy, 

-^hd,\xy(x-iry)^ -xf-af'y = - i a?y (a? - y)*, 

+ be . aj^'* {x -\-y) — a?y* — a?*y = — a?y (a? — y)* (a? + y), 

+ cd . i^^ {x + y)(a^ + y^) - ajy - a^y^ ^ + i^{x-'yy xy{x + y\ 
+ ce,a^{a^ + y^) - ah/^-a^y*^ = 0, 

+ de . a^y* (^ + y) — ^^^ — ^y^ = 0, 

^'^.ahf' -«y =0, =0; 

viz. the whole equation divides by {x — y)^. Omitting this factor 
it is 

iO(^-y)» 

- C {a + i6 (a? + y) + ic(a;^ i-y*) + Jdajy (a? + y)+ «»y}, 
-arf(« + y) 

— ae(a? + y)* 

+ i6c(a? + y) 

-6^^(a? + y) 

+ ic«(^ + y)» 

+ icda;y(a; + y) 

+ ^»«»y» =0, 
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or what is the same thing, it is 

( - Ca +^62 ) 

+ (a? + y) ( -.^(76- ad + lhc ) 

+ (^ + yO ( \0-iiGc- ae ^ic^) 

. +ajy {-^O -206 - Jid+ic^) 

+ a?y(^+y)( -^Cd - he -^^cd) 

+ ay ( - Ce +J^) =0. 

This may be written 

(a + 2ha? + ga^) 

+ 2y (h + 2ba? + fo2 ) 

+ y' (g + 2& + c^) = 0, 

where the several coefficients have the values 

a = 6^ - 4aa, 

b = - 206- i6d + ic« - JC^, 
c = d" _ 4^(7^ 

f = cd - 266 - Cd, 

g = - 4o6 + c^ - 2(7c + O, 

h = he- 2ad -Gh. 

The result shows that the complete integral of the differen- 
tial equation is an equation u = 0, where m is a symmetric 
quadriquadric function of {x, y)\ that is, a symmetric function, 
quadric in regard to each variable separately. 

Further development of the theory. Art. Nos. 441 to 450. 

441. This may be verified almost instantaneously : starting 
from 

u= (a + 2ha? + ga?*), 

+ 2y (h + 2ba? + fa^), 
+ y^g+ 2fa? + cor^) = 0, 
we may write 

u = A+2By+Cy^ = A' + 2B'x + (Ja:^ = 0, 

AyByG being given quadric functions of x, and A\ Bf, C the 
same quadric functions of y. 
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Then diflferentiating 

^d^+^/y-0. 

But 



since i/ = gives (Gy -^-Ef^B^^AC, 
dx 



du 

J- = 2 ((7a; + S*) = 2 V5'« - ^'Cr, 



and the differential equation thus is 

da; dy 



-JB'-AC -s/R'-A'C 
This will coincide with 



= 0. 



if only the quadric functions A, B, C are determined so that 
^-AC^eX (which of courae implies F^ - A' C ^ 0Y). We 
have in all six disposable quantities a, b, c, f, g, h, that is five 
ratios ; and the equation in question 

(h + 2b« + ia?y'-{B.-^2\ix + ga^) (g+ 2fa7 + ca^)= ^Z, 

establishes four relations between the five ratios, and thus 
leaves one indeterminate ratio serving as a constant of integra- 
tion : we in feet satisfy the equations by means of the before- 
mentioned values of a, b, c, f, g, h, which contain the arbitrary 
constant G\ viz. we then have 

(h + 2ba? + fa;2)« - (a + 2ha? -h g«J2) (g + 2fa? + cai«) 

_ /h«--ag f ^ - cg^ 



-( 



or ^ ^)Z 

a e 



As a partial verification, observe that the equation 
^^^^^ = ^^^^^ or eh»-af» = g(6a-ac), =(e62-a(i0g> 



a e 

is satisfied identically. 
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442. Regard t^ as a Ainction of (7; we have 



+ (26c - 4ad) (a? + y) 
+ (c* - 4a«) (a;* + y2) 
+ (- 8cw- 26d + 2c^)a?y 
+ {2od — 46e) an/(x + y) 



+ 20 



-2a +0.{x-yf ' 

-dxy(x+y) 



say this is 

w = \ + 2)^(7 + I/O; 
then we have 

ti^-\v = 4a^ . . + 46«a?*y*, =4X7: 

viz. calculating fi^ — \v, it will be found to have this value. 

443. Now starting with the equation u=0, and treating 
it as before, except that we now regard as a variable; that is, 
forming, and then reducing, the equation 

du J du J du ,^ ^ 

we obtain 

J^Ydx + J^Xdy + JXYdC:=-0, 

or, what is the same thing, 

dw dy dC _ 

where GD = ad» + 6*e - bed + C {-4ae + bd + (C-cfl 
a cubic function of C. 

444. Write 
(7 = |c-2w; 



then 



QU =a<? + 6*6- 6cd + {- 4a« + 6d + (Jc + 2a>y} (|c- 2«) 
= - 8ft)» + (8ae - 26d + §c») « 

+ (- f ac« + ck? + 6*c - ^6cd + ^c*). 
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But the mvariants of a + fta? + ca^ + da^ + ea^ are 



whence 



(HJ = - 8 (ft>» -7o) rf a/), 



V® = 2i V2 Vft)« - /w + 2 J, = 2i V2 Vfi, suppose, 
d(7=-2d(»; 



or the differential equation is 

dx dy 



d 



to 



^-^p—^0; 



viz. writing for its value f c — 2a), the corresponding integral 
equation is 

u = \ + 2yLt(|c - 2ft)) + i^dc - 2ft))*, 

= \ + JcyLt + fc*i/-f 2ft)(- 2yLt-|ci/) + ft>^4i/, =0; 

or substituting for \, /bt, i/ their values and reducing, this is 



+ (§6c — 4ad)(a?+y) 
+ (id" - 406) (a^ + y«) 
+ (- 8ae- 26d + -y^c*)a2^ 
+ (§cd - 4>be) xy {x + y) 
+ (d» - fee) a^* 



+ 2ft) 



+ 4a +ft)«.4(a7-y)'=0 

+ 26(a? + y) 

+ |c<a:« + y«) 

+ fcajy 

+ 2dicy(a? + y) 

+ 4ea^ 



where the left-hand side is quadric in each of the variables 
Xy y, to: as there is no arbitrary constant, this is only a parti- 
cular integral 

445. We may by a linear substitution performed on the o) 

bring the third radical Jfi to a like form with the other two 
radicals. 
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Write for convenieDce 

a + 6a; + ca;* + da;* + ea:* = c (a? — a) (a? — ^) (a? — 7) (a? - 8) ; 
then the substitution may be taken to be 

2«=ieM7-7«-«-8+2S(a+/3+r)-3S>}+*-<?5::WzM, 

which, as will appear, makes the radical Vft to depend on VJ, 
where Z=a + bz -{-cz^ -\-dz^ + ez*. Some preliminary formub 
are required. 

446. Reverting to the formulae which contain C (= | c - 2«), 
assume 

C3 = e(a + ^)(7 + S); 
then we have 

((7-(70(C-Ci)(C-Cs) = C{(C'-c)*-4a6 + 6(i} + ad^+6*e-W, 

viz. Ci, Ca, C, are the roots of the equation CD =0. 

Hence writing for C its value = §c — 2©, we have 

(|c - 2(0 - 00 (§c - 2(0 - (7a)(§c - 2(0 - C^) 

= -.8(G)3-/a> + 2/) 
= - 8(fi) - (Oi)((» — (02)((» — ©3) suppose. 

We have (Oi = Jc-i(7i, =^(2c«3(7i) 

= J^ {2)87 + 2aS - a^- fiS-ay - 78} ; 
or putting 

A = (^ - 7)(a - S)= a/3 + 7S-/98- a7, 
J5 = (7 - a) (/S- S) = ^87+ aS -78 -/Sa, 
C = (a - /9) (7- S) = 7a+ /38 -aS - 7/3, 
we have (Oi = Je (jB — (7) ; or, forming the analogous equations 

(o, = J^(5-(7), 

(Oa = Je ((7 - A), 

(03=J^(A-£). 
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447. Now writing as above 

then if z = a, j3, 7 we have 10 = 101, a>„ o>i respectively: thus 
writing ^ = « we find ' 

6o)= e {- ^7 - 7« - <n(8 + 2S« + 28/8 + 287 - 35» 

+ 8)87 - 38/8 - 3S7 + 38^} 

= e{2a8 + 2/37-(« + 8)()8 + 7)}, = 6a>j, 

and so for the others. 

Hence 

. 2(«-a,0 e(/8-8)(7-8)J^, 

2(a,-a,) e(7-S)(a-8)^|, 

2(a,-a»,) — e{a-B)(^-S)j^; 

and therefore 

8 (g> — ©1) (ft) — eoa)(ft> — «,), = 8 (ft)^ — /ft) + 2«/), 

= - ((a - S)(/8-8)(7 -8)}V ^^gy ; 

or say 

_ _ jy 

2iV2Vft= (a-S)(i8-8)(7-8)c 



But from the expression for to 

28« = -(a-8)(/8-S)(7-8)e^^; 

whence 



iV2Vn s/z' 

or the equation 

cic dy don ^^ 

VZ'^VT""tV2Vn"" 
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is by the substitution 

2o,=i.{-^y-7«-«i8+2i(«+^+7) - 38"} + ?(«7«).^|)(7r «_) 



transformed into 






and if in the equation between x^ y, to we write for cd the above 
value, we have the corresponding integral equation between 
a?, y, z, (This will be presently given in the particular case 
a = 0, No. 449.) 

448. But we may in a different way make the transforma- 
tion from -7= to -p.^, U^^a + bu-^cu^ + du^ + eu\ Take as 

Vn \/u . 

before /, J for the invariants, H for the Hessian, and ^ for 
the cubi-covariant, 

^= A {(^«c - 3^0 ^' + (24arf - 46c) u + (48ae + 66d - 4c«) m« 

+ (246c - 4cd) i/» + (8c6 - 3cP) t**}, 
4>=:^{ (- 8a»rf + 4a6c-6« )ia« 

+ (-32a»6- 4a6d+ 8ac«-26»c)w 
-h (- 40a66 + 20acd + 56^d ) ii» 

+ ( 20a>cP - 206«c ) w* 

+ ( iiOade - 20bce + bbd^ )u^ 

+ ( 32a6» + 46de- 8c»e + 2cc?) t£» 
+ ( 86«« - 4cd6 + d» )!!•}; 

then identically JTJ^-I U^H + 4fi'» = - 4)», 

2^ 

whence assuming o> = -^ , 

we have 

, r or 24>2 /TT » >/2^ VF 

a)» - /ft) + 2J = - ^ , or say vll = jj^ . 



3UV.] THE QENERAL DIFFEEtENTIAL EQUATION. 349 

From the expression of <o we find 

, 2(UH'-U'H)du 
dm= ^ ; 

,. da 2(UH'-U'H)du 

and hence -7^= — ,- p= — , 

Vn tV2.«l>Vtr 

flU 

where the multiplier of -— is a constant. We in fact have 

UH' - U'H= ^ (8a»d - 4a6c + 6») + &c. 
= -2<I>; 

dm ,— du 

thatxs ^ = 2iV2.^^; 

and the equation -== + ^ — , r- /— = is thus converted into 

dx dy 2du _ 

It is to be noticed that the above transformation co = -jj 

leading to -^ = 2i V2 -y= is really a transformation of the order 

4, degenerating into a multiplication by (V4, =) 2. For it was 
shown above that -7= is by a linear substitution transformable 

. ^ dz . 

into -pz~ . 

449. Reverting to the relation between (a?, y, o)), leading to a 
relation between x, y, 2^, suppose in order to simplify that a = ; 
that is, assume X = 6a? + car* 4- ^5:?+ ea?*, = ea?(ir ~ a)(x ~y8)(a?— 7), 
the value of S being thus zero: 

Then the integral of 

dx dy d(o __ 

VZ VF"i\/2\/n" 
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becomes 

6« + 26c (a; + y) + c»(aj« + y") + (2c« - 26d) ^ry 

+ {2cd - 46e) xy (a? 4- y ) + cPaiy 

+ (^-y)>.(tc-2a,)» = 0, 

say this is 

X + 2/A(|c-2a)) + i;(fc-2(»)« = 0, 

and writing herein 

that is §c — 2<a = c + - , 

z 

the equation becomes 

Xgr^ + 2/A {cz^ + 6-2^) + 1' (c^ + 6)2 = 0; 
or substituting for \, /a, v their values 

6^ (aj2 + 2/2 + 2:2 - 2,yz - 2-2:^1? - 2a;y ) 

— %cxyz 

— 2bda!yz(x + y+z) 

— ^heayyz (yz +zx + xy) 

+ (d2 _ 4ce) ar»y2^2 ^ ; , 

viz. this is a particular integral of 

dx dy dz ^ 

VZ ^/Y \/Z ' 

where X = bx-\-cay^ + dx^ 4- ex*, &c. 

450. It would be easy to verify this by writing the integral 
equation successively in the forms 

u = A + 2Bx + Cx'=A' + 2Fy + Cy=;A''-^2B''z + C''z'] 
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we then have B" - AC, £'« - A'C\ B"^ - A'V proportional to 
TZ, ZXy XF respectively. 

Write b, Cjd,e=^ 1, 0, — /, 2 J" ; then X becomes x — la^ + 2 Jic*, 

. 1 . .1 

which putting therein - instead of a? is — (a^ — Za: + 2 J) ; writing 

..11 

similarly - , - for y, z, and putting finally 

y ^ 
X^a?-Ix^-2J, Y^f--Iy^2J,Z^2?^IZ'\-%r, 

we have P 

^%J(x'\'y'\'z) 

'\-2I(yz + zx + xy) 

+ y^2^ + z^af^ -{- af*y^ - 2xyz (x •\- y + z)-0, 

as a particular integral of 



this can of course be directly verified in the same manner. 
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CHAPTER XV. 

ON THE DETERMINATION OF CERTAIN CURVES, THE ARC OF 
WHICH IS REPRESENTED BY AN ELLIPTIC INTEGRAL OF 
THE FIRST KIND. 

Outline of tke Solution. Art. Nos. 451 to 453. 

451. In Chapter m. it waa seen that the lemniscate was 
a curve such that its arc represented an elliptic integral of the 
first kind : but the problem of finding such a curve is obviously 
an indeterminate one ; we have to find a?, y functions of z, 
such that 

for this being so then, writing ^ = sin ^, the arc of the curve, 
measured from the point for which z=0, will be s = F(ky (f)). 

Similarly if a, a are conjugate imaginaries, and a?, y are 
functions of z, such that 

then the expression for the arc of the curve is 

__» r dz 

"Nz^'-aKz^-a?' 

a form in the nature of an elliptic integral of the first kind, 
and which can in fact be made to depend on elliptic integrals. 

452. A very general mode of satisfying the equation is 
to assume 

, ., _ {Z'- g)^ {z + ay dz 
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for then x, y be^ng real functions of z, we have also 

^^ v^., - ('g - «)"* (^ + «)"* ^^ . 

and multipljdng, we have the relation in question. 

The above expression oi dx^- idy as a multiple of dz is 
not in general integrable, but it is to be shown that if one 
of the indices m, w, say m, is a positive integer, and provided 
a single relation is satisfied between a, a (the form of this 
equation depending on m, n) then that the expression is inte- 
grable algebraically : viz. we obtain by means of it an alge- 
braical (imaginary) value of x + iy; this of course gives a?, y 
equal to real algebraical functions of (x, y), and thus determines 
a curve, the arc of which is expressed by the formula 

= [ ^^ 



8 



453. The form of the relation between the (a, cr) is a very 
remarkable one, viz. writing ?= — t — > then the relation is 

TidOL 

this is an equation of the order m in f, giving for f, m 
values which {n being within certain limits) are all or some of 
them real and less than unity, and the corresponding values of 
a, a are then conjugate imaginary values, in accordance with 
the original supposition. 

Thus if m = 1, the equation is -r;^^ -77;. f** (f — 1) = 0, that is 
(n + 1) f — n ss or f = =- ; which, n being positive, is positive 

and less than 1; if m=2, it is ^ (^T?"(S'- 1)" = ^' ^^• 
this is 

(w + 2)(n+l)f»-2(n + l)n? + »(n-l) = 0, 

or („ + 2)r=n±y'^^-^j. 

c. 23 
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If n is positive and less than 1, one value of f ; if n be greater 
than 1, each value of f ; is positive and less than 1. It is to 
be observed that if n is integral, and less than m, the equation 
as above obtained contains the factor f"»-», and thi-owing this 
out sinks to the degree n ; the equation may in fact be written 
indifferently in the forms 

the degree being vi or n whichever is least. The values off 
are in this case all of them positive and less than 1. 

General Theorem of Integration, Art. Nos. 454 to 462. 

454. The foregoing result depends on a general theorem 
of integration which is as follows : taking any positive integer, 

the integral 

[(u + p)'»+»-« (u H- qy du 



f 



has an algebraical value provided a single relation subsists 
between p, q, m, n : viz. writing 

to denote 

where as usual [wi]* represents the factorial 

m(?^ — 1) ... {m — 0-\- 1), 
the required relation is 

([m]p2 + [7i]50* = 0. . 

455. If in this theorem, m being a positive integer, we 
take 6 = 7?i, and writing i^ = 2r — a, take ^ = a + a, } = a-«, 
we have the integral 

^{z - a)"» {z + a)" dz 



J{z-a] 



having an algebraical value, provided there is satisfied between 
a, a, m, n the relation 

|[m] (a -h oLf + [n] (a - a)^}'^ = 0. 



r 
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Or taking as before t=— 7 — - ^ we have t— 1 ^ T , 
° 4aa ' 4cwt 

and the equation may be written 

{[m](r+[n](f-l)}'» = 0, 

which is the before-mentioned equation in f : thus, m = 2, the 
equation is 

[2P f + 2 [2? [np f (?« 1) + [np (?-!)> = 0, 

that is, 2(P» + 4nf(?-l) + (n2-n)(f-l)«=0; 

or (w2-w)(?>-2f+l) + 4n(ir^-f) + 2(p»=0, 

which is (w+2)(7i + l){p»-2(n + l)7if+w(n-l) = 0, 

as above. 

456. To prove the general theorem, write for shortness 
The integral then is 

which we assume to be 

say it is = Tjq. 

This will be the case if 

or what is the same thing, . 

viz. substituting for U' its value, this is 

23—2 
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fJO 
where Qf denotes -7-. The question therefore is to express 

that this differential equation has an integral 

Substituting this value and equating coefficients, we have 
between the coefficients A, B, C ... K, a system of tf+1 
equations implying one relation between the quantities m, n,;), j: 
and this condition being satisfied, the coefficients A,B ...Kvnll 
be completely determined, or we have for Q an equation of the 
form in question. 

457. For instance, if ^ = 1, the equation is 

{7?m + rnp + niTnq} Q+{u^ + u (2p + q) +2>* +p?} Q' = ^^, 



ym+i 



f^"WI 



to be satisfied by Q = Aw^ : this gives 

{mp + (m + w) } + mu } Aw 

+ {p^ '\'pq + {2p + q)u + u^] .— mAw-^-^ = qw*^^ + w^, 

that is 

u-^^^[ -m(p^-{'pq)A'-q] 

tA"""* { {mp + (m-\'n)q] A —m (2p -^q) A — 1] 

-^-m+ij +mA -771 A }=0, 

viz. the equations are 

m(p^+pq)A +q = Oy 

{mp — nq) -4 + 1 = 0, 

whence eliminating A we have m{p^ +pq) — q(mp —nqj^O, 
that is mp^ -h nq^ = 0, as the required relation in the case in 
hand. 

458. Similarly if ^ = 2, the differential equation is 



[m— Ip + m + n— Iq + m^ lu] Q • 



W 
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satisfied by Q = Aw^ + Bu-''^\ This gives 



u 



u 



— m 



U 



— m+i 



U 



— llH-2 



-m(p'+p9)il 



{m'-\p-\-m-\-n^\q)A 



» 






-9* 

that is 



-(m-l)(p»+p5)B 
— m(2p+g')-4 

-23 



-.As^ 






n 



-(m-l)(2p+g)5 
— m^ 
-1 



(m-l)fi 



W 



-<m-l)fi 



=0, 



1 + [m — Ij? — ng] B 



+ lil = 0, 



2(1^ + (m- l)(p» +;)g')fi + (m + 1;) - n - Ij) -4=0, 

3' + m(^+pq)A-Q, 

and the elimination of A, B gives the required condition, for 
the case ^ = 2 now in question. 

459. The series of equations are 



^=1,0= 



^=2,0= 



l.mp—nq 

qMP'+pq) 



l,m— Ip— nj, 1 
2q,m-l(p^+pq), m-hlp—n—lq 
t, m{p^+pq) 



^=3,0= 



l,m— 2p— ng, 1 

3g,m— 2(2)'+p5),7wp— n— Igr, 2 



m-l(p'+p3),m+22)-w-2g' 



^=4,0= 



l,m— 3p— n^', 1 
4g',m-3(p'+2>g),m— Ij^-n-lg, 2 

49», 



m-2(p»+P5'), m+lp-n— 23,3 



w-l(p*+pg^),m+3p-w-3g 
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460. Expanding the several determinants the equations 
are, for the case ^ = 1, 

- 1 (? Wi> - W 9) 
for the case = 2 

[myp^ (p + qy , = ([m]p^ + [n] q% = 

-2[mYp(P'\-q)q([m-l]p'-[n]qy 
+ 1 q'([m]p-[n]qy 

for the case ^ = 3 

[myp" {p + qY = ([m] p^ + [n] g^)', = 

-3[mp^(p + 5)»3([m-2];)-[n]j)^ 

- 1 g« qm]p - [n] ?)« 

for the case ^ = 4 



[m]*;)*(p + 5)* 



= (M;>^+H3?> 



— 4 [m]'*|}* (/> + qY q ([m — 3] p — [w] qY 
+ 6 [m]2p2 (p + qY q^ ([m - 2] ;) - [n] qY 

— 4 [mjp(^ + q)^ ([^i" — i]i^ "■ W qY 

and so on. The notations ([m] p — [n] g^y, ([m] p — [n] })* have 
a signification analogous to {[m]p^ + [w] g^y, ([m] j)^ + [/i] g^)^ &c. 
already explained : for instance 

([m] p - [w] })2 = [myp2 - 2 [m]i [n]^;)? + W^ (f. 

461. To show how the reduction is effected, consider for 
instance the second determinant ; this contains terms multiplied 
by 1, 2j, q^ respectively : 

the first is 



1 . m - 1 (^2 +pq) . m (p^ +pq), = 1 . [m]^^* (^p + qy ; 
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the second is 

2g'.-m(^+P3){(m-l)p-n5'}=-2M^p(p+g)g'([w-l]p-[n]5y; 
the third is 



^(m—lp — 7iq) {(m + lp — n— 1?) — (w — l)Cp* + l>?)} 

= ^ {(m^ -m^p^- 2mnpq + (n* -n)q^], ^(f ([m] jp - [n] g)l 

And similarly the third determiDant is composed of terms 
in 1, 3}, Zq^, g*, which are the four terms in the first reduced 
expression of the determinant: and so in other cases. These 
first reduced expressions give without difficulty the final forms 

([m] f + [n] 3«V, ([m] p" + [n] f^, &c. 

462. Writing ^ = n, and z — a, a — a, a + a for iz, j?, y re- 
spectively, we have the originally mentioned theorem in regard 
to the integral 

[ {z - af^ {z + ay dz 

and thence, as already mentioned, the expressions of x, y 
as functions of a parameter z such that the arc of the curve 
is given by the formula 



8 



^ f dz 

N z^^ aK s^ <3l}' 



viz. as an integral in the nature of an elliptic integral of the 
first kind. 
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CHAPTER XVI. 

ON TWO INTEGRALS REDUCIBLE TO ELLIPTIC INTEGRALS. 

[dx 

463. An integral I -7=^, where P is a quintic function 

of X, is not in general reducible to elliptic integrals ; but Jacobi 
has shown (Crelle, t. vm. (1832) p. 416) that if P has the par- 
ticular form 

P:=^x(l-x)(l+KX)(l+7ix){l-K\x\ 

then the integrals l-~ , j--= , that is the two integrals 

C dx C ^xdx 

J ^/x,l — x,l-\'KX,l-\-7^,l'^'K\x* J \/1'-x,1-\-kx.1 + \x.1 — k\x> 

are reducible to elliptic integrals : and that by means of the 

theory an elliptic integral of the first kind j j-====-=y~i* 

where A; is a complex imaginary quantity, say k = sin (a + i8»), 
can be reduced to the form + Hi, where G and H are real 
integrals of the above-mentioned kind. 

Investigation of the Formulce. Art. Nos. 464 to 467. 

464. Considering the integral 

I .- . — ^ , = |-T=^ for shortness, 

Jva?Vl— a?.lH-^a?.l-hXa?.l— k\x J wxX 

viz. X used to denote 

l'-x,l-\'/cx,l+\x.l~' kKx ; 
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write 

6 = Vie + V\ (-5-), c ^Jk-J\ (-r), 

6'= 1 -V/^ (-h), c'= 1 +Jk\ (-^), 



denom. = Vl + #c . 1 + X ; 
and therefore 6^ + 6'* = 1, 

c« + c'« = 1. 

. /- (6' + c') sin <^ 

Assume Ja? = — — , ^ = , 

Vl - 62sin2 ^ + Vl-c^sin^^^ 

= ^ T, ^^ — - for shortness, 
-B + C 

we have 

+ #c\ (6' + cy sin* <^ (4-), 

(1 -a;) (1 - /cX^) = (£ + Cy-(1 +k\) (B-{-Cy(b' + c7sin»<^ 

+ kX {V + c')* sin* <f> irr\ 
denom. = (£ + C)*; 

which after all reductions become 

(l-.a.)(l-^X^) = ^-^^,.4(fi+(7)«cos^<^, =(y:^^,. 
465. We have in fact 

6' + c' _ #c4-X . 

6'2 + c'^ "" 1 + /eX ' 

and thence 

6^-hc^ _ 2_( 6H^) 



-+'^={i+(7TTy, 



4 

and (1 + #c) (1 + \) = ,-T7 



{h'-¥cy' 
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Hence observing that 

k\ (b' + cj sin* ^ = (6'= - c'")" sin* <}>, ^(JB'- O")', 

we have 
(B+Cy + iK + \){B+Cy{b' + cymi''<f> + K\(b'+eysm*^ 

= (B + CY+2(b' + <^)(B + Cywa!'il>-\-(B'-Cy, 

= (B + Cy {(B + Cy + 2 (b' + i^) sin' <f> + {B-cy} 

= 2 (B + C)» { J5» + C» + (6» + c») sin'' ^} 

= ^(B+cy. 

Also 

(B + Gy-(1 + k\) (B + Cy (b' + cJ sin= ^ + *X (6' + cJ sin* ^ 

= (5 + C)* - 2 (6'» + c'") (J5 + (7)* sin" ^ + (^ - (?■)' 
= (5 + C/ {(5 + Cy-2 (6'» + c'») sin» 4> + (B- cy] 
= 2(B + cy IB' + C- (6'» + O sin' ^} 

=:4,(B+Cy COS" ^, 

and we have thence the formulae in question. 

466. Moreover from the equation 

JZ- (y + cQsin <t> 
^'^~ B + G~ • 
we have 

dx (b' + c') COB 6 { j^ „ •,,/&' cM ,. 

_{V + c') cos <l>d<f> 
"'{BWGjBG' ' 

and combining herewith the foregoing equations 

Vl - a? . 1 - /e\^ = -^^ , 



Vl+/ca?. l + \^ = ^-— g, 
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whence also 

(B + cy 

we have therefore 
dx 



467. Moreover 



= i(6' + c')#(i+^). 



and thence 



_ (V + cy sin' if> 

*~ (B + cy 



Or since 

5» _ C* = - (6» - C) sin" ^, =(6'»-c''')8in=<^, 

_ Ac'+by n IN 

viz. we have the two equations 

-/xdx .(c' + by/l 1\,, 



where X = Vl— a?.l + /ca;.l+Xic.l — #cX^, 



and as above 



B = Vl - 6* sin^ ^, 
^:r (ft^ + cQ s in ^ 
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f dx 
We thus see that the two integrals in question |-p=, 

I -j.=~ depend upon the two elliptic integrals of the first kind, 

r d<^ [ d(t> 

iVl"-^6«8m«^' Jvi-c*sin»^' 

which is the theorem in question. 

Further Developments. Art. Nos. 468 to 472. 

468. We may express ^ as a function of x ; viz. the last 
equation gives 

^ ^^__^ (y + cOsin<^ ^ 

\^ 
and thence B^ + C^Jl±^I^^^-2BC, 

X 

and (£.-(7.).-2(5' + a.)<^:±?J^5l5^H.(l±^^.0; 

or since as before 5* — (7* = (6'* — c'') sin'' ^, the whole equation 
divides by (6'+ c'y sin^ ^, and throwing out this factor it becomes ' 

(6' - c7 8in» <^ - 2 (£» + 0^) 1 + <^^t^5?^^ = 0, 

X Xt 

that is 
(6' - cj i»2 sin* (^ - 2a; {2 - (6* + &) sin* <^} + (6' + c')* sin* <^ = 0, 

viz. sin* i\> [Q)' + c')* + 2 (6* + c*) a? + (6' - c')* ic*} = 4a? ; 

that is 

. 2 .__ 4^ 

®"^ ^"(6'+c0^ + 2(6* + c*)a? + (6'-c0»^ 
4iii/ 1 

^ (l+/t)(l+\)a; . 
l + AMT. 1 +\a; ' 
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hence we may write 



where 



sin' ^ = l + /e. l+X.a? 
cos* ^ = 1 — a? . 1 — K\a 

(? = (!+ V/^)« 
denom. = 1 + /ea? . 1 + Xa?. 






469. It may be remarked that writing 

= {2-(6'+c*)sin'<^ 

+ 0{V^cyQin^<l> + 2BC}^(B + Cy, 

and endeavouring to make the numerator a square, it will be 
the square of 

Vl + 6 sin ^ Vl + c sin ^ + Vl — 6 sin ^ Vl — c sin ^, 
or else of 

Vl + 6 sin ^ Vl — c sin <f) + Vl — 6 sin ^ Vl + csin^ ; 
viz. in the first case we must have 



2 - (6» + c*) sin« ^ + ^ (6' + cj sin' ^ = 2 + 26c sin' (f>, 



that is 



-(62+c') + tf(5' + c7 = 



and in the second case 



o. ^ (6 + cy 

26o, ortf = ^g^, 



= K 



2- (6' + c')sin'^ + (6' + c7 sin' ^ = 2 - 26c sin'^, 



that is 



-(6' + c') + 5(6' + c0' = 



-26c,ortf = |^^,=.X. 
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Hence the two equations are 

l+ica?={Vl+6sin^Vl+csin<^+Vl-6sin^Vl-csin^p-r(£+C)2, 

l+Xa?={\/l+6sin<^Vl-.csin^+Vl-6sin^VH-csm0}2-=-(£+Cy, 
leading to the before-mentioned equation 

1 + /ca? . 1 +X^ = 4-5-(5+ (7)*, 
but there are no analogous values of 1 — a?, 1 — /ea; to lead to 

1 - a?. 1 - /eXa? = 4cos20 -r (jB + C)2. 

470. Write now 

b = sin (a + /8), c = sin (a - /8), 
and therefore 

6' = cos (a 4- 13), d = cos (a - )8); 
we hence obtain 

/- 2 sin a cos )8 ^ ,- 2 cos a cos 5 sin 6 

^^ = o ^ = tana, six- =5 — ^ ^, 

2 cos a cos )8 jB + (7 

/- 2 sin /8 cos a ^ ^ 

V X = ^ -^^^ ^ = tan /8, 

2 cos a cos p 

5 = Vl - sin^ (a + /3) sin^ <^, 
(7 = Vl - sin^ (a - /3) sin^ <^, 

Z = (1 - a?) (1 + a; tan^ a) (1 + a? tan^ /8) (1 - a? tan^ a tan^ /3), 
and therefore 

^^ = cosacos/3(^^ + ^jd<^, 

sixdx _ cos'* acos^yS /I 1\ j ^ 
^71" "■ sin a sin /ST V5 ~ cj ** 

Writing this last equation in the form 

tan a tan /8 — ^=- = cos a cos ^ ( "d "" r? ) ^<^> 
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we have 

2 cos a cos iS -^ = , (1+x tan a tan 13), 

2 cos a cos p -^ = -7==. (1 — a? tan a tan p). 

If in these equations we write fix for )8, X continues a real 
function, viz. we have 

Z =(1 - a?) (1 + a? tan* a) (1 + a? tan» /3i) (1 - a? tan* a tan*^i) ; 

and the formulse are 

/— 2 cos a cos /8i sin 6 . . . ^ 
= F+C ' gi^i°? ^se to 

2cosacospi-^ = -=r (1 + a? tan a tan pi), 

2 cos a cos iSi -^^ = -f=^ (1 — a? tan a tan 6%), 

where observe that B-\- G 

= y 1 - sin* (a + fii) sin* + Vl - sin* (a - fii) sin* <^ 



is real ; viz. these formulae give the values of 

d<l> C dff> 

(a + /3i) sin* ^ ' iVl ~8in*(a - /3i)sin*0 

in terms of the integrals 

dx , {sixdx 



f d<f> C d^ 

iVl-sin*(a + i3i)sin*6' iVl ~8in*(a - /30si] 



J^xX J 



^IxX J VX 

We may change the form by writing tan fii = i sin 7, 
whence 

cos 8i = , sin 8i = i tan 7 : 

cos 7 

we thus have 

K = tan* a, X = — sin* 7 
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/— _ 2 COS a sin ^ 
^''"" co^ViT+a' 

X = (1 - a?) (1 + fl? tan* a) (1 - a? sin^.v) (1 + a? tan« asin^ 7), 

2 cos a dd> da? ,, . . ^ . v 

. -^ =5 -p= (1 -I- la? tan a sin 7), 

cos 7 B ^JxX 

2 cos a dA cir ,, . ^ . v 

. -~ = -j= (1 — iOJ tan a sin 7), 

cos 7 C ^JxX^ 

and observing the equation 

sin* A = ( 1 + ^)(1+^)^ ^ L_ ^ cos' 7 

'^ (1 + Kx) (1 + Xa?) (cos* a + a; sin* a) 1 - a? sin*7* 

we see that to real values of <f> there correspond values of x 
which are positive and less than 1, and that as x passes from 
to 1, sin* passes from to 1, or ^ from to 90®, X being 
thus always real and positive. 

Writing sin ^ = y, the relation between ^, x gives a re- 
lation between a?, y: viz. this is 

(y + Qy 
Vl - 6*y* + Vl - c*y* ' 

or what is the same thing 

,^ (1 + /.)(1+X)^ 

viz. this is a quartic curve ; and introducing z for homogeneity, 
or writing the equation in the form 

y*(^+/ca;)(^ + Xa?)-(l + /c)(l +X)a;^ = 0, 

we see that 

a? = 0, -2r = 0is a fleflecnode, the tangents being -2; 4- /t^ = 0, 

y = 0, ^ = is a cusp, the tangent being y = ; 

a? = 0, y = is an ordinary point, the tangent being a; = ; 

hence the curve, as having a node and cusp, is bicursal. 
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471. The transfonnation of a given imaginary modulus 
into the form 8in(a4-y3i) presents of /course no difficulty: 
assuming that we have k = e +fi, then we have to find a, 13 
such that e -^fi = sin (a + I3i), or writing sin a = f , sin jSi = irj, 
to find f , 17 from the equations 



these give e« = f « + f V, /* = ^7^ - ?V^ 

whence ^ +/"** = f ^ + 17^ and thence easily 

f^=i{ i+e^+y^-vv}, 

,;> = i{-l + e2+y^^.VV}^ 

where V = 1 + e* +/4~ 2e^+ 2/3 + 26^^. 

If as above sin ^i = i tan 7, then tan 7 = 17, or the equations 
give f , = sin a, and 77, = tan 7. 

472. The integrals /-p^, 1-7= are also reducible to 
elliptic integrals when the quintic function P has the form 

as shown by Prof. M. Roberts in his "Tract on the Addition 
of Elliptic and Hyper-elliptic Integrals," Dublin, 1871, p. 63 ; 
and in the Note, p. 82, to the same work, a simple demon- 
stration is given of the theorem (due to Prof. Gordan) that the 
like integrals, wherein P denotes a sextic function the skew 
invariant of which vanishes, are reducible to elliptic integrals. 
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ADDITION. FURTHER THEORY OF THE LINEAR AND QUADRIC 

TRANSFORMATIONS. 

The Linear Transformation. Art. Nos. 473 to 477. 

473. We consider the transformation of the differential 
expression 

dx 



Va? — a.a?— ^.a?— 7.0?— S' 
where the new variable y is given by an equation of the form 

The coefficients jB, C, D might be expressed in terms of any 
three pairs of corresponding values of the variables x, y, say 
the values a, )8, 7 of a?, and the corresponding values a!, ffy 7' 
of y : but it is better to consider in a symmetrical manner four 
pairs of corresponding values, viz. the values a, yS, 7, S of a? and 
the corresponding values a', ^, 7', if of y. We have thus four 
equations from which -B, C, D may be eliminated, and we 
obtain the relation 

aa , a, a', 1 =0, 

m, /3, ^, 1 

SS', S, S', 1 

which in fact expresses that the two sets of values (a, /8, 7, 8) 
and (a', yS', 7', S') correspond homographically to each other. 

474. Writing for convenience 
a, h, 0, f, g, A = yS - 7, 7 - a, a - ^, a - S, /3 - S, 7 - S, 
a', 6V c', /, g\ K = ^'^ 7', 7 - a\ a' - ^, a' - S', & - S', 7' - S', 
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SO that identically 

then, as is well known, the relation in question may be ex- 
pressed in the several forms 

of \ hg : ch — a'f : h'g : c'hf\ 

or, what is the same thing, there exists a quantity N such 
that 

of hg ch 

475. The relation between (a?, y) may now be expressed 
in the several forms, 

y~tt' ^p^"« y-^' q ^-^ y-y ^ji^-y 

y — 8' x — B* y — S' ic — 8'y— S' a? — 8' 

and writing for (x, y) their corresponding values, the values of 
P, Q, R are found to be 

p-^-?>. 0-^:1-^. R-^-Vf. 

and we thence obtain 

fPN*=f'HiR, g^QN^ = g'^RP, h?RN' = h'^PQ, ^/PQB = ^, JV'. 

476. Differentiating any one of the equations in (x, y), 
for instance the first of them, we find 

fdy fPdx 
(y-S? {x-ir 

and then forming the equation 

'Jy — OL.y-ff.y-'i _ "JPQR ^x-a.x- ^ .x-r ^ 

or if we please 

Jy-a\y-l3\y-y\y'^ ^ ^PQR'^x-'a.x-fi.X'-y.x^ 
(y^B'r (x^By 

24—2 
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and attending to the relation pPN^ =^f^QRy we obtain 

Ndy dx 



which is the required formula : (a, )9, 7, 8) and any three, say 
(«> fft ?')» of the other set of quantities are arbitrary, and the 
values of S', N in terms of these are given as above. 

477. It is proper to remark that in this and similar 
formulae the sign of the multiplier N may be assumed at 

pleasure : only, this being so, the radicals VX and VF of the 
formulae are not in general both positive ; we have between the 

radicals a relation of the form F 'JX ^ ±0 JY{F, rational 
functions) wherein the sign ± has a determinate signification ; 
in fact the last-mentioned relation combined with the differ- 
ential equation gives ±NOdy±^Fdx, which equation sub- 
stituting therein for —^ its value, obtained by diflferentiation as 

a rational function of (x, y\ is a rational equation equivalent, 
when the sign is taken properly, to the given rational equation 
between the variables (x, y). The sign ± of the equation 

F'^X ^ ±G ^/Y might have been assumed at pleasure, and 
the sign of N would then have been determinate ; but this is 
less convenient. 

Transformation of a form into itself Art. No. 478. 

478. The homographic relation is satisfied by writing 
therein 

«', ^', 7, S' = («, /3, 7, S), (/3, a, S, 7), (7, S, a, /3), or (S, 7, ^, a): 

these values in fact give 

a', h\ c\ f\ g\ h\ = 

a, 6, c, / g, h, 
f -9> - 0, a, - 6, - A, 

- a, g, - hy -/, 6, - c, 
respectively, so that in each case 

a!f' : Vg' : c'K ^ af:hg : ch. 
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We have thus four solutions of the equation 

dy dx 



viz. these are 



X'^a 



y — B x — B* 

y — l3 __ )8 — Sar — a 

y — 7 7 — aoj — 8' 

y — 7_ 7 — Sir — a 

y^k " " a-)8 i^ ' 

y -S jS — B . 7 — 8 a? — a 

y — a 7 — a. a^jS x — B' 

the first of them being the self-evident solution y=x. 

In particular there are four solutions of 

dy _^ dx 

that is 

dy dx 



viz. these are y = a;, y = — a?, y = j— , and y ^ — j- , respectively. 

Application to the standard form. Art. Nos. 479 to 481. 
479. Considering now the equation 

Ndy dx 

T^r fcM 

or, writing iV = -— - , say 

Mdy dx 



Vl - y2 . 1 - \y Vl - a^ . 1 - A^a^ ' 
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if in the general form we assume 

a, /9, 7, 8=1, -1, ^, ~^, 

then we have in any one of the twenty-four orders 

1 1 

and since, for any one of these orders, \ will be determined by 
a quadric equation, it would at first sight appear that there 
might be in all twenty-four pairs of solutions, belonging to 
forty-eight diflferent values of X, Jf. But the solutions corre- 
sponding to two orders in which r- , — r- are interchanged, are 

equivalent ; and moreover y = (a?) being a solution belonging 
to determinate values of X, Jf, then we have, belonging to the 
same values of X, Jf, the four solutions y = ^(«), y = ^(-^), 

y = f T- j and y = ^ (""tt) • ^^ ^^^® ^^^^ ^^^7 three pairs of 

solutions, or say six solutions, belonging each to a different set 
of values of X, jW ; and which correspond to the three orders 

a', /3',' y', ' B' = 

1-1 1-1 
' ' \' \' 

1 i -1 -1 

1 1-1-1 

480. Forming for each of these the equation which de- 

termines X, say in the form -=4^ = ^^ , we have successively 

af hg 

the three equations 

/ I + x y ^ a + M' (i + xy /i+^y 4x /i -M;^ 

\\-\) \\-k)' 4X U - /fcj ' (1 + X)'' \l-h 
giving for X the values 



k 1- fc 



1-V^Y /i + V^y. / i - i v% Y /i_+fv^v 
v^/ ' Vi-\/Jfc/' Vi+iVifc/' Vi-iVJfc- 
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The corresponding values of N are derived from the equa- 

tion JV2 = -^, viz. we thus obtain for -r- , that is for M, the 
a/ fc 

values 

1 + X i(l+X) . 2iVx 
i'+A;' 1+A; ' l+A' 

viz. substituting for X its values, these are 

, 1 2i 2t 2i 2% 



481. The six transformations 

Mdy dx 



then are 



Vl-yM-\y Vl-or^.l-ib^a?^' 






1 11 

a;' A' k' 

l + '/k'l-x'/k /1-V^V 2t 



1-V% l+x»/k' Vl + ^/yfc/ ' (l + VJfey* 

1-Vifc l+arVfc /^LdL^V 2i 

1+Vifc i-a?\/ik' VHTv^/ ' (i-v%)2' 

l + i\/& l—ix'Jk /1-iV^V 2i 



^v- > 



1-iVA? l+irVA;' Vl+iVib/ * (l + iVA?)2 

l-iV^ l + ia?V& /1+iVibY ^^ 

1+77& l-ia?V&' \1 - i ^k) ' (T-iV^' 

where it is to be remarked that the last four transformations 
are included under the form 

1 + a 1 - ow? ^ /I - a\* IT 2i 



1-al + aaj' U + «/ ' (l + a)^' 

where a is a fourth root of A;*. These are in fact AbeFs results 
referred to No. 420. 
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2%« Quadric Trxxmsformation for the standard form. 

Art. Nos. 482 to 486. 

482. Reckoning the number of linear transformations as 
six, that of the quadric transformations is reckoned as eighteen; 
viz. these are Abel's eighteen transformations referred to No. 422. 
Taking as before the differential relation to be 

Mdy __ dx 

V 1 - y3 . 1 -. Xy "■ Vl - a;» . 1 - A;3a;» ' 

we have, Four transformations 



-x_ 



l+ka? \-k 



(k'-ik) + ika^ ' k' + ik' 

(Jc — ik) + ikaf' k' + ik 



{l+k)x 2V& 1 

0.-k)x ii-Zk 1 

l-ib» ' 1-k' l-k' 

%'Jkx l + k 1 

l + ka? ' 2Vifc ' 2Vyb* 

2tVfcc 1-^ 1 

l-AsB" ' 2iVik' 2iV^' 

483. Six transformations 



-l+ka? l+k 

\-\-ka? ' \-k' 

\-^L + ¥)^ l-kf 

l_(l_Ar')V i + jfc" 

1 - (1 - F) a;' l + k' 

\-{l + ]<f)a?' l-k" l-k" 

-(¥ + ik) + ika? k'-ik 





l + k • 


• 


l-k' 


1 


1+A;" 


1 



-(l<f + ik) + ika?' k'-ik' 



k + ik'. 



— k+ ik'\ 
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484. And lastly, Eight transformations 



,^l+k + ^2^k/ ' (\/i+"Ar+V2\/ifc)*' 

Do. with — Vfe for i/k, 



i^k 



„ —iVk 



„ .. .r T ,« »» 



Do. with —7.=- \^A for v'ifc and — k, Vl— A; for A;, Vl + Ar, 

V2 

>l f> ^a T '*' n » >i n » »» 

485. The last formulae, writing for shortness, /9 an eighth 
root of 16^!*, and a = VH- \^, are included under the form 

a + ^y + a^x + l^a? . /«-/3V m- 2i 



y 






and the verification may be effected as follows : we have 
1 + y = 1 -a^x + i/9V + 1^(1 + afix + l^a?) (-;-), 



a-/3 



^^ (1 + a>) (1 + i/3^aj) (^), 



a-/3 
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a + fi 



where 

denom. = 1 — a/Sa + J^S V. 

Hence 

where k^ is written instead of its value -^jS^ : and moreover 

in which two formulae the denominator is equal to the square 
of its above-mentioned value; we hence find the required 
formula, 

Mdy _ dx 

2i 
where M has its proper value = ;; ^zr . 

486. It is, as regards all the formulae, convenient to remark 
that the value of M may be verified by taking x small ; thus, if 
when X is small the equation for y becomes y = /Sx, then ob- 
viously Jf = "5 ; if the equation becomes y = ± 1 + fia^, then we 

have Jf = — r- — =^- ; and so in other cases. 
V+2/3 
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Combined Transformations: Irrational Transformations. 

Art. Nos. 487 to 491. 

487. By combining two linear transformations, we obtain 
a transformation which is linear, and as such is a transformation 
belonging to the system ; viz. it is either one of the six trans- 
formations, or it is at once reducible to one of these. Similarly, 
by combining a quadric transformation with a linear one, we 
obtain a transformation which is quadidc, and as such is equiva- 
lent to one of the system. For instance, changing the letters, 
if with the quadric transformation 

1+ifc^ ' 
dz 



l+k dx 2VA; 

giving , = \ = — 1— 

we combine the linear transformation 

_ 1 + v^l— a?V^ 

dy 



(1 + VA?)' dx ^ / I - VA; Y 

we have z a quadric function such that 



(1 + ^ky 

2i{\ H- k) "" dy 



dz 



s/l-zK 1 ~\«^« Vl - yM - 7*2/^' 

and this must be one of the series of quadric transformations. 
We in fact find 

l + yyy l-^wy 1-hyyy 
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and thence 
















Zy = 


(\->tk)x 
\-\-ka? ' 


_l+7 
1-7 


i-7y'. 
i+7y" 




or, what 


is the 


same 


thing, 
1 


■l+yf' 






giving 




• 

1 + 7 


dz 


dy 


"wViftrft \ s 


1-7 

'1+7' 


n/i- 


a«.l- 


-\v Vi 


-J/*.l- 


'ft' 



which (with z in place of — — j is one of the series of quadric 
transformations. 

488. If we combine two quadric transformations we obtain 
in general an irrational transformation : viz. neither of the two 
variables is a rational function of the other of them, but the 
two are connected by an equation: for instance, if the two 
transformations are 



givmg 



givmg 







^ = 


2*Jkx 
l-\-kx'' 










■^^^ 


— -p-dz 
2'Jk 




dx 




x= 


"2Vifc' 


and 


Vf 


-zKl- 


XV 


Vl-a;2.1- 


-k^a^' 








y = 


' l + h^ic' ' 












• 

1-k'^y 




dx 




7' 


l+k 
~l-k' 




Vl 


-f.i- 


Yy' 


Vl-iT^.l- 


'k^a^' 




IVP 


Viftrp ofi . 


4- «2 = 


.1. lu.1 


z 1 nriv 


inor 


1_7*- 


-1 



that is x« = -^; or \ = -^ if 7, = Vl - 7*, is the comple- 

7 'y 
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1 — A? \ 1 
mentary modulus to 7 ; also — ~ = — = — > , and the relation 

is 

7 dy 



or, what is the same thing, changing the letters, the trans- 
formation arrived at is a? + y'^^ 1, giving 

"IS ^ dx -v _ *^ 



which is at once verified, since from the assumed relation 
a;8 -f- i^ == 1 we have 

V 1 — a? V 1 — y" * 

489. Observe that the equations which define the two new 
variables y, z in terms of x are in general of the form 

where A, B, C, D are quadric functions of x. Writing these 
equations in the form 

y : z : 1 = ^2) : BG : BD, 

then regarding (y, z) as the co-ordinates of a point of a plane 
curve, these expressions of y, z in terms of the arbitrary para- 
meter X show that the curve in question is a unicursal curve, 
and, being of the order four, it is a trinodal quartic ; viz. the 
equation <^ (y, z) = 0, obtained as above by combining any two 
quadric transformations, being a solution of the equation 

Mdz dy 

Vi-2;M-X2<s2 "" Vl - 1/« . r-~^y ' 



382 FUKTHER THEORY OF THE [ADD. 

we have the theorem that this equation (y, z)^0 represents 
a curve which is in general a trinodal quartic. It has been 
seen how in one case the curve is a circle. 

490. It appears to be a conclusion of Abel's, that if for any 
given values of (\, M) the equation 

Mdy dx 

admits of an irrational solution, then there is always an integer 
number n such that the equation 

Mdy __ ndx 

Vl-yM-Xy "" V 1 - ^ . 1 - A«ar* 

admits of a solution y = rational function of x. So that, in 
fact, the general problem of transformation reduces itself to 
the problem of rational transformation. For instance, as just 
seen, the equation 



^ 



l-yM + 



A»y> Vl - a? . 1 - jfc»a^ 



k 



has the irrational solution y=^'Ji — a?; the equation 



^/ 



2 1 .^' Vl-^.l-Aj^'ar* 



has a solution y = rational function of x. To verify this, ob- 
serve that the first equation is satisfied by y = en w, a? = sn m 

(which are such that y^Jl—af^): hence the second equation 

is satisfied by the values y = en 2t*, a? = sn w ; we have en 2u a 

rational function of sn u, ante No. 104, and writing therein x 

for sn u we obtain 

_ 1 - 2^?^ + ArV 

^ l-k^x" 

as a rational solution of the second equation : the solution can 
of course be at once verified. 



JLDD.] LINEAR AND QUADRIC TRANSFORMATIONS. 383 

491. It appears from the formulae given No. 98, inter- 
changing therein {z, x) and also k, k\ that the equation 

— idz dx 



Vl - ^M - A;V Vl - a^ . 1 -yfc2^ 
has the irrational solution z = , ; hence the equation 

— idz 2dx 



has a solution z = rational function of x ; viz. the first equation 

1 
being satisfied by x^snu, z=^ ^ — , the second equation is 

1 • 
satisfied bya? = snt*, 2: = ^ — ^; or dn2t* being a rational func- 
tion of snw, see No. 104, replacing sn u by a?, we find 

_ l-fe»a^ 

as a rational solution of the second equation. 
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The fignres refer to the pages : where the refsrenoe extends to the whole or the bulk of a 
Chi^ter, the Chapter is also referred to. A headhig "Function," with diviskxu 
(1), (2)... (IS) has been introduced. 



Abel, linear and quadric transforma- 
tions 322, 325, 375, 376: irrational 
transformation, 382. 

Addition, see Function, (2)... (9). 

Arc of curve ; 
representingintegralsE (A;, i>),F(kt 0) 
(ellipse, hyperbola, lemniscate) 85; 
determination of corves the arc of 
which represents elliptic integral of 
first kind, 352 (Chap. xv.). 

Arithmetico-geometrical mean, 882. 

Baehr's formolsB for multiplication of 
sn, en, dn, 79. 

Circular functions, illustration by re- 
ference to, 10. 

Definitions and Notations, 1 (Chap. i.). 
elliptic integrals F (k, 0), E (k, 0), 

n (n, k, 0), 3. 
amplitude, modulus, complementary 

modulus, parameter, 3. 
complete functions F^kf E-Ji, 4. 
elliptic functions am, sin am, cos am, 

A am, or sn, en, dn, 8. 
K, K\ 12. 

Eu^ Zu^ n (u, a), 15. 
ew, Ifu, 16. 
Differential equation ; 

addition-equation, 5, 21 (Chap. ii.). 
satisfied by F (fc, 0), E (k, 0), or by 

F^k, E^k, 47, 60. 
satisfied by multiplier, 220. 
of third order, satisfied by modulus 

in transformation of nth order, 

222. 



Differential equation, continued. 

Partial, satisfied by G, H^ <&o., and 

the numerators and denominators 

in multiplication and transfonna- 

tion of sn, en, dn, 226 (Chap. ix.). 

special equation, 250. 

equation dx -j- Jx = dy-i- mJY, 339 
(Chap. XIV.) 
Dimidiation, 72, see Function (7). 
Duplication, 71, see Function (7). 
by two quadratic transformations, 
181. 
Doubly infinite products, aee faotoriaL 

Euler, partition formula, 290. 

Factorial formulae, 92, 97. 
doubly infinite product forms, 101, 

300. 
Function ; 

Rdx 



(1) 



reduction to standard form 1, 



311 (Chap. xn.). 

(2) addition • equation t? + tt = 0, 

21 (Chap. n.). 

(3) jP (k, 0), march of function, 41. 
properties as function of k, 46. 
addition, 103. 

quadric transformation, &c., 327. 
imaginary modulus sin (a -f- /9i), 
367. 

(4) E {k, 4>). See also (8) infra, 
march of function, 41. 
properties as function of k, 46. 
addition, 104. 

quadric transformation, (fee, 327. 
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Function, continued. 

(5) II (n, kj <p). See also (9) infra, 
addition, 104. 

outline of further theory, 108. 
reduction of parameter to form 

Bn(a+/3t), 114. 

addition of parameters, and reduc- 
tion to standard form, 117. 

interchange of amplitude and 
parameter, 133. 

(6) gd M, sg w, eg u. 

addition and other properties, 56. 

(7) sn u, en u, dn u, 63 (Chap. iv.). 
addition and subtraction formulsB, 

63. 
periods iK, UK', 66. 
imaginary transformation, 68. 
functions ofu + (0, 1, 2, 3) K 

+ (0, 1, 2, 3) iK', 69. 
duplication, 71. 
dimidiation, 72. 
triplication, 77. 
multiplication, 78. 
factorial formulsB, 92. 
new form of same, 97. 
anticipation of doubly infinite 

product forms, 101. 
connexion with 9u, Hu, 155, 156. 
quadric transformations, 183. 
n-thic transformation, 251 (Ch. x.). 

(8) Eu, Zu. 

connexion with E (A;, 0), 107. 
addition, 107. 
connexion with 8u, 113. 
further theory, 147. 

(9) n (m, a), 142 (Chap. vi.). 
connexion with n (n, k, 0), 107. 
connexion with 9u, 113. 
values of n (t£ + a, a) for 

a=iiK\ iKy iK + iiK\ 144. 
II (u, a) expressed in terms of 8u, 

151. 
addition of amplitudes, 157. 
interchange of amplitude and 

parameter, 159. 
addition of parameters, 157. 

(10) Bm, Hu, 142 (Ch. VI.), 226 (Ch. ix.). 
properties of 8u, 150, 152. 

a 



Function, continued, 

(10) continued, 

connexion with sn, en, dn, Zu and 

n (m, a), 155. 
If li introduced, 156. 
multiplication, 159. 
partial differential equations, 229. 
6, if expressed as gr.fonctions, 291. 
development in g-series, 297. 
double factorial expressions, 300. 
transformation, 306. 

(11) numerators and denominator in 

multiplication and transforma- 
tion of sn, en, dn,226 (Chap. ix.). 

connexion with 8u, Hu, 161. 

partial differential equations, 235. 

verification for cubic transforma- 
tion, 245. 

connexion with functions 6, If, 309. 

(12) 9-functions, 282 (Chap. xi.). 
derivation of the g-formulaB, 282. 
8, H expressed as g^-formulaB, 291. 

(13) The general equation -p = — p , 

339 (Chap. xiv.). 
Lagrange's integration, 339. 
further theory, 342. 

Gauss, the arithmetico • geometrical 

mean, 331, 338. 
Glaisher, proof of Legendre's relation 

between complete functions jP^A;, 
(fee, 49. 

tables of theta functions, 155. 
Gordan, integral reducible to elliptic 

functions, 369. 
Gudermann, 44, 58. 
Gudermannian, 58 ; see Function (6). 

Imaginary, reduction of given, to form 

sn (a+pi), 114. 
Imaginary transformation, Jacobi's,68. 
Integrals involving root of a quintic 
function and reducible to elliptic in- 
tegrals, 360 (Chap. XVI.). 
involving root of a sextic function, 
869 
Integration, general theorem of, 354. 
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Jaoobi, 16, 18, 19, 23, 28, 66, 150, 176, 
220, 223, 224, 227, 323. 

Knmmer, formolBB in hypergeometrio 
series, 55. 

Landen's theorem, 30, 327. 
Lagrange, integration of differential 

equation dx-i- Jx = dy-i-jY, 339. 

Legendre, proof of addition-equation 
by spherical triangle, 27; his rela- 
tion between complete functions, i^^, 
£/, Fi, Fi'; formula relating to 
third kind of eliiptio integnd, 119, 
121, 134; reduction of differential 
expression to standard form, 314. 

Liouville, formula for arc of curve, 40. 

Multiplication ; 

of sn, en, dn, 78, 86. 

tables, 80, 81. 

from two transformations, 201, 280. 
Multiplier ; 

in cubic, &c. transformations, 203. 

Jacobi's relation nM^= t-ho 37 . 218. 

differential equation satisfied by, 220. 

relation between 3/, Kt A, £, G, 224. 
Modular equation or relations ; 

linear transformation, 322. . 

quadric transformation, 45, 179. 

odd-prime transformation, 45, 200, 
275, 278. 

cubic transformation, 188, 195, 206. 

quintic transformation, 192, 195. 

septic transformation, 194. 
Modular equation : 

properties of, 200 ; differential equa- 



tion of third order satisfied by the 
transformed modulus, 222; yerifiea- 
tion for quadric transformation, 223. 

Notation (-^) explained, 5. 
Numerical instance for complete flm^ 
tions £i,Fi, and for incompleted, 337. 

Bichelot, representation of given imagi- 
nary quantity in form sn {a+pi), 117. 

Boberts, M., integral reducible to el- 
liptic functions, 369. 

Serret, formula for arc of curve, 40. 

Tables of the theta functions, 155. 
Transformation ; 
general outline, 164 (Chap. vn.). 
linear transformation of integral, 

312, 319, 370. 
quadric, 179 (Chap, vm.), 323, 376. 
cubic, 188, 195, 206, 216, 245. 
quintic, 191, 197. 
septic, 194. 

two transformations leading to mul- 
tiplication, 201. 
odd or odd-prime, by the n-division 
of the complete functions, 251 
(Chap. X.). 
multiplication formula obtained 

from two transformations, 280 
of functions, H, 6, 306. 
Landen's theorem, 30, 327. 
combined, and irrational, 379. 
Triplication, 77 : see Function (7). 

Walton, proof of addition-equation, 22. 



THE END. 
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